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We look up. :» this as supenor to the generality of worin of the saine class, which are 
inu2>tiy the mere outpoumngs fW>m one phial into another, to propagate the name and 
business of the writer. Mr. Calder's method is founded on the modd of Thrower's 
Examples, the excellent schooU>ook used in King Edward's School, Birmingham ; 
and in our opinion his explanations and whole course are exceedingly well devised to 
convey instruction. — Literary Gazette. 

A TBBY philosophical and at the same time an easjr introduction to the study of 
Fractions, Decimals, Practice, Proportion and its apphoations.— ATew Monthly May. 
We consider that the author has succeeded in supplying a desideratum— namely, In 
establishing a bridge between ordinary and algebmc arithmetic— CAurcA qf Enyland 
Quarterly Seview. 

The main object of this wurk is to explain the principles on which the rules of the 
higher parts of arithmetic rest, instead of giving a set of rules which will su^ce to 
work the sums proposed, but will not prove &at the process by which they are performed 
is correct In short, Mr. Calder would substitute intelligence for meohanioal routine. 
— Spectator. 

Thb little treatise, which is the immediate object of our present remarks, is one of 
which, we are hiqppy to say, ^e can, on the whole, conscientiously speak in terms of 
praise. * * We notice one peculiarity in which this work is far superior to the 
minority of arithmetic books. Most treatises contain one or two examples worked at 
length,*but these are generally extremely simple in their nature, and the pupil is left 
to his own resources, or to his tutor's experitnce, for the best method of proceeding in 
any more len|[thy example; whereas in the wurk before us very full and precise 
directions and illustrations are given how to proceed in the various kinds of examples 
that may occur, and how to guard against diose common and natural errors which 
nearly every young student falls into from the want of a few judicious remarks at the 
beginning of bis career. * * In conclusion, we cordially recommend Mr. Calder's 
book, feeling convinced that it is the best school-book on arithmetic that has been 
published for some time, and that, despite its few defecte, which a judicious teacher 
will know how toguard against, it may with safety and advantage be made a class*book 
jn any schools— £«ttcafkma< Titnei. 

Wb have paid considerable attention to this volume of Mr. Calder's, and hesitate not 
to say, that althou^^ the plan of the work is confessedly difficult and novel, he has 
happily succeeded, and made the connexion between ordinary and algebraic arithmetic 
at once easy and comprehensible. — Wesley an Magazine. 

Wb believe it is pretty notorious that in the Senate*House examination for the ordinary 
B.A. de^pree, a great many men fiul in consequence of an imperfect knowledge of 
arithmetic. We hardly know how to account for this, except upon the supposition that 
arithmetic is regarded as a mere school-subject, to which it is not necessary to pay 
much attention at College, and that at school it has been taught too much as a me- 
chanical process. Mr. Calder's is a school-book which we think calculated to remedy 
this state of things: it makes a boj comprehend all that he does, by full and cIea^ 
explanadons, and we doubt not it might be read with very great advantage by " boys of 
a larger growth," who come here not ** well up" in the suilyect of which it treats.— Cam- 
bridge ChrowkU. 

Thb bb is mudi that is orif^al and forcible in the mode of treating the subjecte, yet so 
dmple that the most ordinary capacity may readily comprehend it. We thii^ it will 
prove a welcome anziliary to the arithmetical teacher. — Oaqford Herald. 



Tbk meehanios of the present day are obliged m many oaaet to become Cheir owe 
teachers, and to these we can confidently recommend this work on arithmetic; as 
althoof^ not written expressly tor the purpose of self-tuition, the rules and their reasons 
are so clearly and scientifically eqilamea, as to render it valuable to all those who wish 
to acquire a sound knowled^ of arithmetical calculation— a knowledge whidi is 
indispensable to enable a mechanic to fill a foreman's place with efficiency. * * The 
book contains amongst other things excellent articles on the application of Proportitnif 
Duodecimals, Discount, Stocks, Cube and Square Boot, &o., Sccj^'Jrtisan. 

Mb. Caldkb, by enabling his scholars fhoroug^y to undentand what fhev learn, 
will qn^eatly oontribate to this desirable objec#--the improrement of their thinking 
capacities. — Tke Sun. 

Thb book^ as a whole, exhibits many simplifications of arithmetical details, sufficient 
to elevate it considerably above the rank of a mere school-book. The fictitious mdl* 
mentary nounding which falls to tiie lot of many in early years, renders doubly valuable 
such explicit works as the present ; for thev smooth away the difficulties continually 
experienced by the self-instructor. To tiiis dass, above all, we may recommend 
Mr. Calder's production as a philosophical tex.tbook..—Pr<ieHcal Mechanic's Journal, 

This little treatise is a sort of novelty in figures, a rationale of arithmetic, and a hand- 
maiden to young algebra.— We think it is obvious thatmuch of the matter is extremely 
well adapted to the more advanced but still youthful arithmetical pupil, and even to 
the incipient algebraist. — The Builder. 

Among the venr best of educational works of modem date, we must, after an attentive 
examination, place the little book the title whereof stands at the head of this notice. 
The author, who is Principal of the Chesterfield Grammar Sdiool, is not only a perfect 
master of his subject, but possesses a more unusual attribute— the power of intelligibly 
communicating knowledge. He has treated the more abstruse branches in the most 
plain and simple manner, with not one word of technicality more than is absolutely 
necessarv to preserve recognised names and tities, and adiieve brevity, the soul of 
arithmetic as well as of wit We may particularly notice as examples, tiie clever — 
because simple— metiiod of working out the cube root, which also has the merit of 
originality of idea; uid the general treatment of that splendid shorthand of figures, 
the science of decimal fractions. The work is, in brief, precisely what the tiUe indicates, 
" a Familiar Explanation," and a moderately accomplisned arithmetician, with it in one 
hand, a piece of chalk in the other, and a black board by his side, would not take a 
long time to teach a score of pupils (and may-be himself too) a deal of really ** useful 
knowledge." — Felix FarUy's Bristol Journal, 

The book is dear and full, without hwa^ unnecessarily diflbse in its statements ; and 
it appears to be so well adapted to its destmed purpose, as to give us great confidence in 
commending it to the notice of all who are engaged in the woric of tuition.— i(fu27and 
Counties' Herald, 

Tbachbbs will find Mr. Calder's work a dedded acquisition.— JbAn Bull 

Iw the present treatise, Mr. Calder does not enter on Algebraical calculation, but 
confines himself to the higher operaticms of ** Arithmetic," m the stricter sense of tiie 
term; and the ludd familiar manner in which tiiese operations are explained, is im- 
measurably superior to anything we have yet seen attempted in any work, either 
elementary or sdentific. * * The reason of every step is shown so plainly uid distincUy, 
that he must be a dunce indeed who cannot follow the Instruction ; and each step rests 
upon and follows the other at* naturally and convindngly as the propositions in Euclid. 
We use no words of course, when we say we are delighted with this litUe volume, as a 
boon to every school in which it may be introduced. — Derbyshire Courier. 

It is the result of close attention to tlie science of numbers, as well as of considerable 
experience in the instruction of youth. * * There can be no doubt that the work before 
us will be found of great use to tiiose voimg persons who, having left school, find it ne- 
cessary to continue the study of ariuimetio. To such it will be found, that in the 
present work many difficulties have been removed, many obscurities made plain, and 
many inducements held forth for the study of their &vourite sdence.— Per&y Reporter, 

Ok a careftil perusal of the work we are quite satisfied as to its fitness for the above 
purpose, the rules and examples being for the most part suffidenUy clear to lead the 
ycuthful student to a thorough knowledge of tlie subject— Der^ysAtre Advertiser. 

Ow the merits of a work of this kind, teachers alone are competent judges, and as the 
author has not only had considerable experience as an instructor of youth, but has, we 
believe, been very successful in that arduous vocation, we are disposed to reconiise in 
this effort to supply his own wants as a teacher, one ofthe best auguries that his labours 
wUl, at least, be useful to other persons similarly engaged. • * To instructors of youth, 
therefore, and to individuals who, in advanced life, may think it worth their while to 
try to learn the meaning of those rules and operauuns which they never comprehended 
»i chool, we cordially recommend Mr. Calder's Higher Aritbmetio --Sheffield Mercury. 
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PREFACE. 



Reduction has been divided into two parts, the 
simpler operations being placed before the Compound 
Rules, and the more difficult part after them. In 
treating this subject, care has been taken to avoid the 
common mode of bringmg too rapidly before the pupU 
examples of various kinds ; and the object has been to 
lead him very gradually through all the successive 
stages and difficulties which that Rule presents. 

I have also endeavoured to introduce a gradual 
knowledge of the signs of Addition, Subtraction, &c. 
For though it is easy for a pupil to learn them one at 
once, and apply them by degrees ; yet I have found, 
that when a boy, on entering Fractions, has to learn 
the use of the signs all at once, he often becomes 
confiised, and is consequently much hindered in that 
part of his work, where a ready use of the signs is so 
indispensable. 

After every two or three Rules, miscellaneous prac- 
tical examples have been introduced, sufficiently easy, 
it is hoped, to elicit the power of applying the Rules 
which have been learned; a power of which there is 
in most pupils such a marked deficiency. A few 
questions, also, on the principles which have been 
explained, will initiate, at least inquiring pupils, into 
the habit of self-examination in the subjects which 
they have professed to learn. 

F. C. 

Obamm AR, School, Ohestbrvxsld, 
January f 18fi8. 
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ARITHMETIC. 



NOTATION AND NUMERATION. 

1. When seyeral things of the same kmd are placed 
before the eye^ even of a child, and a person either takes 
some of them away, or puts some more to them, the child 
perceives that there has taken place an alteration, — but not 
in the kind of the articles. Hence he first gets his idea of 
number, and asks the question. How many things ? 

Or, if he divides a heap of marbles among his com- 
panions, giving two to each till the heap is all gone, the 
qnestion comes into his mind — How many times round can 

Igo? 

Now the science which will enable him to answer the 
questions of How many things P and How many times P is 
Arithmetic. 

His ideas of numbers are as yet expressed only in words; 
but he afterwards learns that these numbers can be written 
shorter in figures. Now the art of changing these words 
into figures which have the same meaning is called 
Notation, and that of reading figures in their proper words 
is called Numeration. 

B 



NOTATION AND NUMERATION. 



The following are the figures or digits used in Arith- 
metic^ and by means of which all numbers whatever may 
be expressed. 



(A) 



0, 


and it is 


thus read 


in words, 


Nought or cipher, 


1, 


n 




» 


One, 


2, 


n 




» 


Two, 


3, 


j> 




» 


Three, 


4, 


9> 




•> 


Four, 


5, 


» 




» 


Five, 


6, 


M 




» 


Six, 


7, 


n 




» 


Seven, 


8, 


j> 




» 


Eight, 


9, 


M 




n 


Nine, 



being altogether Ten in number. * 

2. The reason why there should be used only ten 
different figures is, because there are ten fingers on the 
hand ; and these have been early used for counting : thus, 
beginning with the thumb of one hand, and going through 
both hands, a boy finds that he can count up to ten ; but 
when he comes to the last or tenth finger, and he wishes 
to count any more, he must make some mark or note to 
shew that he has been once round. This is done by taking 
the figure 1, and placing a at its right hand, writing it 
thus, 10, where the figure 1 which formerly stood for one 
only, now stands for one round of the fingers, or one ten, 
which we call Ten. 

If now I begin to go over the hands again, and thus 
make two rounds, or two tens, which are called Twenty, I 
ought to write a figure 2 where I before had 1, and write 
20 : If I take 3 rounds, or 3 tens, I must write 3 instead 
of 2, and say 30, or Thirty : So also 

4 rounds give 4 tens, or 40, called Forty. 

5 rounds give 5 tens, or 50, called Fifty. 



• The numbers 1, 3, 6, 7, &o., are called odd, and 2, 4,6, 8, &c., are called even 
numbers. 



* NOTATION AND NUMSRATION. 3 

(B) 6 rounds give 6 tens, or 60, called Sixty. 

7 rounds give 7 tens, or 70, called Seventy. 

8 rounds give 8 tens, or 80, called Eighty. 

9 rounds give 9 tens, or 90, called Ninety, 

10 rounds give 10 tens, or 100, which has now a new name 
called a hundred, or One Hundred, 



I. 1. Write down in figures. Forty, Seventy, Sixty, Thirty, Ninety, 
Twenty, Fifty, Ten, Eighty, One hundred. 

Write down in words, 20, 60, 90, 100, 50, 30, 80, 70, 40. 

Obs. The pupil should be perfectly ready at reading 
and writing the above examples^ before he advances a step 
further. 

We now find that when two figures are put at the end 
of the 1, as in 100, this figure is called one hundred; so, 
if we write 2 instead of 1^ and have 



200, 


we 


shall call it 


Tufo hundred, 


300, 




99 


Three hundred. 


400, 




99 


Four hundred. 


500, 




99 


Five hundred. 


(C) 600, 




>» 


Six hundred. 


700, 




» 


Seven hundred. 


800, 




» 


Eight hundred. 


900, 




}» 


Nine hundred, 


1000, 




» 


Ten hundred. 


which is called One Thousand. 





£X8. 2. Write down in figures, Three Hundred, Eight Hundred, 
Seven Hundred, One Hundred, Ten Hundred, or One Thousand, Four 
Hundred, Two Hundred, Five Hundred. 

Write down in words, 600, 800, 300, 100, 1000, 900, 400, 700, 200, 
500. 

3. We now learn that when three figures are placed after 
the I, this figure 1 is called One Thousand ; and we shall 
find it convenient to put a comma before these three 
figures, and write 1,000. When, therefore, we see three 
figures at the end of the 1, and a comma placed, we shall 
easily remember to read in words. One Thousand. 



4 NOTATION AND NUMERATION. * 

So, if there are three figures after the figure 2, we shall 
write 



2,000, 


which is 


read 


Two thoutand. 


and in like manner, 3,000, 


» 




Three thausandf 


4,000, 


» 




Four thousand. 


5,000, 


w 




Five thousand. 


(D) 6,000, 


n 




Six thousand. 


7,000, 


M 




Seven thousand, 


8,000, 


ti 




Eight thousand, 


9,000, 


» 




Nine thousand, 


10,000, 


n 




Ten thousand. 



and in like manner, changing 10 into 20, 30, &c., up to 
100, we have 



(E) 



20,000, 


which is 


read 


Twenty thousand. 


30/)00, 


M 




Thirty thousand, 


&c. 






&c. 


60,000, 


>» 




Sixty thousand. 


&c. 






&c. 


90,000, 


» 




Ninety thousand, 


100,000, 


» 




One hundred thousand. 



And still further, changing 100 to 200, 300, &c., up to 
1,000, we have 



(F) 



200,000, 


which is 


read 


Two hundred thousand. 


300,000, 


M 




Three hundred thousand, 


&c. 


» 




&c. 


600,000, 


» 




Six hundred thousand. 


700,000, 


» 




Seven hundred thousand^ 


&c. 






&c. 


1,000,000, 


» 




One thousand thousand. 



and this is called by a new name. One MilUon. 

EXS. 3. Write down in figures. Five Thousand, Nine Thousand, 
Thirty Thousand, Three Hundred Thousand, Eighty Thousand, Seventy 
Thousand, Seven Hundred Thousand, One Million. 

Write in words, 4,000, 80,000, 600,000, 800fi00, 1,000, 70,000, 
1,000,000. 

4. Having now six figures after the 1, and a comma 
placed after every three figures, (counting from the right 



NOTATION AND NXTlfEBATION. 



hand to the left,) we must remember that all figures to the 
left of these six right-hand figures are Millions; we 
shall thus have 





2,000,000, 


which is read 


Two nUttUms, 




&c. 




&c. 




5,000,000, 


» 


Five millions, 


(G) 


6,000,000, 


» 


Six millions, 




&c. 




&c. 




10,000,000, 


» 


Ten millions. 




&c. 




&c. 


(H) 


60,000,000, 


» 


Sixty millions, 




100,000,000, 


» 


One hundred millions. 




200,000,000, 


n 


Two hundred millions. 




&c. 




&c. 


(I) 


600,000,000, 


» 


Six hundred millions. 




&c. 




&c. 




1,000,000,000, 


n 


One thousand millions, 




&c. 




&c. 


(K) 


6,000,000,000, 


» 


Six Th&usand Millions, • 



EX8. 4. Write down in figures. Four Millions, Nine Millions, Seventy 
Millions, ®ne Hundred Millions, Three Hundred Millions, Eight Hun- 
dred Millions. 

Write down in words, 40,000,000, 8,000,000, 60,000,000, 2,000,000, 
50,000,000, 80,000,000, 600,000,000, 1,000,000,000. 

5. We have now shown how to read in words any single 
figure, either by itself, or when followed by any number of 
figures ; and we will now write out in the form of a table 
the results which we have just been proving. 

* We do not often require niunbers higher than these. We can, however, read as 
follows. 

10,000,000,000, that is Ten thousand mxUions, 

&c. &c. 

(L) 60,000,000,000, „ Sixty thousand millions ^ 

&c. &c. 

100,000,000,000, „ One hundred thousand mUlums, 

&c. &c. 

(M) 600,000,000,000, „ Six hundred thousand millions, 

&c. &c. 

1/)00,000,000/)00, „ One thousand thousand millions, 

or, One million millions, which is called 
OvB Billion. If there were six more figures to the right of the 1, it would become 
One IHttion; if 6 more, a Quadrillion ; and so on, the highest separate name being 
k Nonilliont 
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* 



Collecting a single line from each of Hie preceding 
groups of figures, tIz. those marked *A, B, C, D, E, F, G, 
H, I, K, h, M, and placing them so that the last figures 
in each row will stand under each other, we have 

A 6 which is Six, 

B 6 „ Sixty. 

C 600 „ Six Hundred. 

D 6, „ Six Thousand. 

E 6 0, 00 „ Sixty I%ou$and. 

F 6 0, „ Six Hundred Thousand. 

6 6, 0, „ Six MiOions. 

H 6 0, 00 0, 000 „ Sixty Mimon*. 

1 6 0, 0, „ Six Hundred Milliom. 

K. . . 6, 0, 0, „ Six Thousand Millions. 

L. 6 0, 0, 0, „ Sixty Thousand Millions. 

M. 6 0, 0, 0, „ Six Hundred Thousand Millions. 



J 



. . 
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«« 



6. Underneath the last line are written the names of all 
the values which the 6 has in all its different positions ; 
and if these are learnt by the pupil, the value of any one 
figure which he may desire to know will be found imme- 
diately. Thus, if I have the number 500000, without the 
commas to help me to see at once what the 5 stands for, I 
shall begin with the right-hand figure, and proceed to the 
left, pointing to the figures one after another with the 
finger or pencil, and shall say, uniUy tens, hundreds, thou- 
sands, &c. till I come to the 5, and I shall then find that I 
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4 



have come to hundreds of thousands ; hence the 5 in the 
above number stands iorjive hundred thousands. 

7. We have now to show how all the intermediate num- 
bers, between those which we have explained, are to be 
written both in figures and in words. 

In ( 1 ) we went up as far as Ten or 10 ; and then went 
to Twenty or 20 ; the intermediate numbers are 

In wokU Id figure* 

Eleven 11 

Twelve 12 

Thirteen .. 13 

Fourteen 14 

Fifteen 15 

Sixteen . . . . . . . . 16 

Seventeen 17 

Eighteen . . . • . . 18 

Nineteen . . . . . . 19 

Twenty 30 

Take now any one of these numbers, as 16, and it will 
be observed that it is composed of ten and six ; that is, the 
1 stands for ten, as in the figures 10, and the 6 is added to 
it; so 17 means ten and seven together; 19 means ten 
and nine together ; and so on. 

In like manner we can fill up all the places between 20 
and 30; 

Thus, 24 stands for 20 and 4, or Twenty-four. 

27 „ 20 and 7, or Twenty-seven, 

so also, 32 „ 90 and 2, or Thirty-two. 

45 „ 40 and 5, or Forty-five, 

49 „ 40 and 9, or Forty-nine, 

And the same method is used for expressing the numbers 
between 50 and 60, between 60 and 70, &c. 

EXS. 6. Write in figures, Fourteen, Twenty-Two, Sixty-one, Seventy- 
Seven, Eighty-Five, Ninety-Three, Forty-Eight, Fifty-One, Thirty-Four, 
Ninety-one, Nineteen. 

Write in words, 28, 37, 45, 89, 73, 64, 58, 17, 21, 88, 33, 99. 



8 NOTATION AND NUMEBATION. 

8. Proceeding beyond 100, we fill up all the numbers 
between 100 and 200, by writing all the numbers from 1 
up to 99, instead of one or both of the ciphers in 100. 

Thus, if I have to write one hundred and ffty-seven, I 
first put down 1 for the one hundred, and then, instead of 
the two ciphers, I write fifty-seven in figures, that is, 57 ; 
so that it becomes 157. Similarly, one hundred and 
seventy-nine is written 179; and one hundred and eight is 
108, where I see that the number eight, or 8, takes the 
place of only the latter of the two ciphers ; but in one 
hundred and fifty, or 150, the 50, being 5 tens, stands 
as a 5 in the tens' place, and the latter cipher is unaltered. 

The numbers between 200 and 300, between 300 and 
400, &c., are filled up in exactly the same way ; so that if 
a pupil has learnt thoroughly what has been written above, 
he will see at once that 

Three hundred and seventy-Jive. 
Four hundred and one. 
Five hundred and seventeen. 
Eight hundred and thirty-three. 
Seven hundred and sixty. 
Nine hundred and ninety-nine. 

Having now learnt how to write in words and in figures 
all numbers from 1 to 1,000, the pupil will easily see that 
all the numbers which he has just been learning will fill up 
the space from 1,000 to 2,000, from 2^,000 to 3,000, &c. 

so that 1334 stands for One thmtsand three hundred and twenty four. 

eyrfjri f Two thousaud no hundreds and seventy -five, 

" ( or two thousand and seventy-Jive. 

3104 „ Three thousand one hundred and four. 

EXS. 6. Write in figures, Five Hundred and Seven, Eighteen Hun- 
dred and Nineteen; Four Thousand and Seventeen; Nine Hundred and 
Twenty, Eight Hundred and Eleven ; Nine Thousand Four Hundred and 
Sixteen, Two Thousand and Four. 

Write in words, 302, 427, 109, 704, 1815, 1900, 732i, 8907, 1401, 
3870, 1044, 9009, 10,000. 



375 


stands for 


401 


w 


517 


» 


833 


» 


760 


It 


999 


«« 



NOTATION AND NUMEBATION. 9 

9. I need not describe at length the mode of writing all 
the numbers from 10,000 to 20,000, 30,000, &c. ; or from 
100,000 to 1,000,000, &c. If the pnpil will bear in mind 
what was said in (3) and (4), that all millions have six 
figores after them, and all thousands three figures after, he 
will find little difficulty in writing down any proposed num- 
ber. Also, when learning to write down long numbers, 
he should place nine dots, as in the margin, to guide him 
where to put the three different iqu-* Thou«> 

terms millions, thousands, and num- 

bers below 1000. 

Thus, if I have to write down 345 millions, 126 thousands, 
and 327, I must place the 345 under the first three dots, 
the 126 under the next three, and the 327 under the last. 

I see here that all the 9 places are filled up by the 
figures which I had to put down ; but if the numbers given 
had been such as not to occupy all the places, then the 
empty places between the first and last figures must be filled 
with ciphers. For instance, if a beginner has to write 25 

millions, 7 thousand, and 29, he should 

first write as follows : . . . . 25, 7, 29. 
and then filling up the empty places, he 

will have -25, 007, 029. 

And he will now see the use of the ciphers, namely, to 
keep all the other figures in the places which we have 
shewn to be the proper ones. 

Obs. — I do not place a under the last dot to the left, 
because there are no figures to the left of it, to be kept in 
their proper places. 



7. Write down in figures, Fifty Thousand and Six, One Hun- 
dred and Seventy Thousand and Eighteen, Four Hundred and Five 
Ifillions Thirty -Nine Thousand and One, Three Thousand and Five 
IfUlions Six Hundred and Nine, One Million and Forty-Three. 



ADDITION. 

10. To Add ie to collect together two or more numbers 
mto one sum. 

In order to add together any numbcrB, we mast collect, 
separately, all those numbers which are of the same kind ; 
thus, units must be added to nnits, tens to tens, hundreds 
to hundreds, and so on. 

When, therefore, we bare to find the sum of any num- 
bers, we must so place them under one another, that all 
the figures in the units' places may be in an upright row ; 
then the tens, hundreds, thousands, Stc, if there be any, 
win also be arranged in upright rows. 

1 1. To help the learner to add together any two num- 
bers, each Iras than 10, 1 insert l^e following Addition 
Tablb. 
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ADDITION. 1 J 

It may be learnt or read thus. Place a finger of the left- 
hand on any one of the figures in the left-hand row ; and 
as you move your finger to the right, add to this figure 
the numbers in the highest row one after another. The 
amounts will be under the finger at every step. Thus, 
pointing to 4 with the left-hand, and to the 1, 2, 3, kc, of 
the top line with the right-hand, and then moving both 
hands to the right, we read 4 and 1 make 5, 4 and 2 make 6, 
4 and 3 make 7 ; and so on, to the end of that line ; and I 
see that the amounts 6, 6, 7, &c., are exactly under the 
1, 2, 3, &c., of Uie top line, and in the same row as the 
left>-hand 4. 

If now I wish to find firom this table the sum of any two 
numbers, each less than 10, as 7 and 8, I point with the 
left-hand to Hie 7, in the left>-hand row, and with the right- 
hand to the 8 in the top row ; then moving the right-hand 
straight down till it comes opposite the left-hand, I find I 
come to the number 15. This 15 is the sum of the numbers 
7 and 8. 

12. We have seen in Numeration, that the figure I in 
the second place firom the right-hand counts as 10 ; there- 
fore, to add 10 to any number under 10, we have only to 
place the figure 1 to the left of that number; thus, if I 
have to add 10 to 7, 1 merely write 17. So also, to add 10 
to a number greater than 10, as to 46, 1 add 1 to the figure 
in the tens* place, so that 46 and 10 make 66. By the 
same method 235 and 10 make 245 ; 1427 and 10 make 
1437. In like manner, to add 100, 1 increase the figure in 
the hundreds* place by 1, so that 245 and 100 make 345 ; 
3156 and 100 make 3256. 

We shall now have no difficulty in adding together two 
numbers, one of which is more than 10, and the other less 
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than 10^ as 16 and 3. For 16 is the same as _ 

10 and 6. I therefore add the 3 to the 6, 3 

making 9; and keeping the 1 in the units' — 

place^ make 19 in all. So also, to add 16 and 1, I first 

add the 7 to the 6, making 13, and write down le 

the 3 ; and for tiie 10 in this number 13, 1 put _L 

23 
1 more in the tens' place, and make in all 23. = 

In like manner, if I have to add 28 and 7, I shall first add 

the 7 to the 8, making 15, and put the 5 in the 28 

units' place ; and for the 10 in this 15, I add _Z. 

1 to the 2 in the tens' place, making 35. And =■ 

so I might add any two such numbers, as 36 and 7, making 

43; 46 and 7, making 53; 146 and 7 making 153; 248 and 

8, making 256. 



8. Write down the sums of 16 and 10, 26 and 10, 13 and 5, 
18 and 9, 26 and 7, 45 and 8, 78 and 4, 89 and 1, 101 and 8, 104 and 
7, 156 and 8, 345 and 9, 426 and 7. 

13. Now let it be required to find the sum of 2548, 8027, 
9, and 765. 

Arranging the numbers according to the directions given 
above, so that all the figures in the units' places may be in 
an upright row, they stand thus : 

Beginning at the right-hand or units' 

g027 row, and adding, I say ; — 5 and 9 are 14, 

^^ 14 and 7 are 21, 21 and 8 are 29, that is, 

11349 2 tens and 9 units; I place the 9 units 

under the row of units, and carry \h.Q 2 tens 

to the next row which consists of tens. I now add this 

second row, just as I did the first ; it amounts to 12 tens, 

and with the two tens carried, it is 14 tens, (or 140,) that 

is, 1 hundred and 4 tens ; I place the 4 under the row of 

tens, and carry the I hundred to the next row which con- 
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sists of hundreds. The third row, with the 1 carried, 
amounts to 13 hundreds, (or 1,300), that is, 1 thousand 
and 3 hundreds ; I put down the 3 under the row of hun- 
dreds, and carry the 1 thousand to the fourth row : this 
amounts to 1 1 thousands ; and as there are no more rows 
to add, I put down the whole of the 11. The complete 
answer is. Eleven thousand three hundred and forty-nine. 
And so we might have added any number of rows. Hence 
we have the following Rule for Simple Addition : 

Rule. Arrange the numbers to be added under one 
another, so that the figures in the units' places may be in 
an upright row, and draw a line under the whole. 

Add up the first row to the right, and of the amount just 
found place the right-hand or unite' figure under this row, 
and carry the other figure, or figures, if there be any, to 
the second row. Find the sum of this second row, adding 
in the figure carried firom the first row; put down the 
right-hand figure, and carry the remaining ones as before. 
Proceed in like manner to the last row ; and when ite sum 
is found, place the whole of it to the left of the figures 
already set down. 

Obs. The operation of Addition is sometimes denoted 
by the sign (+) plus, which, placed between two numbers, 
shows that they are to be added together. Also, the sign 
( = ) equal to, placed between any two quantities, signifies 
that they are equal. Thus 4 -{- 5 = 9, is read 4 plus 6 
equaU 9, or 4 added to 5 makes 9. So also, 4+5+3 
+ 7=19; or the sum of 4, 5, 3, and 7, is 19. 

EXS. 9. Find the value of 

1. 643 + 879 + 245t134 + 851+405 + 137. 

2. 145 + 672 + 834 + 1000 + 987 + 451 + 1687. 





14 ADDITION. 



3. 1 144 + 328 + 456 + 987 + .101 + 376 + 451. 

4. 4876 + 3459 + 1111+4321+6897 + 14562. 

5. 8976 + 3178 + 9017+5632 + 14587 + 8765. 

6. 4301+9872 + 4632+1829 + 5437+684 + 9187. 

7. 8743 + 1986 + 4530 + 12875 + 1493 + 6421. 

8. 1879 + 8431 + 9645 + 4287 + 1673 + 7482, 

9. 8735 + 6419 + 4327 + 9180 + 14327 + 6875. 

10. 3456 + 875 + 1001 + 7435 + 8962 + 67. 

1 1. 8432 + 98765 + 20101 + 3476 + 823 + 10479. 

12. 658 + 1034 + 98710 + 3279 + 14826+4113. 

13. 84291 + 103456 + 8732 + 9101 1 + 178452 »- 74379. 

14. 110456 + 83019 + 75146 + 238108+14679 + 8001. 

15. 148765 + 75832 + 64101 + 75 + 80015 + 9873. 

16. 143856 + 28739 + 41032 + 999 + 91458 + 100000 + 87532. 

17. 457890 + 32576 + 987542 + 17639 + 4010 + 101010 + 67348. 

18. 111111+43210 + 87641 + 12479 + 71+375 + 118934. 

19. 843217 + 641839 + 4813756 + 5204187 + 28756 + 4315821 + 867509. 

20. 43201 + 384917 + 1007 + 138589 + 7 10234 + 86549 + 684305. 

21. 148302 + 7649 + 45831+776789 + 145384 + 784591 + 638414. 

22. 487643 + 1897421 + 684579 + 4458321 + 9237548 + 8459320. 

23. 876410 + 1984321 + 765899 + 4101873 + 600750 + 9999. 

24. 4865320 + 6421987 + 468359 + 146721 + 1098638 + 1016. 

25. 687532 + 4591408 + 7432017 + 5689432 + 874310 + 189 + 6345681. 

26. 875439 + 8674392 + 5108469 + 83167 +410509 + 1673245 + 587410. 

27. 5681094 + 6138765 + 494587 + 238654 + 1647829 + 30178 + 472. 

28. 784586 + 87532 + 1049761 + 853742 + 945681 + 410392 + 7684910. 

29. 487653 + 768923 + 9898989 + 445671 +830187+941245 + 7631408. 

30. 456786 + 2389124 + 837540 + 97521 8 + 11 1456 + 832075 + 1410987. 

31. 8740192 + 1432786 + 910437 + 64985 + 87563 + 11468492 + 753864. 

32. 4132875 + 6894360 + 5119387 + 7256918 + 14071728 + 1271449. 

33. 489735 + 2010387 + 5897654 + 319771 + 864987 + 410684 + 34586. 

34. 8764591 + 143286 + 375 + 914268+4372145 + 896451 +98817532. 

35. 348765 + 1487659 + 2018437 + 498765 + 14329 + 87642 + 1073496. 

36. 4368291 + 78543 + 689201 + 45763 + 75 + 101789 + 2345682. 



( 15) 



SIMPLE SUBTRACTION. 

14. To Subtract a less number from a greater is to 
find how many more units there are in the greater number 
than in the less ; or, to find what number added to the 
less will make the greater. This number is called the 
difference. 

First, I must learn to find the difierence between two 
numbers, whereof one is less than 10, and the other does 
not exceed it by 10 ; as for instance between the numbers 
9 and 15. For this purpose the Addition Table may be 
used as a Subtraction Table ; thus : — I find the smaller of 
the two numbers in the left-hand row, and move my finger 
to the right, till I come to the larger one ; I then look to 
the top of the upright row in which my finger is, and there 
I find the difierence. For instance, taking the numbers 
9 and 15, I look for 9 in the left-hand row, and move to 
the right till I come to 15 : at the top of the upright row 
that my finger now touches, I find 6 : this is the difierence 
between the 9 and 15. 

15. I now can find the difference between any two num- 
bers. Thus, let it be required to find the difference between 
43854 and 2628. 

Placing the numbers so that the units' figures shall be 
under each other, I commence as follows ; 

43854 

8 firom 4, — it cannot be taken ; I there- 2628 

fore observe that the 54 in the top line is 41226 

the same as 40 -j- 14, or 4 tens and 14 ; 

and I subtract the 8 from this 14, finding a remainder 6, 
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which I place underneath. I now remember that I have 
no longer 50 in the upper line^ but 40 ; that is, the figure 
in the tens' place must not be counted as 6, but as 4. I 
therefore take the 2 tens in the lower line from the 4 tens^ 
and have 2 tens as the difference^ which I put down. So, 
also, 6 hundreds fi*om 8 hundreds gives 2 hundreds^ 2 
thousands from 3 thousands gives 1 thousand ; and since 
there are no tens of thousands in the lower line to be taken 
from the 4 tens of thousands in the upper line, the 4 must 
be brought down as it is. The whole remainder is 4 tens 
of thousands, 1 thousand, 2 hundreds, 2 tens, and 6, or 
forty-one thousand two hundred and twenty-six. (41226.) 

16. In performing the first subtraction of the above 
example, because I could not take the 8 from the 4 in the 
units' place, I added 10 to the 4, or, as it is often caQed, 
I borrowed 10, and counted the figure 5 in the tens' place 
as 4, and then subtracted the 2 below it from the 4 ; but 
the common way, after having added this 10 in any sub- 
traction, is to leave the figure in the top line of the next 
place unaltered, but add 1 to the figure under it, and then 
subtract. Thus, I add 1 to the 2 in the lower line, and 
then say, 3 from 5, which gives me the difference 2, just 
as before. 

Hence, when it is required to find the difference of two 
numbers, we have this 

Rule. Place the less number under the greater, so that 
the figures in the units' places may be under one another. 
Begin at the right-hand ; and, if possible, subtract the 
lower figure from the upper, placing the difference under- 
neath ; but if the lower figure is greater than the upper, 
add 10 to the upper, and then subtract. 

Proceed in the same manner with each pair of figures ; 
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but remember that when in any subtraction you have added 
10 to the upper figure, you must, in performing the next 
subtraction, add 1 to the figure in the lower line. If there 
remain any figures in the upper line, from which none are 
to be subtracted, bring them down in their proper order. 

Obs. The operation of Subtraction may also be expressed 
by the sign ( — ) minus, which placed between two quan- 
tities shows that the latter is to be taken from the former. 
Thus, when I wish to say that if 2 be taken from 7, the 
remainder is 5, I write 7—2 = 5, which is read 7 minus 
2 equals 6 ; or, the difference between 7 and 2 is 5. 



. 10. Find the value of 

1. 45863-21051. 

2. 68745-61032. 

3. 58900-48799. 

4. 456789-123456. 

5. 785432-694310. 

6. 689321'- 278543. 

7. 5894101 - 78532(J. 

8. 8497103-1456897. 

9. 4132987-875619. 

10. 8976410-2301019. 

11. 9832145-4567891. 

12. 7640189-178923. 



13. 1432897 - 

14. 3456890- 

15. 2117584- 

16. 18432745- 

17. 68935842- 

18. 78568932- 

19. 385879276 

20. 107964201 

21. 351068743 

22. 784500000 

23. 89760001 - 

24. 321047607 



567898. 
126901. 
456897. 
-1857106. 

- 1065719. 
-6458109. 

- 7750987. 

- 6423189. 

- 49969836. 
-6891019. 

- 4321890. 
-76498321. 



QUESTIONS INVOLVING ADDITION AND SUBTRACTION. 

Ex8. U. 

1. From the sum of 3276 and 189, take the sum of 375 and 456. 

2. From the sum of 14095 and 8376, take the difference between 427 

and 999. 

3. From the sum of 98763, 3275, and 144, take the difference between 

10000 and 1001. 

4. To the number lOOOl add 8399; from the sum subtract 4376; then 

add 1879 ; then subtract both 327 and 185 ; what will remain ? 

c2 
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5. Out of 200 marbles, a boy gives away 20, dO, 40, and 50 to fonr 

other boys ; how many has he left ? 

6. If the upper line in a subtraction sum be 3456, and the remainder 

be 749, what is the lower line ? 

7. If the lower line be 4896, and the remainder be 960, what is the 

upper line ? 

8. From one million I take ninety- nine thousand and nine; to the 

remainder 1 add seren thousand and fifteen ; what will be the 
amount ? 

9. Write down in figures and signs; three hundred and seven, added to 

one thousand and one, is equal to the difierence between ninety- 
two, and one thousand four hundred. 

10. Write down in figures and signs; seventy, plus 18, added to five 

thousand and four, diminished by seven hundred and nine, 
amounts to four thousand three hundred and eighty-three. 

1 1. Write in words, 1000 - 457 + 193 - 75 = 661 . 

12. Write in words, 3045 + 6208 = 10001 - 748. 

J 3. The flood took place 2348 years B.C.; how many years from that 

date to the year 1851 a.d. ? 
14. How many years from the first year of the fifth century to 1850? 
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17. To Multiply one number by another is to see what 
the first number amounts to, when repeated as many times 
as there are units in the second number. 

Thus, to multiply 7 by 5 is to repeat the number 7 Jive 
times, that is, it is 7 + 7 + 7 + 7 + 7, which by addition 
we find to be 35 ; and Hierefore we say that 5 times 7, or 
7 multiplied by 6, equals 35. This result, 35, is called the 
product of 7 and 5 ; also 7 is called the multiplicand, and 
5 the multiplier. 

In like manner by performing successive additions, we 
might find the product of any two numbers ; but it is not 
convenient to obtain these results by addition, any further 
than to find the sum of 12 repeated 12 times^ or the pro- 
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daot of 12 bj 12. A table which contains in order the 
prodncts of any two nnmbers not greater than 12, is called 
the Multiplication Table, and is as follows : 
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The above is thus formed : the first row to the left con- 
tains the nombers 1 to 12. Taking the second row with 2 
at the top, and going downwards, we fiud that the row is 
formed by adding 2 at every step ; thus, 2 and 2, or twice 
2, are 4 ; 4 and 2, or 3 times 2, are 6 ; 6 and 2, or 4 timea 
2, are 8 ; and so on, till we come to 12 times 2, or 24. In 
like manner the 7th row is found by beginning with 7, and 
adding 7 snccessively, which gives the row 7, 14, 21, 28, 
Sic. 84. And so for all the other rows. 

And if I wish to find the product of any two numbers, 
each not exceeding 12, as 7 and 8, I point with the left- 
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hand to the one number^ 1, in the left-hand row^ and with 
the right-hand to the other^ 8^ in the top row^ as in the 
Addition Table ; then moving the right-hand straight down 
till it comes opposite to the left-hand, I find that I come to 
the number 6Q ; this is the product of the numbers 7 and 8. 

18. Now let it be required to multiply any number, as 
527, by any number not greater than 12, for instance by 9. 

Since 627 = 600 + 20 + 7, therefore, if I multiply each 

of these three quantities by 9, the sum of all the products 

will be the whole product of 627 by 9. I have, then, as 

22^ the first product, 9 times 7, 

9 or 63 ; as the second, 9 times 

63 = 9 times 7 20, or 9 times 2 tens, which 

^Z l ;; aS ^« 1® *^^«' ^'' ^®^5 as the 

4743 = 9 times 527 third, 9 times 6 hundreds, 

- which gives 45 hundreds or 

4500: and, as shown in the margin, the sum of these three 

products is 4743. 

19. But in practice we perform this work in one line, 
and add the products as we go on, thus ; 9 times 7 = 63 ; 

put down the 3 units, and carry 6 

9 /^N tens ; 9 times 2 tens = 1 8 tens, and 

4743 with the 6 carried, is 24 tens, or 2 



hundreds and 4 tens ; put down 
the 4 tens, and carry the 2 hundreds ; 9 times 5 hundreds 
= 45 hundreds, and with the 2 hundreds carried = 47 
hundreds, or 4 thousands 7 hundreds; put down both 
these figures, and the result is 4743, as before. 

EXS. 12. Form the following products. 

I. 3456789 by 2, 3, 4, 5, 6, 7, successively. 

II. 6410954 by 3, 4, 5, 6, 7, 8. 

III. 1875697 by 4, 5, 6, 7, 8, 9. 

IV. 6183249 by 7, 8, 9. 



SIMPLE MULTIPLICATION. 21 

We have already seen in Numeration, that if a cipher 
be placed at the right-hand of a number, eveiy figure in 
that number has ten times the value that it had before ; 
that is, to multiply a number by 10,. I need only place a 
cipher after it ; so, also, to multiply by 100, I place two 
ciphers; by 1000, three ciphers ; and so on. 

20. Again, since to multiply the above number, 527, by 
10, I merely add a cipher, making 5270; therefore, to 
multiply it by 20, which is 2 tens, I multiply by 10 and by 
2, that is I add one cipher, and then multiply by 2, making 
10540. In like maimer to multiply by 40, I add a cipher, 
and multiply by 4 ; by 60, I add a cipher, and multiply 
by 6. 

So also, to multiply by 200, I add two ciphers, and 
then multiply by 2 ; by 700, add two ciphers, and multiply 
by 7 ; by 5000, add three ciphers, and multiply by 5. 

The following are examples of the manner in which such 
multiplications are performed. 

3247 8295 

60 700 (B) 



194820 5806500 



Exs. 13. 

I. Multiply 3456789 by 10, 100, 10000. 
II. „ 785632 by 20, 30, 600, 8000. 
III. „ 4568301 by 9000, 80, 600, 70000. 

21. Let us now see the effect of a cipher in the middle 
of a multiplier. For example, if I have to multiply 48295 
by 1703. 

Here, multiplying by the 3, according to (A), I obtain 
the first line of the product ; next I multiply by the 700, 
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according to (B) ; next by 1000, by merely adding 3 
ciphers to the mnltiplioand, 48295. By adding these three 
products, I obtain the whole product: but the work is 



48295 


8295 


1703 


1703 


144885 = prod' by 3 


144885 


33806500 = „ 700 


3380650 


48295000 = „ 1000 


48295 


82246385 = ,, 1703 


82246385 



(C) 33806500= „ 700 3380650 (D) 



usually written as in (D), where all the ciphers are omitted 
in writing out the products, except the single one in the 
second line, which came from our having a cipher in the 
second place of the multiplier. 

In working any sum, then, it will be seen that it is not 
necessary to write down all the ciphers as in (C), but only to 
place each succeeding row one place farther to the left than 
the preceding one ; but if there be a cipher in the multi- 
plier, it is to be written down before multiplying by the 
next figure, and the row next below will be thereby thrown 
one place more to the left. 

Hence, when two numbers are given to be multiplied 
together, we have this 

Rule. Place the smaller number beneath the larger, so 
that the figures in the units* places may be under one 
another. 

Begm with the right-hand figure in the multiplier, and 
multiply the units in the multiplicand ; put down the right- 
hand figure of this product, and carry the tens, if there be 
any. Proceed in like manner through the first row, up to 
the last figure in the multiplicand, when the whole product 
must be put down. 

Multiply in the same way by each figure in the multiplier, 
placing the first or right-hand figure of each row under the 
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second figure of the former row ; but if there be a cipher 
in the multiplier^ place it under the second figure of the 
row last formed, and multiply by the next figure in the 
multiplier, as usual; and in the succeeding multipli- 
cation, if there be one, place the row two places to the left. 
Add together all the rows ; the result will be the product 
of the two numbers. 

Note. The operation of Multiplication may also be 
expressed by the sign ( x )> which placed between two 
numbers shews that they are to be multiplied together; 
thus, 7x5 = 35, which is read, 7 multiplied by 5 equals 
35; or, 7 into 5 equals 35. 

EX8. 14. Express the following words in signs and figures. 

1 . Seven multiplied by four, plus three, minus eight, is equal to twenty. 

three. 

2. Nineteen added to three hundred and twenty-five, is equal to forty 

three, multiplied by eight. 

3. The sum of forty-five and one hundred and nineteen, is equal to the 

product of four and forty-one. 

4. The difierence between one thousand and three hundred and fifty -five, 

is equal to the product of forty-three and fifteen. 

EX8. 15. Form the following products. 

I. 6183249 by 11, 12, 13, 14, 15, 16. 

II. 8375426 by 124, 347, 645, 809. 

III. 45789213 by 653, 842, 976, 1048. 

IV. 387940128 by 3456, 7894, 6781, 8592. 

458964107 x 13847. 
743286491 x 68940. 
784923607x42816. 
814906735 x 87492. 
436892198x57194. 
764381479x60879. 
9850124657 x 134806. 



1. 


4168952x4568. 


8. 


2. 


168942189 x 13076. 


9. 


3. 


87401329 X 16849. 


10. 


4. 


53298476 x 14370. 


11. 


5. 


764109836 x 4756. 


12. 


6. 


514276439 x 28309. 


13. 


7. 


8750146081x76112. 


14. 
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22. If I now turn to the Multiplication Table, I find 
that the number 144 at the right-hand lower comer tells 
me the number of small squares in the whole square, that is, 
in a square which has 12 equal parts in each side ; so that 
if each of these parts measures one inch, the whole square 
will contain 144 squares, each one inch both in length and 
breadth, or 144 square inches. I thus learn that the 
number of square inches in the whole square is found by 
multiplying the number of inches in the length by the 
number in the breadth. 

. And if I try this rule on any portion of this square, so 
that it be enclosed by 4 lines and 
shaped as in the figure, called an 
oblong, I shall find it true. For if 
I take a piece 7 inches long, and 
5 broad, I shall find that there are 
in it 7 times 5 squares, or 35 square inches; and this 
number 35 is at the right-hand lower comer of the oblong. 
If I take a piece 9 inches long, and 5 broad, I shall find 45 
squares ; so that I can now tell at once how many square 
inches or feet are contained in any square or oblong, if I 
know how many inches, or feet, it is in length and breadth, 
for I have only to multiply the length by the breadth. 

If also in each of these small squares a tree were placed 
I could tell the number of trees in an oblong clump, by 
counting the number in length, and the number in breadth 
and finding their product. 

Ezs. 16. 

1. A board is 17 inches long, and 10 inches broad, how many squares, 

an inch each way, are there in its surface ? 

2. A box is 9 inches long, and 7 inches broad, how many square inches 

are there in the top and bottom ? 
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3. If the above box be 6 in. high, how many square inches in the sides ? 

4. In a surface, divided like a chess-board, there are 15 divisions on 

each side, how many squares in the board ? 

5. In an oblong plantation, where the trees are planted in regular rows, 

there are 175 in one side, and 150 in the next side ; how many 
trees are there in all ? 
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23. To divide one number by another, is to find how 
often the second number may be subtracted from the first ; 
or, what number multiplied by the second will produce the 
first. Thus, if it be required to divide 35 by 5, I subtract 
5 from 35, till there be either nothing left, or till the num- 
ber left be less than 5. I find I can subtract the 5 just 
7 times, and therefore I say that 35 contains 7 fives, or 
that, when divided by 5, it gives the answer 7. Here 35 is 
called the dividend, 5 the divisor, and 7 the quotient. 

Also, the operation of Division is represented by the 
sign (-7-). Thus, 35 -4- 7 = 5, is read, 35 divided by 7 
equals 5 ; or, the quotient of 35 when divided by 7 is 5. 

24. When the number to be divided is not greater than 
144, and the divisor not greater than 12, the Multiplication 
Table may be used as a Division Table. Thus ; since I 
know that if 5 and 8 were to be multiplied together, the 
result would be the number in the table where the two rows 
from 5 and 8 meet, viz. 40 ; therefore, if I make 5 the 
divisor, and 40 the dividend, then the number 8 standing 
over the 40 will be the quotient. So, also, if 8 were the 
divisor, and 72 the dividend, the number 9 at the top of 
the row over 72 would be the quotient. 

But we shaLL nx)t find all the numbers between 1 and 144 
in this Multiplication Table; for instance, if I wish to 

D 
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divide 43 by 5^ and I look in the row beginning with 6, 
I run my finger along the row till I come to the next 
number below 43, that is^ 40 ; and since I find that 8 is at 
the top of the row, therefore 8 is the quotient; but there 
are 3 out of the 43 which are not divided ; and this work 
of division which I have just been performing would be 
thus expressed, — 5 in 43 goes 8 times, and 3 over.* 

25. But if the dividend consist of four or five places of 
figures, as 3276, and the divisor be still under 12, as 9, we 
cannot see at once how many times 9 will produce 3276, 
but must take several steps to find the result 

Now the 32 in 3276 means 32 hundreds; since, then, 

we know how often 9 is contained in 32, viz. 3 times and 

5 over, we know how many times it is contained in 32 

hundreds, viz. 3 hundred times, and 5 hundred over. Take 

300 times 9, or 2700 firom 3276, and we have 576 over, 

which has not yet been divided. Again, since 570 is 57 

tens, and 9 in 57 goes 6 times and 3 over, therefore 9 in 

57 tens goes 6 tens, or 60 times, and 3 tens, or 30, over. 

Subtract 60 times 9 fi^m 576, and we have 36 over; and 

we see that 9 in 36 goes 

® 9) 3276 

4 times exactly: therefore 2700 = 300 times 9 

the number 3276 has been 576 (E) 

entirely divided by 9 ; and — ^ ~ *"°®* 

the quotient is 300, and 26= 4 times 9 

60, and 4, or 364. ~ — — _ 

' ' or, 3276 = 364 times 9 

The above may be so -==^ 

arranged as to form a very 9^ 3275 

simple sum, thus : 364 

And the manner of per- 

* Tbe pupil will afterwards be shown that if 43 be divided by 5 it is correct to say, 
that the quotient is eight and three-^thSy or, as it is written 8f . See Art. Fractional 
Quotient, in Appendix to Part II. of the Arithmetic. 
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forming the operation is to say, 9 in 32 goes 3 times and 
5 over; put down the 3 under the 2, and take the 5 to the 
7, the next figure in the dividend, oalling it 57 ; 9 in 57 
goes 6 times and 3 over ; put down the 6 under the 7, 
and take the remaining 3 to the 6, calling it 36; 9 in 36 
gives a quotient 4, which put under the 6. Hence, for 
dividing by a number not greater than 12, we have this 

Rule. Place the divisor to the left of the dividend, 
separating them by a curved line. Take as many figures 
of the dividend as are necessary to make the number taken 
at least equal to the divisor : see how often the divisor is 
contained in this number, and place the quotient under 
the last of the figures so taken : if there be any remainder, 
annex it to the next figure of the dividend, and divide as 
before ; but if the remainder and the figure so taken be 
less than the divisor, place a cipher as quotient, and take 
another figure and divide. But if there be no remainder, 
divide the next figure alone, if possible ; and if not, put a 
cipher under it, and take two or more figures if necessary. 
Proceed in this manner till all the figures in the dividend 
are taken. If there be any final remainder, place it a little 
to the right of the quotient. 

This method, as shown in the second form of the above 
example, is called Short Division. But as the sum was 
worked at first, where the subtractions after every division 
were performed on the paper, instead of in the mind, the 
process is called Long Division ; and we shall have thus 
to work ahnost all examples, where the divisor is greater 
than 12 ; the only difference being, that the ciphers might 
have been omitted in the lines which are subtracted, as was 
shown in (D) in the multiplication sum in page 22. 
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EZ8. 17. Divide 

I. 3849628 by 2, 3, 4, 5, suceessively. 

II. 89764320 by 6, 7, 8, 9. 

III. 148763592 by 5, 7, 9, 8. 

IV. 4587692015 by 8, 9, 11, 12. 

26. The above Rule may also be used for dividing bj 
numbers greater than 12, if they can be exactly split up 
into two other numbers, each less than 12 ; as for instance, 
by 21, which is 7 times 3 ; by 24, which is 6 times 4. Thus, 
if we have the number 2476 to be divided by 21, we shall 
divide, first by one of the numbers, as 7, and then by the 
other, 3. And to show that this process will bring a 
correct result, let us suppose we had 2476 apples to be 
divided into heaps of 21 : if we divide 2476 by 7, we shall 

have the quotient 353, which 
^H ox Q<to ' «\ gives the number of heaps of 

v 3) 353 " 5 ] iQ 

"Tn - 2 j ^^^^' 7, and 5 single apples over ; 

and since 3 heaps of 7 will 
make one heap of 21, therefore, if we now divide these 
353 heaps of 7 by 3, we shall have a quotient consisting of 
heaps of 21 ; this is 117, and the rem' 2 represents 2 heaps 
of 7, which is the same as 14 single apples, and with the 
former remainder, 5, gives 19 apples rem^ from the whole 
division. Here we see, that the number remaining from the 
second division, namely, 2, required to be multiplied by the 
first divisor, viz. 7, to give the real second rem', and then it 
was added to the former remainder. So that when I wish 
to obtain the complete remainder, 19, from the two partial 
remainders, 5 and 2, 1 shall say, 2x74*^=^^' ^^ ^^'^^ 
remainder. Therefore, in dividing as in Short Divisioi^ 
by a number which is formed by the multiplication of two 
numbers under 12, we have, for finding the remainder, this 
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Rule. Multiply the second remainder by the first divisor, 
and add in the first remainder. If there be no second 
remainder, the first remainder will be the true one. 

. 18* Divide 

I. 37643391 by 14, 16, 18, 31. 
II. 874013695 by 25, 36, 56, 81. 
III. 172345698 by 72, 49, 121. 

i. 19. Perform the following operations. 



1. 


289764235+27. 


7. 


5689743209+132. 


2. 


4568972501+33. 


8. 


78964012385+144. 


a 


46895017846+55. 


9. 


3456785231+84. 


4. 


7592041863+81. 


10. 


4680397642+96. 


5. 


5697421078+121. 


11. 


58742136847+99. 


6. 


6498721417+120. 


12. 


84397652108+108. 



27. But since most of the numbers that we have to use 
as divisors cannot be broken up exactly into two numbers 
each under 12, we must use the method of (E), or of Long 
Division, when dividing by any ordinary divisor larger than 
12. I will give another Example. 

Let it be required to divide 3487906 by 754. 

Now as in Art. (25) we showed how to divide 3276 by 9 
at several steps, so we must work in this example. Take 
the 3487 as being the smallest number of the dividend 
that can be divided by 754 ; and since there are 3 places 
after these four figures, we know that this 3487 signifies 
3487 thousands, and therefore when divided by 754, the 
quotient will be so many thousands. 

We have first to see how often 754 goes in 3487 ; this 
is nearly the same as seeing how oft»n 7 hundred goes in 
34 hundred, or 7 in 34 ; that is, we neglect the 2 right- 
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hand figares and then divide. Here 7 in 34 goes 4 times 
and something over, therefore 700 in 3400 goes 4 times, 
and something over : hut we said that 3487 in this place 
meant 3487 thousands, therefore 754 in 3487 thousands 
goes 4 thousands and something over ; put this 4000 in the 
quotient; and that we may see how much is over, sub- 
tract from the whole dividend, 4000 times 754, or 3016 
thousands, and we have a rem' 471906. Taking this rem' 

754) 3487906 

3016000= 4000 times the divisor 



471906 




452400 = 


600 


19506 




15080 = 


20 


4426 




3770 = 


5 


656 




)6-656 = 


4625 



» 



M 



» 



as a new dividend, and beginning, as before, by dividing into 
the first four figures 4719, which are so many hundreds, 
we find that 754 in 4719 goes 600 times, and something 
over : as before, we subtract 600 times 754 from the new 
dividend, to see how much is over, and we find 19506. 
Again, dividing by 754, we find that it goes 20 times and 
something over, and our rem' after subtracting is 4426 : 
here 754 goes 5 times, and something over ; and by sub- 
tracting again, we have the last rem' 656 ; and our whole 
quotient is 4000 + 600 + 20 + 5, or 4625. 

We have here performed the process at full length : but 
if we put down only those figures which are necessary in 
the operation, the sum will appear thus. 



d2 



SIMPLE DIVISION. 31 

We here see that after each 
754) 3487906 (4625 subtractioii it is not necessary 

^ to bring down to the ^' 

4524 more than one figure of the 

1950 dividend, though it sometimes 

happens, as in Short Division, 
4426 
3^yQ that the rem' is so small^ that 

656 even when one figure is brought 

down, the rem' still is less than 
the divisor ; in this case a cipher must be placed in the 
quotient, shewing that there has been no division per- 
formed, and another figure must be brought down, and the 
work proceeded with as before. 

I insert one more Example which will show that care 
must be taken when one figure is brought down, and yet 
no division performed. 

Divide 1746549138 by 4587. 

Here, when, after the 

4587) 1746549138 (380760 , , , ^ ^^ ^ 

^^gj second subtraction, the 9 

37044 was brought down, the di- 

36696 vidend 3489 was smaller 

?f^ than the divisor, and no 

32109 

2yg23 division could be perform- 

27522 ed ; I therefore put a in 

3018 the quotient, and brought 

down another figure, and 
the divisor then could go into the dividend, 7 times. So, 
also, after the last subtraction, when 8 was brought down, 
the number 3018 was too small to be divided, and a was 
placed in the quotient, and 3018 was left as a remainder. 

It seems unnecessary, aft;er going so fully through the 
above example, to state a separate rule for Long Division, 
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since the only difference in working Short and Long 
Division is^ that the subtractions necessary to find the 
rem", after every division, are in Long Division performed 
on the paper, whereas in Short Division they are performed 
by the memoiy, and only the quotient is put down. 

Obs. It is worth remarking, that in finding how often 
the divisor will go into the dividend or any of the rem", 
we cannot always get a correct result by merely dividing 
the first figure of the divisor into the first, or first two 
figures of the dividend. Thus, in the first division of the 
example given above, though 4 in 17 goes 4 times, yet 4587 
in 17465 will not go 4 times. Nothing but practice wifl 
enable a pupil to hit upon the correct number at once. 

Ezs. 20. 

Find the required quotients in the following Examples. 

9875426817^-563. 
14576148903+684. 
3875421986 -t-796. 
45862175647-1-891. 
16894321678-f-]531. 
3459806546 -f-4270. 
98423614578-f-1094. 
57302648192-1-4326. 
451728954320-1-5783. 
52198736929-2-68754. 
10943268759 -J- 43281. 
94544671038 -f-96329. 

28. There is one kind of divisors with which, though 
greater than 12, we can yet divide in one line, as 20, 30, 
40, 500, 800, &c.; that is, the numbers 1 to 12 followed by 
one or more ciphers. 

For instance, to divide 37458 by 20. Performing the 
operation by Long Division, we have the woik as (F) : or 



1. 


35689742 -»-23. 


13. 


2. 


1468920357 -^29. 


14. 


3. 


3689740125 -t-37. 


15. 


4. 


41562389075 -j-39. 


16. 


5. 


3875401267 -j-41. 


17. 


6. 


7649801325 -^43. 


18. 


7. 


2607458913-i-47. 


19. 


8. 


146892750438+53. 


20. 


9. 


689432167-1-153. 


21. 


10. 


4987531681 -j-257. 


22. 


11. 


1728956043+345. 


23. 


12. 


8653219547+436. 


24. 
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if we cut off the cipher in the 20, and the last figure in the 
dividend, namely 8, the work would stand as in (G). 



20) 37458 (1872 


2,0) 3745,8 (1872 


20 


2 


174 


17 


160 


16 


145 (F) 


14 (g; 


140 


14 


58 


5 


40 


4 


18 


1 



And if the 8 which was cut off be now brought down to 
the last rem' 1, we shall have the same quotient and rem' 
as in the former operation ; hence this second operation is 
correct, and we may thus put the work of (G) in the form 
of Short Division, 

2,0) 3745,8 



1872 „ 18 rem' 



where, in performing this division, we use the last rem' 1 
as though it were 10, and adding the 8 which was cut off, 
make the whole rem' 1 8. And this appears to be reason- 
able ; for since we have used the divisor 20 as though it 
were 2, therefore a rem' 1 is to be counted as 10. 

In like manner, if I divided by 200, or 300. I should cut 
off two figures from both divisor and dividend, and divide 
by 2 or 3 ; if by 2000, or 3000, 1 should cut off three figures, 
and divide by 2 or 3. If by 1000, I have only to cut off 
three figures from the dividend for a remainder, and keep 
the figures not cut off as a quotient. 

2,00 ) 887,59 1,000 ) 986,421 

193 „ 159 rem' 986 „ 421 rem ' 

7,000 ) 5435,189 

776 „ 3189 rem' 



i 
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EZfl. 21. Divide 

I. 38749102 by 10, 100, 1000. 

II. 258749157 by 20, 30, 40, 500, 6000. 

III. 78542963 by 900, 8000, 500,000. 

It was shown in (22) that the product of the nnmhers 
representing the length and breadth of an oblong or square, 
in feet or inches, gave ns the number of square feet or 
inches in the surface. So, also, if the number of square 
feet or inches in a surface, and the length of it, be known, 
the breadth will be found by dividing the surface by the 
length. Of course, if the breadth be givep, the length can 
be found by dividing the surface by the breadth. 

Hence we know the following facts. 

Length x breadth = oblong surface. 
Surface + length ^ breadth. 
Surfaces breadth » length. 

Ezfl. 22. 

1. If there are 120 square inches in a surface, and it be 12 inches long, 

how broad is it? 

2. There are 3625 square inches in the surface of an oblong slab, and 

it is 25 inches broad, how long is it ? 

3. A box measures 75 inches round, and its sides contain 2812 square 

inches, what is its depth ? 

4. The same box is 20 inches long, how many square inches in the top 

and bottom ? 

5. A board is 15 inches broad, how long must it be that there may be 

450 square inches in both its surfaces ? 

6. An oblong plantation contains 175 trees planted regularly one foot 

apart; if it contain 25 in length, how many in breadth ? If 35 
in length, how many in breadth ? 

7. How many feet round will the above two oblongs be ? 

Also, since 

Divisor x quotient + remainder =: dividend, 
therefore, when any three of these quantities are known, 
the fourth one can be found. 

Exs. of this kind will be found below. 
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28. 



MISCELLANEOUS QUESTIONS INVOLVING THE 

SIMPLE BULES. 

1 . What number subtracted from 3d890101 will leave 67843 ? 

2. Divide 175 + 368 + 459 by 3685 -3174. 

3. The product of two numbers is 387659 ; one of them is 6432; what 

is the other? 

4. How much does 384501 amount to, when repeated 999 times ? 

5. There are two numbers, the greater of which is three times 3728, and 

the less is twice 1479, what is the difference ? 

6. The divisor is 35, the quotient 38975, and remainder 17, what is the 

dividend ? 

7. Twelve hundred and ten workmen receive among them in 3 months 

£18150; how much is that for each workman per month ? 

8. How many fifties are there in five hundred and ten millions ? 

9. The sum of two numbers is 38976, and one of them is 3459, what is 

the other? 

10. The sum of two numbers is 45873, and the greater of them is 31267, 

what is their product? 

11. What is the difference between the 1 1th and 12th parts of 42768 ? 

12. If light travels at the rate of I92fi00 miles per second ; how far 

must the sun be from us, if his light is 490 seconds reaching us ? 

13. In a erew of 847 men, each man receives £3 a month ; how much is 

paid to the whole crew in 12 months ? 

14. If 7848 marbles are divided equally among 72 boys, how many will 

each have ? 

15. A field in the form of a double square is 75 yards broad, how long is 

it, and how many square yards does it contain ? 

16. A wall is 120 bricks long, 17 high, and 3 thick, how many bricks 

does it contain ? 

17. In 27 bales of cloth, each containing 15 pieces, and each piece 15 

yards, how many yards ? 

18. Shew that the product of 3846 and 705 is equal to the quotient of 

51517170, when divided by 19. 

19. Write the above fact in figures and signs. 

20. The sum of 368979 and 335342 is equal to the sum of the products 

of 85 and 709, and of 11501 and 56. Give the value of these 
quantities, and write the expression in figures and signs. 

21. A book contains 215 pages, 55 lines in a page, and 45 letters in a 

line; how many lines and letters in the book ? 

22. The 12th part of a number is 7563 ; what is the number itself? 

23. A certain number when divided by 75 is 8907 ; what is the number? 
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24. The number 6742 when multiplied by a second number becomes 

5771152, what is the multiplier ? 

25. The dividend is 73992, the remainder 242, and the quotient 202, 

what is the divisor? 

26. Express in signs these words, " the diflference between the quotients 

of 37200 divided by 496, and of 45692 divided by 23 is 1 17." 

27. If the quotient, divisor, and remainder be given, how do you find' the 

dividend ? Ex. Find the dividend, when the quotient is 345, the 
divisor 178, and remainder 27. 

28. If the dividend be 4487234752, and the quotient 64064, what is the 

divisor ? 

29. By how much is the sum of 13459 and 756 greater than the sum of 

1001 and 897 ? 

30. How much greater is the product of 1894 and 325, than their sum? 

31 . From one million I take away 1000, and divide the remainder into 

25 equal parts ; how many in each part? 

32. Fifty persons contribute 29 articles each ; forty others give 27 each ; 

and ten others 17 each $ how many in all ? 

33. Express the result of 36 + 4 x 9 + 17. 

34. From three thousand and one take 299 ; multiply the remainder by 

75 and 25 successively ; what is the result ? 

35. Write out in words, 184 + 36 — 201 + 99«245 — 83 + 49 — 93. 

What is the value of each of these equal quantities ? 

36. A book contains 275 pages of large type, with 35 lines in a page, and 

45 letters in a line ; and 97 pages of small type, with 55 lines in 
a page, and 67 letters in a line ; how many lines and letters are 
contained in the book ? 

37. If the divisor be 375, the quotient 4655, and the dividend 1756976, 

find the remainder, without dividing. 

38. The Creation took place 4004 B. C; how many periods of 177 years, 

from that time to the end of the 60th year of the 17th century. 

39. In a regiment consisting of 875 men, there are 5 officers to every 

120 privates; how many officers in all? and how many privates 
to one officer ? 

40. Explain the method of dividing by a number which is formed by the 

multiplication of two numbers, each less than 12. Shew bow to 
form the complete remainder. 
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OBSERVATIONS INTSODUCTOBT TO 

REDUCTION AND COMPOUND RULES. 

29. We have so far been dealing only with the numbers 
described in Arts. ( i ) to (9) ; that is, with whole numbers ; 
and the smallest number mentioned has been 1, or unity. 
We now come to numbers which are either less than 1, or 
ace between any two adjoining numbers, as between 2 and 
3, 7 and 8, &c. Of this sort are the numbers which express 
the value of the familiar quantities, seven pence half- 
penny, two yards and three quarters, &c. Such numbers are 
CfiUled fractional. But as a complete explanation of frac- 
tions would be generally found too difficult for pupils who 
have only just mastered the simple rules, we shall therefore 
give the names and meaning only of those fractional 
quantities which are most commonly used in Reduction 
and the Compound Rules. They are one qtiarter ; two 
quarters, or one half; and three quarters. These common 
divisions may be thus explained. 

£ ^ Take a line ABCDE, one inch long, and divide it 
into two equal parts at C. Next, divide AC into two 
equal parts at B, and CE into two equal parts at D. 
C|- The whole line AE will now have been divided into 
4 equal parts, AB, BC, CD, DE, which are com- 
monly called quarters. Also, if from A to B is one 
quarter, from A to C will be two quarters, from A to 
D will be three quarters, and from A to E will be four 
quarters, which make up the whole AE. The line AC 
which we see is two quarters, is generally called one-half^ 

£ 



D 



B 
A 
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Hence the three principal divisions to be remembered are 

one quarter, two quarters, three quarters, 

or, one-half, 

and they are thus written in figures : 

Thus 7^ inches is read seven and a quarter incbes, or 
seven inches and a quarter. 

If, instead of dividing one inch, I had divided one penny, 
or any other single article, into 4 equal panCb, I should bave 
written the fractional parts in precisely the same manner. 
Also, a penny has been divided into 4 smaller coins, called 
farthings : and since these 4 coins are quarters of 1 penny, 
therefore the word qrs,, which is short for quarters, is often 
used to represent farthings. 

Hence, since farthings are quarters of 1 penny, we shall 
have 

1 far. or one qr. of a penny = J of a penny, 

2 far. or two qrs. „ = |, or ^ of a penny, 

3 far. or three qrs. „ = | of a penny. 

Instead of writing the words of a penny, as I have done, 
we write the letter c?;* thus |d. means one-fourth of a 
penny : and 7d. means 7 pence ; so 7id. means 7 pence 
and 3 quarters of a penny, or 7 pence three farthings. 

30. A quantity which consists of several kinds or de- 
nominations is called a Compound quantity. Thus, 25 
pounds, 14 shillings, and 3 pence, is called a compound 
quantity; and it is written thus; £25 I4s. 3d.; a space 
being placed between the pounds, shillings, and pence, 
that they may be kept distinct. 



* This letter d is the first letter of the Latin word denariuSy the Bomao penny as it 
is sometimes called; but the coin was in reality equal to about 7J pence of our money. 



(39) 



REDUCTION. 

PABT 1. 

31. Reduction is the changing of quantities which are 
expressed by numbers, from one or more denominations, 
to one or more others, so that the actual values of the 
quantities shall remain unaltered. 

Before the method of performing these changes can be 
understood, it is necessary for the pupil to learn what are 
called the Tables of Money, Weights, and Measures. 
We give one of the simplest for the sake of working ex- 
amples with it. 

2 farthings « 1 halfpenDy, or ^. 

2 halfpence 1 , -,■, 

or 4 farthing. [ " * 1^^^' "" "• 

12 pence «■ 1 shilling, or Is. 

20 shillings » 1 pound sterling, or £1. 

32. As an Example of the process of reduction, let it be 
required to reduce £50 to shillings. 

Now we know that £ 1 contains 20 shillings ; therefore, 
for every pound in the £50 we must have 20 shillings; that 
is, we must have in all 20 times as 

£ 

many shillings as we have pounds, or, 50 

20 

20 times 50 pounds. If, then, we 



1000 shillings. 

multiply the £50 by 20, we have as 

the product the number of shillings in £50, namely 1000. 
The work will be as above. 

Again, if it be required to reduce the £50 to pence ; 
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then, since there are 12 pence in 1 shilling, there will he 
12 times as many pence as there are £ 

shillings. We have already seen that 20 

there are 1000 shillings in £50. If, iWgh. 

therefore, we multiply the 1000 shil- I2000d. 

lings by 12, we shall have a pfodnct of 
12000, which is the number of pence in 1000 shillings, or 
in £60. 

And: if we had ftirther to reduce the £50 to farthiDfg* ; 
then, since there are 4 farthings in I penny, if we mnttSpIy 
this 12000 pence by 4, we shall have 4 times as many 
farthings as pence, or 48000 farthings in the £50. 

The whole work of the above example ^ 

iB represented in the margin ; and it 20 

teaches how to reduce quantities of a i^g *• 

higher name, as pounds, to quantities i2000d. 

of a similar kind, but a lower name, as 1. 

shillings, pence, and farthings. . "' 

33. In like manner, if we had to reduce any other 
quantity, as tons, to any lower denominations, as hundred- 
weights, quarters, pounds, &c., we should multiply by the 
numbers given in the Tables which join the successive 
denominations. Thus, in reducing tons to hundred weights, 
the multiplier is 20, because there are 20 cwts. in 1 ton ; 
from hundred weights to quarters, the multiplier is 4, since 
there are 4 quarters in 1 cwt. ; from quarters to lbs. it is 
28, since there are 28 lbs. in 1 quarter ; and so on. 

Ex8. 84. 

1. Reduce £75 to pence. 

2. Reduce £135 to farthings. 

3. Reduce 520 guineas to pence. 

4. Change 1075 moidores to pence. 
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6, How maDj farthings in a £ 10 note f 

6. Reduce 15 cwt to ounces. 

7. Reduce 13 tons to drams. 

8. How many drams (Apothecary) in 15 lbs. ? 

9. Reduce 17 lbs. Troy to pennyweights and grains. 

10. Reduce 750 yards to nails. 

1 1 . How many seconds in five weeks ? 

12. Find the number of sheets of paper in 755 reams. 

34. Sometimes the quantity given to be reduced is a 
compound quantity^ as £26 Ids. 6f d., to be reduced to 
farthings. 

Here we proceed to multiply by 20^ 12, and 4, as in the 
Example just worked ; but when we reduce to shillings, we 
add the 13s. into the line of shillings ; so, in reducing to 
pence, we add the 6d. to the line of pence ; and lastly, we 
add the 3 farthings into the line of farthings. The whole 
work will be most easily understood as in (E), but we 
commonly write it as in (F). 



£ a. d. 




£ a. d. 


25 13 6| 




25 13 6] 


JO 
5138h.»£25 138. 




20 
513 sh. 


\2 




12 


6]62d. = £25 138. 


6d. 


6162d. 


4 




4 


24651 f. » £25 13s. 


6|d. 


24651 £ 



(E) 12 12 (F) 



And in like manner for any other compound quantity. 
Hence, for reducing quantities to a lower denomination, 
we have this 

Rule. Multiply the highest denomination by the number 
given in the tables as connecting it with the next lower ; 
and if in the quantity to be reduced, there be any units of 
this lower denomination, add them to the product ; repeat 
this step for every succeeding denomination, till the quan- 
tity is reduced to the required name. 
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Ex8. 26. 

1. Reduce £75 15s. 6d. to pence. 

2. Reduce 19 guineas I8s. T^d. to farthings. 

3. Convert 157 moidores 138. 4d. to pence. 

4. Change 3255 crowns 2s. 6|d. into pence and farthings^ 

5. How many drams in 3 tons Ocwt. 2qr8. 17 lbs. 14oz. 5drs.? 

6. How many grains in 17 lbs. 3 dwts. 15 grains ? 

7. Express 75 gals. 3 qts. I pt. of wine in half pints. 

8. Change 175 lbs. 7oz. 3drs. 2 s;r. into scruples. 

9. In 1 17 sacks 1 1 pks. 1 gal. 3 qts., how many quarts' ? 

10. Reduce 377 Eng. ells 4 qrs. 3 nls. to nails. 

1 1. How many minutes in 365 days 5 hrs. 48 min. ? 

12. Find the number of poles in 817 mis. 5 fur. 25 poles. 

35. Ex. III. Reduce £315 15s. 4d. to crowns and two- 
pences. Here, the denominations are not those usnaUj 
found in Tables of Money ; but since we may ohsetye that 
there are 4 crowns in £1^ and 30 twopences in one oiDwn, 
we therefore multiply, first by 4, and then by 30. 

Also, since in 15s. there are three crowns, I add this 
i5s. into my first product, viz. of crowns, not as 15, but 
as 3 : and in the next product, viz. of twopences, I add the 
4d. not as 4, but as 2. The work is 

£ 8. d. 
315 15 4 
4 



1263 crowns 
30 



37892 twopences. 

Exs. 26. 

1. Reduce £345 15s. to crowns. 

2. Change £5001 17s. 6d. to half-crowns. 

3. Convert 1755 guins. 19s. §d. to sixpences. 

4. How many groats in £371 18s. 8d.? 

5. What number of twopences shall I receive for 175 moid. 23s. lOd.? 

6. How many parcels of 4oz. in 17 cwt. 2 qrs. 17 lbs. ? 

7. Bring 3 weeks 6 days 19 hrs. into spaces of 10 minutes. 

8. How many parcels of 6 sheets are contained in 175 reams 15 quires 

of paper ? 
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Ul these Examples have required onlj multipticationy 
)ecaase in every ease we had to change our larger cobis 
Qto smaller, and therefore we required more in nnmber. 
ilence we moltipHed. 

36. Now let it he required to perform an operadon of 
'eduction just the reverse of that employed in the above 
Examples ; for instance, 

Ex. IV. To reduce 1225 farthings to pounds. 

Since 4 farthings = 1 penny, we shall have but 1 penny 
Tor every 4 of the 1225 farthings; therefore the whole 
number of pence therein will be found by seeing how often 
4 is contained in 1225, that is, by dividing it by 4 ; and 
we find that there are 306 pence, and a remainder 1, which 
is of course 1 farthing, or }d., since it is one of the 1225 
farthings. 

Again, if it be required to bring the 1225 farthings, or 
306 pence, to shillings ; since there will be only one shilling 
for every 12 of the pence, we shall obtain the number of 
shillings in 306 pence by dividing the 306 by 12 ; this 
gives 25 shillings, and a remainder 6, which is of course 6 
pence. If we wish to reduce to pounds, we have in like 
manner only 1 pound for every 20 shillings, and must 
therefore divide the 25 by 20: this gives a quotient £l, 
and 5 over, which is 5 shillings. The complete quotient 
with all the remainders is £1 5s. 6fd. The operation 
stands thus. 

farthings 

4) _isa5 

1 2) 306 jd. 
2,0) 2^ 6d. 
£1 5s. 6id. 

37. K the quantity given to be reduced were of any 
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other name, — as ounces avoirdupois^ to be brought to 
cwts., — we must first divide by 16, to bring ounces to lbs. 
since 16 oz. = 1 lb. ; then by 28, to bring lbs. to 
quarters, since 28 lbs. = 1 quarter ; and lastly by 4, to 
bring quarters into cwts., since 4 qrs. = 1 cwt 

Hence, if we have to reduce a quantity from a lower 
denomination to a higher, we have this 

Rule. Divide the proposed quantity by the number 
which i^ given in the tables, as connecting it with the next 
higher name ; and place the remainder, if any, on a line 
with the quotient, and with its name attached to it. Per- 
form similar operations of division, till the quantity is 
reduced to the required name. When the last quotient is 
obtained, bring down in a line with it all the remainders in 
their proper order, beginning with the highest in value. 

Exs. 27. 

1. In 34758 pence, how many pounds ? 

2. In 75389 farthings, how many guineas ? 

3. Change 137456 pence for moidores. 

4. How many lbs. Troy in 756843 grains ? 

5. Reduce 2374598 seconds to days and weeks. 

6. In 41063897 drams, how many tons ? 

7. What number of quarters is contained in 7410683 pints ? 

8. How many days in 89765321 seconds? 

9. Reduce 7589432 pints of wine to hogsheads. 

10. Reduce 13897564 minutes to years. 

11. Find the number of lbs. Apoth. in 38596 grains. 

12. How many barrels of ale in 47891 half pints. 

38. Sometimes, as in Ex. V., the denominations given 
or required may not be those generally found in the tables: 
We have then only to find the divisors which connect every 
two successive denominations, and be careful to observe 
the nature of the remainders. 



Ex. y . Reduce 38d75 groali to ovomM md pmatdB. 

Here, since 3 groats = 1 shillings I nmst Snt divide 1^ 
3^ and the remazDder wiH be groats'. Also; sinee 5 sliil- 
Iings=:l crown> I most next divide by d, aoadtlto remainder 
will be shillings. And^ since 4 crowns =^ £1^ I mast next 
divide by A, and the rsmaindidr wilt be emwns. 

The work is as jGsUows. 

grcNUi 
8 ) 9&976 

6) 12991 2gr. 

4 ) 2598 1 sh. 

£649 2cr., or £649 2cr. 1 ah. 2 groats. 



We have two answers, £649 lis. 8d., or 2598 cr. Is. 8d. 

1x8. 28. 

1. Change 34275 groats into- moidores. 

2. How many crowns in 145893 farthings ? 

3. How many sixpences and half-crowns in 58976 farthings ? 

4. Change 34589* half-crowns into pounds. 

5. CoB^Foit 148235 twopenoes into moidores. 

6. Change 348796 groats into seven -shilling pieces. 

7. Change 38976 drams (Avoirdupois) into portions of 7 lbs. each ? 

8. How many spaces of 3 hoirrs are contained in 49539600 seconds ? 

9. In. 458976 parctfls' <if 4 sheets of papery how many reams ? 

10. How many measures of 3 hogsheads are contained ia 48976 pints of 
wine? 

Note. If a pupil, in attempting an Example in reduction, 
be in doubt whether to use the first or the second Rule, 
that is, whether to multiply or divide, he must remember 
that be has only to ask himself one question : Will the 
answer which I have to find be a number greater or less 
than the number which I have to reduce P If it is to be 
greater, I must of course multiply ; if less, I must divide. 
Thus, to bring £10 to farthings, I must of course multiply, 
because there will plainly be more fkrthings than ten in 
£10; and if I have to reduce 1250 pence to pounds, I 



687 
I of 137 = 684 
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must divide, because there are evidently^ewer pounds than 
1250, in 1250 pence. 

39. In some of the Examples under weights and mea- 
sures we shall find it uecessary to multiply and divide by 
such quantities as 6h and dOi. 

I will give an Example of each of such oases. 

Ex. VI. Reduce 3 fur. 17 po. 2 yds. I ft. to feet. 

The first multiplication 

3f. 17p. 2y. 1ft. , .n • v i • xr 

40 by 40 IS quite plam. Now 

137 po. to multiply a quantity by 

^i 5i is to repeat it 5 times 

and half a time ; therefore 
y^, ^g 6i times 137 will be found 

3 by multiplying the 137 by 

2267^ feet 6, and then adding to this 

product one half of 137; 
thus working, and adding in the 2 yds., I obtain 755^ yds. 
as the whole product. In bringing these yards to feet by 
multiplying by 3, I remember that the ^ yd. is 1 foot and a 
half; so adding it in, as well as the 1 foot in the top line, 
I obtain 22671 as the number of feet in 3 for. 17po. 2y. 1ft 
Had the multiplier been 5i, instead of 5h then instead 
of taking one-half of the 137, I should have taken one 
quarter. The following Example wiU illustrate this. 

Ex. Vn. Reduce 3 ro. 23 po. 14 sq. yds. to square feet. 
3ro. 23 po. I4sq.yds. Multiplying by 4, and 

40 

143^^,^ 30i, I obtain 4339i square 

3Q t yards, and since the \ sq. 

4304 , . 1 ^ zsa 

i of 143 = 35| y^' ^® equal to 6f square 

43391 sq. yds. feet, I have added it in as 

8905I 1 sq. ft. ^' ^^^^ multiplying by 9 
to reduce to square feet. 
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40. Now let it be required to divide by these same num- 
bers 5i and dOi. The following Examples will require 
such divisions. 

Ex. VUI. Reduce 384976 feet to furlongs. 

feet Here, proceeding to re- 

3) 384976 j ^ x «j i j 

5^ ) 1.^8325 1 ft. ^^^ *^ y*^®' P^*®*' ^^ 

2^ 2 furlongs successively, I di- 

11) 256650 ^^e I, 3 5^ ^ 4Q 

4,0) 2333,1 9hf.yd8. ^ ^ ^ J .. , . 

583 far. Upo. 4tyds. 1ft. The first division IS simple. 

In the second division I 
have to see how often 51yds. are contained in 128325 yds. 
Now I cannot divide by 6i, as it stands ; but if I bring 
both divisor and dividend into half yards, viz. 11 and 
256650, it will be precisely the same, whether I see how 
often 6i yds. are contained in 128325 yds., or 1 1 half yds. 
in 256650 Aa// yards. 

Performing the division, I have as quotient 23331 poles ; 
and because the dividend 266650, was half yards, therefore 
the remainder 9 was 9 half yards, or 41 yds. Dividing as 
usual by the 40, to bring poles into furlongs, I have the 
complete answer 583 ftir. llpo. 41 yds. 1ft. 

41. The following Example will show how to divide by 
301, find will need no explanation. 

Ex. IX. Reduce 785447 sq. feet to acres. 

sq. feet. 
^. 9 )785447 

30^ 87271 8 sq.ft. 
4 4 

7^^/11 ) 349084 qrs. 

^ ") ^^2!^ 1? 1 120 quarters, or 30 yds. ♦ 

4,0 ) 288,4 10 j ^ ^ 

4 ) 72 4 poles 

18 ac . Pro. 4po. 30sq. yds. 88q. ft. 

* The reader who is acquainted with fractions will perceiTe that this method is 
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Xk8. 29. 

Jj . How muaj SQvare inohes ore coatained io 3 ro. 35 po. ^5 y4s. •8 ft* ^ 

2. Reduce 15 m. 7 fur. 8 po. 3 yds. to yards. 

3. Convert 185 degrees of 69| miles into yards. 

4. In 1815 coinS| each «ror.th ^d^^Hineas, how many pence? 

5. Conveit 37584 dollars, each worth 4| shillings, into halfpence. 

6. Convert 60000 barl^ corns into fathoms. 

7. In 87589 Indhes, how joaaoy fathoms ? 

8. Reduce 13859 yds. to miles ? 

9. How many leagues in 478321 feet ? 

to. How many acres in 349876 square poles ? 

11. Reduce 6897543 Sj^uare iiBphes to roods. 

12. In 4596328 perches, how many square miles ? 

42. But theise is «aojth^ film» of Exaiaptes in Bediiotijon 
wluch.reqixffe both tibe above proeesaes of .MoUipUcatioii 
and Division to be used iin the same question. As a simfkd 
Example of this kind, let ms take 

Ex. X. To reduce 1000 guineas to pounds. 

Now this question really is ; •* How many times is £1 
contained in 1000 guineas ?" To answer tiiis, I must 
divide 1000 guineas by £1 ; but I cannot do this, tSl I 
bring both divisor and dividend to the same name. The 
highest coin of which they both consist is shillings; I 
therefore reduce them both to shillings and then divide. 

The operation is most clearly shown thus, — 

guineu. 
1000 
31 

£1 1000 

20 2000 

2,08h. ) 2100,0s h. 

1050 pounds. 



klentical with that pursued in diviBion of fractious. 

87271 87271 x 4 

Thus, 87271 yds. -^ 30^ = -j^i" !»• "* — f^l — ^" 



^PO.-2884;?po. 



BEOUCTION. 49 

43. In this Example we have had to redace the given 
quantity, guineas, and the required quantity, pounds, only 
me step, — ^namely, to shillings. But sometimes the num- 
)ers will require to be reduced more than one step, as for 
nstance, if it be required to change this 1000 guineas 
nto half-crowns. 

gaineas I havc here to see how often 

*^ a half-crown wiU go in 1000 

1000 guineas. Since 1000 guineas 

2 6 21000 h *"^^ ^ half-crown both exactly 

12 12 consist of pence, I bring both 

J^pence) 25200,0 pence. ^^ ^^ ^ become 
8400 hf. crowns. ^ ^ . ,. 

=• 252000d. and 30d. Dividing 

ihe greater by the less, I have as quotient 8400, which is 
the required number of half-crowns. 

guineas. Again, sinco 2s. 6d. and 

, ^ 21 ^ guinea both consist of six- 

2 6 21000 sh. pences, I might have reduced 

T8ixp.)^0008ixp. them both to sixpences, in- 

^^^ ^^' crowns. stead of pence, and the work 

would then have been shorter. 
For such Examples, we may therefore lay do¥ni the 
following 

Rule. Find the greatest denomination or kind of which 
both quantities exactly consist ; reduce them both to that 
denomination, and divide the greater by the less. 

44. I give one more Example of this kind, on account 
of the difficulty that pupils sometimes have in applying the 
above Rule. 

Ex. XI. In £453 16s. 8d., how many pieces of coin, 
each 3s. 4id. P 

F 
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Here the coin or denomination of which both the quan- 

£ s. d. tities consist is half- 

453 16 8 , , . 

20 pence. I therefore 

8. d. 9076 sh. reduce both to half- 

3 4i 12 

12 I08920d. pence, and, as before, 

40d. 2 divide the larger 

2 (9 ) 217840 hf. pence. number by the smaJl- 

81 hf. pence i 9) 24204 41 „^,. uj uicomau 

"^ ( 2689 3|^J>^-Pe°<^e. er: The remainder 

30 must of course be 

half-pence ; so that the required number of coins is 2689 ; 

and I6id» remain. 

Ex8. 30. 

1. In £50 15s. 6d., how many coins each 4s. 6d. ? 

2. Reduce 175 guineas to pieces each worth 2s. 7^d. 

3. Find how many coins of 6s. 8d. can be obtained out of £217 19s. Sd* 

4. I exchange 375 pieces of 7s. 6d. each for coins worth 22s. 9d. each, 

how many shall I obtain } 

5. Divide 1875 yds. 3 qrs. into pieces, each 3^ nails ? 

6. How many portions of 1^ oz. can be obtained from 1 cwt. 1 qr. 61bs ? 

7. What number of intervals of 2^ feet are there in 1 mile 800 yds. ? 

8. Find how many intervals of 19^ seconds there are in a week. 

9. How many distances each 1| furlongs in a degree ? 

10. Convert 375 Eng. ells into portions of 4^ inches. 

11. How many subscribers of 27s. 6d. each will be required to raise 

£1925 10s.? 

45. We have now given Examples of all the principles 
which we need learn in order to work any question in 
Reduction ; but there are such various forms in which 
Reduction can occur, that it wiU be advisable to work 
some additional questions which will illustrate the diffi- 
culties. It is better, however, to defer these questions till 
after the Compound Rules are mastered, because in many 
of them a knowledge of these rules is of use ; also, the 
pupil will, by his increased experience, be more able to 
contend with difficult examples. 
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COMPOUND RULES. 



ADDITION OF COMPOUND QUANTITISS, OB 

COMPOUND ADDITION. 

46. In adding Compound Quantities^ we must remember 
as in Simple Addition^ that like quantities must be added 
together^ as farthings to farthings, pence to pence, and so 
on. 

Hence, if it be required to find the sum of any compound 
quantities, as £73 2s. 9id.; £25 8s. 4id.; £68 3s. Hid.; 
.£76 17s. 7d.; £5 14s. 5|d. ; we must place the quanti- 
ties under one another so that the farthings may be in a 
row, as also the pence, shillings, and pounds : and the 
sum will stand thus : 

Beginning at the right-hand 
column, and adding the far- 
things, we find their sum to be 
9 : this, by reduction to pence, 
gives 2 pence and 1 farthing 
over : put down the 1 farthing 
(thus, \) and carry the 2 pence 
to the next column, which consists of pence. Adding it, 
as in Simple Addition, we find its sum to be 38 pence, 
which by reduction gives 3 shillings, and 2 pence. Put 
down the 2 pence, and carry the 3 shillings to the next row 
which consists of shillings. Adding again, we find the row 



£ 


«. 


d. 


73 


2 


9i 


25 


8 


4f 


68 


3 


lU 


76 


17 


7 


5 


14 


5| 


249 


7 


2i 



52 COMPOUND ADDITION. 

of shillings to amount to 47 shillings, or, by reduction, to 
2 pounds, 7 shillings : put down the 7s. and carry the £2 
to the next column, which consists of pounds. The sum 
of this last column we find to be £249 ; place this under 
the pounds. The complete answer is therefore, 249 poimds 
seven shillings and twopence farthing, or £249 7s. 2id. 

47. The method would be precisely the same, if the 
quantities to be added were expressed in any other table, 
weight, or measure ; only that in carrying from any column 
to the next, we should have to use the reductions proper 
to the denominations we were adding : and the method of 
performing these reductions has been explained under the 
head of Reduction. 

Hence, for adding together compound quantities, we 
have this 

Rule. Arrange the quantities under one another, so that 
all those of the same kind may be in upright rows. Begin 
at the right-hand, and find the sum of the first row, as in 
Simple Addition : see how many units of the next higher 
name are contained in the sum, put down the remainder, 
if any, and carry those units to the next row ; proceed in 
like manner with each column to the end, and the sum of 
the last column to the left write down in Ml. 



I. 
2. 
3. 
4. 



». 31. 


Find the value of 










£ 


s. 


d. 


£ 8. 


d. 


£ s. d. £ 


8. 


d. 


16 


8 


n+ 


1106 19 


n+ 


915 10 + 3 


8 


7| 


+ 5 


6 


8i + 


1415 5 


21. 








858 


7 


6i + 


1984 19 


1U + 


347 5 9i+ 3426 


17 


10 


+ 549 


9 


9| + 


1685 12 


8}. 








345 


7 


n+ 


685 11 


2 + 


3899 14 11|+ 7645 


8 


n 


+ 598 


19 


2J + 


1386 7 


4. 








3476 


8 


n+ 


11063 10 


9 + 


9876 15 1U + 10010 


3 


0* 


+ 7856 


16 


n+ 


15892 18 


8|. 
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£ s. d, £ : d. £ : d. £ : d. 

5. 13487 12 2 + 9875 18 9^+ 34267 5 6}+ 1899 9 9| 

+ 24682 11 74+ 13897 15 9. 

6. 89645 13 3 +745627 19 7^+ 99314 16 5^+ 3875 11 
+ 45683 16 8 + 1976 14 5. 

7. 38976 5 4}+ 7043 17 9 + 689 16 4| + 14582 9 11^ 
+ 38764 17 10 + 429 19 9}+ 1080 7|. 

8. 41987 16 7 +112785 14 3i+ 98979 19 8^+ 4568 16 llf 
+ 3897 17 3i+ 31456 11 + 4289 7 3}. 

9. 10689 15 6 + 39345 8 9|+ 4786 13 7 +98764 14 3| 
+ 111468 17 114+ 3487 19 10^+ 87562 17 7. 

10. 67489 10 71 + 149876 19 9 +348754 17 4}+ 689 11 04 
+ 87532 9 11 + 4986 1 7|+ 15019 3 64+ 875 10 10 

LONG MEASUBB. 

yd», ft. ia. b. e. yds. ft. ia. b.e. jrda. ft. in. b. e. yda. ft. ia. b.e. 

11. 5292+ 16 1 11 1 + 18 070+25182 + 
17 261+ 629 0. 

12. 75 2 11 2 +187 9 1 + 34 1 8 + 93 2 7 1 + 
+ 106 142+85 26 1. 



fdi. ft. in. mk. jrda. ft. ia. mla. yda. ft. ia. aib. jrds. ft. ia. 

13. 185 25 2 7+ 17 809 1 8 + 361 73 11+95 145 2 4 
+ 84 698 2 3+ 603 45 2 9. 

14. 684 116 2 6 + 1785 385 1 8 + 907 47 10 + 64 903 1 9 
+ 7832 86 7+ 986 345 2 5. 

ftor. po. yda. ft. fur. po. jrda. ft. ftur. po. jrds. ft. Aur. po. jrda. ft. 

15. 37 35 3 2+ 18 17 U 1 + 109 30 4} 2+ 75 29 2 1 
+ 1846 18 340+ 49 4 4^ + 168 31 3 2 

16. 185 15 4 1+ 76 25 3 2 + 349 35 2 + 608 17 1 
+ 705 19 5 2 + 986 23 3 2 + 432 11 2 0. 

TKOY WEIGHT. 
Dm. OS. dwto. gn. lbs. oi. dwta. gn. lbs. os. dwta. gn. lbs. os. dwto. gn. 

17. 17 5 16 20+ 135 8 15 19+ 89 9 19 23+ 604 11 7 7 
+ 73 7 10 18+ 496 10 13 19. 

18. 345 11 17 21 + 1029 9 18 17+ 687 8 4 19 + 4321 5 7 14 
+ 864 4 9 3+ 387 2 11 12. 

£ 2 
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Um. OS. dwta. gn. Dm. os. dwto. gn. Um. oi. dwti. gn. Hm. •!. divti. |B> 

19. 879 4 17 15 + 1000 10 6 11+ 754 9 18 17+ 16 1119 6 
+ 1910 7 13 9+ 875 8 5 14. 

20. 71511 17 19+ 684 9 18 5 + 1932 8 14 16+ 45 7 15 22 
+ 507 4 13 20+ 18 11 17. 

AVOIRDUPOIS WEIGHT. 

Um. oi. dn. Um. oi. in. Iba. oi. in. Jb». oi. in. Uw. os. in. 

21. 101 8 2+ 74 12 4+ 53 10 6 + 20 14 9+ 63 13 13 + 

39 7 15+103 9 17. 

22. 75 3 11+176 1115 + 819 14 14 + 47 9 3 + 160 7 11 + 
918 15 8 + 456 10 9. 

ewt. qn. Ibi. oi. ewt. qn. Iba. oi. ewt. qn. Um. oi. ewt. qn. Dm. oi. 

23. 15 3 27 15+ 175 2 25 13 + 1987 1 13 11+ 432 19 9 + 
375 3 16 7 + 1689 2 18 8. 

24. 350 3 16 9+ 75 2 15 11+ 917 I 25 15 + 6542 23 13 + 
689 2 27 10+ 750 3 20 14 + 1897 2 20 12. 

toss ewto. n>«. OI. toBi ewti. lb*, oi. tou ewU. Ibi. ot. torn ewto. Ibi. os. 

25. 75 19 17 14+ 389 14 63 13 + 2648 15 97 12+ 750 9 100 11 
+ 684 8 15 7+3968 7 45 8+589 6 111 10+ 642 18 87 9 

26. 387 17 45 9+ 49 18 75 15+ 604 3 89 14+ 138 15 3 11 
+ 1796 8 10 7+ 423 9 44 8+ 897 11101 3 + 1145 19 19 2 

APOTHECARIES' WEIGHT. 



OI. dn. 

27. 11 7 


ic. (n. OI. dn. le. gr. oi. dn. m. gr. oi. dr. 

2 19+ 8 6 1 17+ 9 4 13 + 17 


■c 

1 


11 + 


35 3 


2 8+ 86 2 9+ 97 1 1 12. 






28. 17 5 


17 + 139 7 2 18+ 44 6 1 10 + 65 3 





19 + 


63 2 


2 11+245 1 1 13 1-178 14. 






Dm. OS. 

29. 117 11 


dn. w. lbs. OS. dn. le. Ibi. os. dn. le. Dm. 

6 2+ 73 10 7 1 + 1094 6 5 2+ 685 


OS. 

4 


dn. le 

3 1 


+ 734 11 


4 0+ 99 3 2 1+ 108 9 1 2. 






30. 375 9 


7 2 + 649 4 6 1+ 832 11 3 + 1048 


8 


7 1 


+ 756 7 


5 2+ 89 6 4 2+ 635 5 2 0. 







CLOTH MEASURE. 

jrdi. qn. nil. in. jrda. qn. nla, in. yds. qn. nli. 

31. 15 3 2 2 + 75 2 3 lJ + 389 2 

14 2 2 +175 3 2 0^+ 87 1 3 \\, 



in. 




yrda. 


qn. 


■Is. 


in. 


2 


+ 


60 


1 


1 


U 
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jrdc qin. bU. ia. yds. q^n. bU. ia. yda. qn. ■!■. ia. ydi. qn, aU. ia. 

2. 375 3 2 li + 408 2 3 2 + 96 1 U + 235 12 

87 2 3 01+591 3 2 Li + 62 1 1. 

WINE MEASURE. 

hlida. fala. qU. pti. hhds. fab. qta. pU. hluls. gab. qta. pta. hhib. gab. qia. pCa. 

3. 60 45 2 0+ 3 36 3 1 + 14 7 2 0+ 28 60 I 1 + 
]79 49 3 0+ 14 37 2 1+ 5 25 1 0. 

4. 45 15 3 0+236 45 2 1+87 57 1 0+ 95 16 3 + 
215 7 2 1+ 64 19 3 + 93 27 2 1. 

5. 15 50 2 0+175 53 1 1+64 49 3 1+815 7 2 1 + 
76 18 1 0+193 25 3 1+42 37 2 1. 

6. 75 35 2 1 + 137 43 1 1+94 17 3 + 216 9 1 1 + 
189 51 2 0+ 76 19 3 + 39 24 1. 

ALE AND BBEB MEASURE. 

hlida. fab. qU. pto. Uida. fab. qto. pU. Uida. fab. qta. pto. hkda. fab. qta. pU. 

7. 236 45 2 1+45 15 3 + 87 50 1 0+115 7 2 Ot^ 

95 16 3 1+64 19 3 1+93 27 2 0. 

khda. bar. UL fab. Uida. bar. kil. fab. khds. bar. kfl. fab. Uida. bar. UL fab. 

8. 17 1 1 14+ 85 li 0| 15+193 0| 1^ 9 + 207 1 U 6 + 
79 OJ U 17 + 101 8. 

SQUARE MEASURE. 

ae. ro. po. jds. ae. ro. po. yda. ae. ro. po. jrda. ae. ro. po. yda. 

9. 75 3 19 7+ 329 2 25 18+ 4869 1 16 6 + 459 35 5 
+ 78 2 18 4+ 385 1 17 3+ 1217 18 2i + 876 3 19 3 

0. 118 2 11 25+ 457 3 39 17 + 11892 7 4 +8972 1 27 20 
+ 3145 1 37 30 + 9864 2 19 10+ 4382 3 20 15i+ 4 3 2 2^ 

•q. n. ac. jrda. aq. m. ae. yda. aq. m. aa. yda. aq. m. ac. yda. 

1. 1358 345 3758 + 964 27 897+ 875 495 1684 + 4809 605 329 
+ 293 87 401+687 327 2348 + 5904 95 3729 + 1873 119 495 

CUBIC OR SOLID MEASURE. 

aoL yda. ft. in. aoL yda. ft. in. *oL yda. ft. in. aoL yda. ft. in. 

12. 387 18 1000 + 9126 25 895+ 45 7 1643+ 821 19 27 
+ 3437 11 5+ 89 6 1519+1000 26 372. 

13. 4186 15 874+ 379 9 910+ 25 18 35 + 5804 6 1681 
+ 1427 11 25+ 983 10 984+ 467 17 39. 
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PAPEK. 



qvL ahesto mm* qnL sltMU xwbbs q[aL diaeto ream qiL ihMli 

44. 75 19 23+ 468 7 17 + 1937 16 18+ 46 11 5 + 
289 9 19+ 310 8 22+ 898 13 21. 

45. 875 18 17 + 9832 5 18+ 459 19 20+1684 11 6 + 
359 10 19 + 1875 15 21+348 15 23. 



COMPOUND SUBTRACTION. 

48. Here^ as in Simple Subtraction, the quantities to be 
subtracted must be taken from others of the same kind ; 
and, therefore, we arrange the two quantities as in Com- 
pound Addition, putting the less under the greater. 

Ex. Let it be required to find the difference of £325 
19s. 4id. and £253 7s. 6id. 

Placing them as we have just directed, and beginning at 

£ 8 ^, the right-hand, we take Jd. or 

325 19 4f 2 farthings from |d., or 3 far- 

^-- -- — — . things, and the difference 1 

= farthing, or Jd., we put down 

under the column of farthings. Proceeding to the pence, 

we cannot take the 6 pence in the lower line from the 4 

pence in the upper ; we must, therefore, borrow, as it is 

called, from the next higher name, which is in this case 

shillings ; we take 1 shilling, or 12 pence, from the 19 

shillings, and add it to the 4 pence in the top line, making 

16 pence : we now subtract the 6d. from the 16d., and have 

the remainder lOd., which is to be placed under the column 

of pence. And when we have borrowed in any subtraction, 

we must for the reasons given in Simple Subtraction, carry 

one to the next row to the left, and then subtract. We 
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shall thus subtract 83. from 19s.> and have a remainder lis. 
In the pounds, we find the difference of the two rows, pre- 
cisely as in Simple Subtraction, to be 72. Hence the whole 
difference is £72 lis. lOid. 

49. The same alterations must be made in performing 
the subtraction as are made in Compound Addition, when 
the compound quantities consist of any other kind than 
money. Thus, in subtracting the pence, in the above Ex., 
we borrowed 12 pence, because 12 pence = 1 shilling; so, 
if the Example had been Avoirdupois weight, and while 
subtracting in ounces, we were obhged to borrow, we 
should have borrowed 16, because 16 ounces make 1 pound, 
which is an unit of the next higher name. And similarly 
for any other weight or measure. 

Hence, if it be required to find the difference of two 
compound quantities, we have this 

Rule. Place the less number under the greater, so that 
quantities of the same name may be under one another. 
Begin at the right-hand, and take the lower number from 
the upper if possible ; but if the lower number be greater 
than the upper, take one unit of the next higher name, 
reduce it to the denomination in which you are now sub- 
tracting, add it to the upper figure, and then subtract, 
placing the difference underneath. Carry 1 to the lower 
figure of the next name, and proceed in exactly the same 
manner to the last figure on the left-hand. 



Ez8. 32. 





£ $. d. £ t. d. 




1. 


85 9 7i- 75 J6 9 


5. 


2. 


432 19 8 - 375 ll| 


6. 


3. 


1827 5 6 -1103 18 9^ 


7. 


4. 


4268 19 - 575 19 lOi 


8. 



£ 9. d, £ 9. d. 

8972 18 6| -4389 10 8| 

18759 11 9 -9867 18 7^ 

38974 15 6 -9368 16 11| 

14589 11 9i-7892 10 llf 
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£ $, d, £ a. d. £ $. d. £ «. d. 

9. 45860 3 61-8977 7 lOj 11. 897654 18 11-69596 18 lU 

10. 46932 17 -7145 18 7\ 12. 1489765 14 8-13609 17 9\ 

TEOY WEIGHT. 

lb*. oi. dwtt. gn. Ibt. oi. dwtt. gn. 

13. 175 1 16 13 - 89 10 13 20 

14. 8345 6 17 9-689 4 18 21 

15. 5689 4 13 11 - 3870 8 9 17 

16. 14896 8 11 10 - 9738 10 16 23 

AVOIBDUPOIS WEIGHT. 

tona ewto. qn. Ibt. tona ewts. qn. Um. 

17. 2345 11 2 17 - 879 18 3 26 

ewto. qn. Um. oi. ewto. qn. Dm. os. 

18. 7189 2 15 8 - 349 3 19 12 

ewto. Ibf. oz. dn. ewto. Dm. oz. ~ dn. 

19. 3459 101 11 8-783 99 14~ 15 

ewto. qn. Ibc oz. ewto. qn. Ibt. m. 

20. 3195 85 7 11 - 839 103 15 18 

CLOTH MEASURE. 

ydt. qn. nit. is. jdt. qn. all. In. 

21. 3894 2 1 li - 986 3 3 2 

B. dlt qrt. alt. in. B. dlt qn. alt. ia. 

22. 175 3 2 1 - 68 4 3 2 

Fr. eOa ipt. . alt. ia. Ar. ellt qn. alt. ia. 

23. 346 1 1 - 89 5 3 2 

FL dlt qn. ala. ia. FL ellt qn. alt. ia. 

24. 4185 2 1 1 -376 2 3 U 



WINE MEASURE. 

bar. |«lt. qto. pta. bar. fait. qto. pto. 

25. 1375 12 2 - 889 15 3 1 

26. 2387 24 1 - 748 30 3 1 

khdt. gait. qto. pto. Uidt. gait. qto. pto. 

27. 8976 8i 25 2 - 987 1 33 3 

28. 2892 50 1 1 - 983 34 2 
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SQUABE MEASUBE. 



•q.Tdi. ft. in. Mi-Td*. ft; i«. 

29. 7181 3 45 - 923 8 104 

30. 8432 7 125 - 2785 8 37 

M. ro. aq. po. aq. jrda. ac to. aq. po. aq. yds. 

31. 375 2 19 25 - 17 3 35 30 

32. 876 3 15 ]8|-437 3 31 20 



TIME. 

dya. hn. min. aee. djra. hn. iniji. aee. 

33. 245 13 14 53- 67 19 4J 17 

34. 327 17 13 34-248 6 50 45 



35. 


wka. 

315 


dya. lura. nia. wka. 

4 17 39- 76 


5 


hn. 

22 


nia. 

35 


36. 


178 


3 3 57 - 109 
DBT MEASUBE. 


6 


19 


59 



wjra. q^ bosh. pka. wjra. qia. baah. pka. 

37. 73 4 5 3- 45 1 7 2 

38. 179 4 2 - 138 4 6 3 

laata wjra. qra. bush. laata wjra. qra. boah. 

39. 325 1 4 3- 89 1 4 7 

40. 1827 3 2-809 I 3 6 



COMPOUND MULTIPLICATION. 

48. As Simple MultipUcation was shewn to be merely a 
shorter method of performing Simple Addition, so when 
we have learnt how to add compound quantities of a 
similar kind^ we shall have no difficulty in multiplying 
compound quantities by any multiplier whatever. And 
first let the multiplier be not greater than 12 ; and let it be 
required to multiply £358 4s. Tfd. by 5. We may perform 
the required operation both by addition and multiplication^ 
and explain the second method from the first. 
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£ 


8. 


d. 


358 


4 


7| 


aiR 


4 


7| 


aw 


4 


7| 


358 


4 


7| 


358 


4 


7| 



£1791 3 2f 



358 


8. 

4 


d. 

7| 

5 


£1791 


3 


2| 



Begmning with the farthings in either of the two samSi 
we have the sum of the farthings^ or five times |d. = 15 
farthings, which = 3 pence, and 3 farthings over; put 
do¥ni the farthings, and cany the 3 pence : so, also, 5 
times 7d. = 35d., and with 3d. carried = 38d., or 3s. 2d.: 
5 times 4s. = 20s., and with 3s. carried = 23s., or £ 1 3s. : 
and by Simple Multiplication we have 5 times £358, with 
the £1 carried, = £1791. 

49. What has been said in Compound Addition about 
carrying, when the given quantities consist of any other 
than pounds, shillings, and pence, applies in Compound 
Multiplication; for we have shewn the two processes of 
Addition and Multiplication to be the same. 

Hence, for multiplying any compound quantity by a 
multiplier under 12, we have this 

Rule. Place the multiplier under the lowest deno- 
mination in the multiplicand, and multiply that name by 
the multiplier. See, as in Compound Addition, how many 
units of the next higher name are contained in this pro- 
duct; put dovni the remainder, if any, and cany these 
units to the next name. Multiply in like manner each 
denomination of the multiplicand : and when the highest 
product has been found, write it dovni in full. 

50. Now let the multiplier be between 12 and 144. And 
first, let it be a number which can be exactly split into two 
numbers, for instance 72. This is equal to 8 times 9. If, 
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61 



£ 
358 



4 



2865 17 



d. 
7| 

2 = 
9 



8 times 



£25792 14 6 = 72 



tiierefore^ I multiply by 8, the first product will be equal to 

8 times the multipUcand. 
If> now^ I multiply this 
product by 9, then the 
second product will be 

9 times the former one, 
or 72 times the top line, 

and therefore be the required amount But if the multi- 
plier cannot exactly be split into two numbers each under 
12^ as for instance 76, we must choose the next number 

below, which can be so 
split; in this case we 
take 72; and since 76 
= 72+4, we may mul- 
tiply by 72, or 8 X 9 as 
before^ and then take 4 
times the top line ; thus 
obtaining 72 times, and 4 times the given quantity ; the 
two products added together will give 76 times the mul- 
tiplicand, as in the Example here given. 

$X8. S3. Form the following products. 



£ 


•. 


d. 






358 


4 


7| 
8 


8t 




2865 


17 


2 = 


im( 






9 


72 




25792 


14 


6 = 


» 


1432 


18 


7 = 


4 


» 


£27225 


13 


1 - 


76 


» 





£ 


•. d. 






I. 7 


18 lOi by 5, 6, 7, 8. 






II. 13 


9 7f by 7, 8, 9, 10. 






III. 456 


18 7i by 9, 10, 11, 12. 

Ex8. 34. 






£ «. 


d. £ 8. 


d. 


1. 


138 19 


4 X 35. 5. 498 17 


lOi X 84. 


2. 


725 6 


8i X 24. 6. 2784 13 


1| X 96. 


3. 


1829 2 


11 X 40. 7. 3345 9 


10^ X 108. 


4. 


1785 15 


9i X 56. 8. 7864 17 


8 X 120. 


51. 


Next, let the multiplier be any whole number greater 


than 144, as 256 


. 






6 
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Since 256 = 200 + 50 + 6, if therefore we multiply the 
given quantity by 200^ and by 50^ and by 6^ and add 
together these three products^ we shall find the product of 
£358 4s. 7id. by 256. 

Now, 200 = 10 X 10 X 2 ; therefore if we multiply the 
multiplicand by 10, and that product by 10, and this 
second product by 2, we shall have the third product the 
same as if we had multiplied the multiplicand at once by 200: 

To obtain the product of the multiplicand by 50^ we 

£ 8. d. multiply the first 

358 4 7| 

10 product by 10, since 

35S 6 5i = 10 times the top line 50 = 5 X 10 : then 

12, multiplying the top 

35823 4 7 =100 times „ Une by 6, and adding 

71646 9 2 =200 times „ ^® *^®® products 

17911 12 3i= 50 times „ just obtained, we 

^^149_7_J0i - _6 times , ^^^^ ^^ ^^^^^^ ^^ 

£91707 9 4 =256 times „ ^-_. . „^. , 

•=== = £358 4s. 7fd. by 

256, viz. £91707 9s. 4d. 

52. Similarly, if we had a multiplier of four figures, 
as 7538, we should have to multiply three times by 10, 
which would give 1000 times 
the top line ; then by the 7, to make 7000 times. 
Also the third line, which 
equals 100 times the top line, 

must be multiplied by 5 — 500 

and the second line, which 
equals 10 times the top line, 

must be multiplied by 3— 30 

and the top line itself by 8 — 8 

Therefore, the sum of aU the 

four products so formed will be equal to 7538 times. 

And similarly for any other number. 



99 
99 
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53. It seems mmecessaiy to state a separate Rule for 
multiplying by such numbers as we have been just using 
in the above Examples, since the process of multiplication, 
for forming the products to be added together, has been 
explained in the Rule already given for multiplying com- 
pound quantities by any number not exceeding 12. 













EX8. 


36. 










1. 


8 


«. 
9 




X 23 


13. 


1 


17 


d. 

9i X 237 




2. 


11 


19 


8 


X 39 


14. 


10 


19 


\\\ X 348 




3. 


14 


13 


7i 


X 47 


15. 


42 


3 


6i X 375 




4. 


21 


2 


0| 


X 53 


16. 


2 


7 


9| X 573 




5. 


35 


17 


11 


X 61 


17. 


15 


7 


9i X 943 




6. 


42 


8 


8| 


X 75 


18. 


3 


17 


7i X 1103 




7. 101 


9 


10 


X 83 


19. 


3 





1\ X 1215 




8. 215 


7 


8| 


X 104 


20. 


4 


9 


1\ X 3201 




9. 


45 


5 


9* 


X 137 


21. 


31 


16 


11 X 4375 




10. 178 


11 


10 


X 174 


22. 


I 


11 


6 X 7235 




11. 216 


13 


4 


X 180 


23. 


16 


16 


6i X 4520 




12. 189 


6 


8 


X 196 


24. 


1 


7 


11 X 11829 












TEOY WEIGHT. 








25. 


Ib«. 

15 


OI. 

9 


dwte* 

17 X 35 


hm. OS. ( 
28. 14 11 


hrta. in. 

19 13 X 137 


26. 


75 


8 


13 


X 57 


29. 45 \ 


? 


14 16 X 785 


27. 


117 


11 


IS 


» X 1 


39 


30. 170 


8 


18 17 X 8923 












AVOIBDUPOIS WEIGHT. 






31. 


ewta. 

14 


75 


OI. 

14 


dn. 

6 


X 74 


34. 


tona 

45 


ewta. 

17 


Dm. oi. 

101 14 X 175 


32. 


35 


54 


8 


5 


X 801 


35. 


73 


14 


96 11 X 432 


33. 


147 


108 


4 


13 


X 945 


36. 


185 


11 


10 9 X 819 










APOTHECABIES' WEIGHT. 






37. 


OI. 

11 


dn. 

7 


M. 

2 


gn. 

15 


X 215 


40. 


11 


m. 

4 


dn. M. 

7 2 X 574 


38. 


9 


5 


1 


7 


X 307 


41. 


35 


11 


6 1 X 809 


39. 


10 


6 





19 


X 95 


42. 


79 


10 


5 X 199 
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LONG MEASUBB. 



CLOTH MEASURE. 

yds. qpra. alt. E.cili qn. wh, fa. 

49. 476 3 3 X 73 52. 78 3 2 1 x 487 

50. 894 2 1 X 194 53. 805 2 3 2 x 534 

51. 1727 1 2 X 216 54. 648 3 2 2 x 1749 

ALE AND BEEB MEASUBE. 



55. 


kkda. 

114 


51 


qto. 

1 X 98 


58. 


bar. 

67 


gii*. 
15 


3 


1 X 415 


56. 


268 


47 


3 X 375 


59. 


395 


31 


2 


X 1209 


57. 


897 


15 


2 X 4021 


60. 


427 


27 


3 


1 X 877 



WINE MEASUBE. 



61. 


bhdi. 
87 


gii*. 
59 


nu. 

3 X 65 


64. 


hhdi. 

45 


17 


qto. 

2 


Vts. 

1 K407 


62. 


275 


60 


2 X 183 


65. 


306 


43 


3 


X 196 


63. 


349 


15 


1 X 235 


66. 


742 


37 


2 


1 X 384 



SQUABE MEASUBE. 

■q. yds. sq. ft. sq. in. ae.ro.sq.po. sq. yds. 

67. 75 5 75 X 73 70. 75 3 25 17 x 117 

68. 117 7 108 X 85 71. 127 2 35 25 x 245 

69. 237 8 125 X 97 72. 345 I 17 30 x 367 

CUBIC MEASUBE. 

soL yds. ft. in. 

73. 83 15 1000 X 35 

74. 215 17 896 x 72 

WOOL WEIGHT. 

sadu ods lbs. packs lbs. 

77. 45 11 25 X 275 79. 875 215 x 489 

78. 138 10 27 X 604 80. 1000 175 x 563 



75. 


sol. yds. ft. 

305 20 


ta. 

584 X 115 


76. 


785 25 


1425 X 327 



43. 


■Is. 

175 


ftar. 
6 


35 


yds. 

4 X 89 


46. 


to. 

15 


po. 

38 


yds. 

5 


2 X 587 


44. 


216 


5 


19 


3 X 117 


47. 


175 


17 


3 


1 X 2017 


45. 


384 


7 


27 


2 X 438 


48. 


83 


37 


4 


2 X 7845 
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TIME. 





tan. 


Bia. 


Me. 




4J1. 


hn. 


aia. Me. 


81. 


17 


67 


45 X 875 


83. 


119 


U 


30 17 X 1823 


82. 


23 


45 


59 X 904 


84. 


235 


17 


37 25 X 1987 



COMPOUND DIVISION. 

54. Ex. I. To divide £189 8s. 4d. by 8. 

The £ 189 can be divided precisely as in Simple Division, 

and the remainder is £5. To divide this by 8, bring it to 

£ ». d. shillings ; this gives 100 sh., 

^— and with the 8s. in the divi- 

£23 13 6^ 

— dend = 108 sh.: dividing by 8, 

as in Short Division, we have 13s., and 4s. over. Bring 
this to pence ; it = 48d., and with the 4d. in the dividend 
= 52d. : dividing by 8, the quotient is 6d., and the re- 
mainder 4d. : bring this to farthings; it =16 farthings, 
which divided by 8 gives 2 farthings, or 1 halfpenny ; and 
the complete quotient is £23 13s. 6id. 

65. The same alterations that we described in Compound 
Addition, Subtraction, and Multiplication, are to be made 
here, when the compound quantity consists of any other 
than pounds, shillings, pence, and farthings. For instance, 
if we had for a dividend a quantity consisting of tons, cwts., 
qrs., &c. ; then, after dividing the tons, we should have to 
reduce the remaining tons to cvrts., and add in the cwts. 
abready in the dividend ; so also any remaining cwts. would 
have to be reduced to qrs. ; the remaining qrs. to lbs. ; 
and so on. 

Hence when we have to divide a compound quantity by 
a number under 12, we have the following 
o3 
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Rule. Divide the highest denomination as in Short 
Division ; if there be a remainder^ reduce it to the next 
name^ and add to it the units there may be of this next 
name in the dividend^ and divide again. Proceed in like 
manner through all the denominations^ treating the re- 
mainders after each division^ exactly as the first remainder. 
But if^ after any division^ there be no remainder^ then 
divide, if possible, the units of the succeeding denomin- 
ation ; but if these units be not equal in number to the 
divisor, place a cipher underneath as quotient, and treat 
these units as a remainder to be reduced to the next 
denomination. 

Divide EX8. 36. 

£ s. d. 
I. 88 2 6 by 3, 5, 7. 

II. 268 3 IJ by 3, 5, 6, 10. 

III. 517 11 by 4, 6, 8, 12. 



TEOY WEIGHT. 



lb*. m. dwU. gn 

J. 18 9 15 16 + 5 

2. 175 U 7 21 + 7 

3. 308 9 16 5 + 9 



Iba. 

117 



ot. 4wts. gn. 

7 14 20 -i- 10 



4. 

5. 359 n 19 6 + 11 

6. 1827 10 12 + 12 



AVOIRDUPOIS WEIGHT. 



ewtai. lb*. M. dn. 

7. 75 15 8 15 + 6 

8. 315 94 13 12 + 7 



9. 
10. 



45 11 3 20 -i- 8 



117 



2 17 + 9 



57. When the divisor exceeds 12, but is a number which 
can be exactly formed by the multiplication of two numbers 
each less than 12, then we can divide by the two numbers 
successively. Thus, if the divisor be 27, or 9 x 3, we divide 
first by the 9 and then by the 3, as was shewn (26) in 
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Simple Division. Also, the two remainders must be formed 
into one, as was shewn in the same article.'^ 

Ex. n. Divide £189 Ss. 4d. by 27. 

3) 189 8 4 



9) 63 



£7 



1 — P ll22rem't 
3*7/ ' 



EZB, 37. Find the required quotients in the following Examples. 



«. 



d. 



«. 



d. 



1. 


616 




17 


6 +35 


2. 


804 




9 


4i + 90 


3. 


1025 




2 


H-48 


4. 


987 




6 


4^+56 


5. 


594 




18 


9+63 


6. 


1023 




7 


6i +36 


13. 


15 


to. 

5 


po. 

30 


L 
3 + 27 


14. 


48 


6 


ai 


2 + 35 


15. 


96 


7 


13 


4 + 81 



TIME. 



7. 893 


17 


11+45 


8. 1356 


8 


lOi + 72 


9. 4589 


16 


8i +99 


10. 8764 


14 


I0| + 100 


11. 5783 


19 


1} + 121 


12. 6897 


11 


Oi + 144 


3UBE. 

fkyu. 
16. 75 


yd*, ft. 

1 2 


in. 

9 + 84 


17, 117 


1 


10 + 90 


18. 875 


1 2 


11 -r 110 


yn. d/B. Iin 

22. 144 14 17 


45 + 64 


23. 903 245 14 


18 + 72 


24. 1000 75 19 


30 + 121 



jn. wka. d]rt. hn. 

19. 75 43 3 15 + 36 

20. 96 51 6 17 + 49 

21. 107 18 4 11+55 



57. But when the divisor exceeds 12, and cannot be 
broken up as in the last article, it is necessary to divide by 
a process similar to that of Simple Long Division ; but as 

*The learner will see hereafter that the best mode of fonning the complete remainder 
will be— not to have farthings in the quotient, and a remainder besides ; but to express 
as a fraction of a penny the whole of the quantities remainiag after the pence in the 
quotient. 

f The more correct finrm of the quotient, as described in the previous note, will be 
ffl Ob. S^fd. 
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the only difference between Compound Long Division, and 
Compound Short Division is, that in the former case the 
reducing of the remamders is performed on the paper, and 
in the latter case in the memory, we shall not write out a 
new rule for Long Division, but merely give one Example 
to shew the method of working. 

Ex. m. To divide £3178 Us. 7^. by 754. 



754) 


£ 
3178 
3016 

162 
20 

3251 
3016 

235 
12 

2827 
2262 

565 
4 


11 

(4s. 
(3d. 


d. £ 
7i (4 


». 
4 


d. 
3| 




2262 
2262 


(3 farthings 







Here we see the division after each reduction by 20, 12, 

and 4, to be precisely of the same kind as in Simple 
Division. 

EX8. 38. Find ^^c required quotients in the following Examples. 

£ 9. d, 

11. 174/i 9 lOi + 875 

12. 2834 10 7+908 

13. 3479 12 9| 4- 1423 

14. 6842 14 3 -i- 1785 

15. 999 8 5i -i- 1827 

16. 10101 10 4 + 3459 

17. 4586 16 6^ + 6083 

18. 3897 13 8 +8756 

19. 7854 11 10| +9802 

20. 6923 7 11 +1143 





£ 


8. 


d. 


1. 


45 


18 


9 + 117 


2. 


236 


17 


6^+235 


3. 


435 


9 


Sk + 384 


4. 


1027 


16 


9 +379 


5. 


1847 


11 


71+645 


6. 


8923 


14 


6 +893 


7. 


11023 


3 


4i + 1001 


8. 


8976 


18 


5 +986 


9. 


7643 


15 


4i + 1237 


10. 


8962 


14 


11 +1461 
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SQUABE MEASUBE. 



21. 


1175 3 15 15 -4- 870 


■^■b. M. TO. po. 

24. 11485 480 3 17 + 785 


22. 


207 2 20 17 H- 927 


25. 9746 523 2 20 -4- 983 


23. 


199 1 27 19 + 1345 


26. 10409 610 1 29 + 1425 




CUBIC MEASUBE. 


27. 


■oLyda. ft. ia. 

8963 20 1000 h- 3024 


mLt^ ft. (bb 

29. 15684 19 897 H- 2568 


28. 


11429 15 1684 h- 4837 


30. 83746 26 1432 -i- 11984 



31. If 721 persons earn £626 7s. 4^d., how much is that to each ? 

32. The expenses of a railway are £10299 Is. 8d. per annum; how 

much per day ? 

33. Find the price per ounce of a piece of gold weighing 375^ oz., and 

costing £1548 18s. 9d. 

34. A person owes £1000, and has only £758 6s. 8d. ; how much can 

he pay for every pound which he owes ? 

58. There is one other kind of Examples which may be 
found in Compound Division^ viz. when it is required to 
find how often one compound quantity is contained in 
another. 

Ex. IV. How often is £3 15s. 3id. contained in 
£26 6s. lOid. 

Here we must reduce both quantities to the same name, 
&rthings : and the question becomes one of Simple Divi- 
sion, yiz,. How often are 3613 faj^things contained in 25291 
ferthings ? and the result is, 7. But such questions are 
more properly treated under Reduction : and some exam- 
ples of the kind will be found in the following pages. 
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REDUCTION. 

PART II. 

59. I will now give one instance of each kind of the 
more difGicult Examples that involye Reduction and the 
Compound Rules. 

Ex. I. How many times must I take a stride of 2 ft 
9 in., in walking 7 miles P 

This question is similar to the examples in (43) and 

(44), and in plain language means — How often is the 

quantity 2 ft. 9 in. contained in 7 miles, or in seven times 

1760 yds.? 

Bringing both quantities into portions of 3 inches, I 

yds. have the annexed work, where I 

1760 multiply the 2 feet by 4, because 

2 "9 123^ ds there are in one foot four parts each 

_i 12^ three inches ; and the 12320 yards 

n portions) 147840 portions , ^3 y^^^^^^^ ^^^^^ ^^ ^ ^^, 
13440 steps. ^ 

== yard 12 parts each three inches. 



Ex. n. How many times will a coach wheel revolve, in 
going 175 miles, if its circumference be IS^feet ? 

Comparing this question with the previous one, and 
putting the circumference of the wheel in place of the 
length of the man's step, the questions are seen to be of 
the same kind. 

The work will be 
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miles. 
175 

1760 



10600 
1225 
ft. 175 
15i 308000 yds. 
_2 6^ 

31 half ft 31) 1848000 hf.ft. (59612 
=• 155 

298 
279 



190 Ans, 59612 times, and 28 half (i. 
186 or 14 ft. remaining. 

31 

90 
62 



28 



An example the opposite of the two last will be as 
follows. 

Ex. m. A man takes 3744 strides in walking a distance 
of 1 m. 1516 yds. ; what is the length of each step ? 

I have here merely to divide the whole distance by the 
number of strides^ by Compound Long Division, as follows : 

m. yds. 
1 1516 
1760 



3276 yds. 
3 
3744) 9828 ft. (2 ft. 
7488 


7im. 


2340 
12 




28080 (7 in. 
26208 




1872 
2 




3744 (I hf. in. 
3744 
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The correctness of the answer of this last Example may 
be proved by working the following question. 

How far will a man walk, if he takes 3744 strides, each 
2 ft. 7i inches ? 

This question will of course be worked by Compound 
Multiplication, and the answer will be 1 m. 1516 yds. 

Ex. IV. In 55 purses, each containing a guinea, a moi- 
dore, a sovereign, a crown, and a groat, how many 
pounds sterling ? 

I must here find the value of the whole of the coins in 
one purse, and then multiply the sum by 55, The work 
will be as here shown. 

£ ». d. 



1 


1 









I 


7 









1 



5 




4 






3 13 


4 










5x 


U 


= 55. 


18 


6 


8 = 


E 5 times. 






11 







201 13 4 = 55 times. 



Ex. V. How many crowns, half-crowns, shillings, and 
groats, amount to £99 16s. 4d. ; taking of each an equal 
number ? 

The sum of all these coins must be found, and I must 
then see, by division, how often that sum is contained in 
the £99 16s. 4d. ; the quotient will be the required number 
of coins of each kind. 

The sum of the coins is 8s. lOd. ; since therefore my 
dividend is £99 16s. 4d., and my divisor 8s. lOd., I must 
reduce both to pence, and the whole work will be as 
follows ; 
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«. d. 
5 

2 6 £ ». d. 

10 99 16 4 

4 20 



8 10 
12 


1996 8h. 
12 


106d. 


) 23956d. (226 
212 

275 
212 



636 

686 Ant, 226 of ewch, 

) question which is the reverse of this would he^ 
226 purses^ each containing a crown^ a half-crown, a 
[g, and a groat, how many pounds P And this ques- 
3 of the same kind as Ex. IV. 

. VI. I changed £27 14s. 6d. for pieces of 15d., lOd., 
ind 4d., taking of each an equal number : how many 
}h had I ? 

is question will be found to be the same as V., if I 
t in the following form : — How many coins of 15d., 
9d., and 4d., amount to £27 14s. 6d., taking of each 
[ual number ? The work is 

d. £ s. d. 



15 


27 14 


10 


20 


9 


5548h. 


4 


12 


38d. 


) 6654d. 




38 




285 




266 




194 




190 




4 



(175 pieces, and 4d. remain. 



me of the Examples given below will involve various 
its and measures ; but they can all be worked upon 
irinciples of the questions thus shown. In the first 

H 
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twelve EJxamples^ two questions are given npon each of the 
above six Examples in order ; but the remainder are mixed, 
and it must be left to the judgment of the learner to dis- 
cover which among these six is the mode of working. And 
it will be a very good exercise for a beginner to endeavour 
in such questions to find out the reverse question, as I have 
done in Exs. (III.) and (V.) 

Ezi. 39. 

1. The intenral between the tollings of a bdl is 7^ secooda, how muj 

times wiU it be heard in 1 hour 45 min. 30 sec.? 

2. I take a stride of 2 ft. 8^ in., but pat my stick to the gnmod otAj 

eveiy other step ; how often will it touch the ground if I wilk 
n^miles? 

3. The circumference of a wheel is 5| feet^ how many times wiU it 

turn in 175| miles? 

4. The piston of a steam engine travels 18 miles 396 yds. 1 ft. 2iB.; 

how many times must it have oscillated, if its stroke be 2ft. 7in.? 

5. What is the circumference of a wheel which revolves 1570 times in 

Imile 28yds. 2in.? 

6. A bridge, containing 75 arches and 76 piers, measures 1 ftnloag 

156 yds. 2ft.; what is the length of each arch, if each pier is 
half the length of an arch ? 

7. What amount will be obtained from 357 subscribers, each eontnlmtiig 

a guinea, a crown, a half-crown, and a shilling? 

8. 1175 casks contain each 3 gallons, 3 quarts, 3 pints, and 3 half- 

pints ; how much do they aU hold? 

9. How many parcels of 1} lbs., 2^ lbs., and 10 lbs., can be obtained 

out of a cask of sugar weighing 7 cwt 2 qrs. II lbs, taking of 
each an equal number ? 

10. A field of 68 acres 3 roods is divided into equal numben of ploCi 

of 1 rood 25 poles, and of 2 roods 35 poles ; how many will 
there be? 

11. I exchanged 355gfuineas, worth £1 6s. 6d. each, for one-ponnd 

notes, crowns, and groats, taking of each an equal number; how 
many of each had 1; and what was their value f 

12. An estate of 375 acres, and another of the same size, worth twice u 

much, was exchanged for equal numbers of allotments of 3 acies^ 
of 2 roods, and of 25 perches, all of the former qnali^ ; how 
many portions should I receive in aU? 
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13. There are 1000 subscribers to a charity, each giving a goineay a 
pound, and a crown; and 525, each giving a half-crown, a 
shilling, and sixpence; how much is raised in all ? 

11. In the clothing of a regiment, 655 suits are made each containing 
3 yds. 1 qr. 3 nls. of cloth, and 1 yd. 3 qrs. 1 nl. of lining ; how 
many yards of material are required for the whole ? 

15. A certain vessel contains a hogshead, a barrel, a kilderkin, and a 

quart ; how many such can be filled out of 30758 gallons ? 

16. From 3 cwt. 2 qrs. 14 lbs. I take away 1 lb. 1 oz. and 1 dram ; 

how many times can I do this, and what will remain ? 

17. How many intervals of 3 minutes, 2 min., ^ min., J min., can be 

made out of a fortnight, and of each an equal number ? 

18. A man walks up a hill in 7 min. 35^ sec, and down again in 5 min. 

13 sec. ; how many times can he repeat this in 7 hrs. 2 min. 
40^ sec.? 

19. A piece of land is required, which can be divided into allotments of 

3 roods, 2 roods, 1 rood, 35 perches, and 25 perches; there are 
to be 127 of eacli allotment ; how many acres must the land 
contain? 

20. A peal of 10 bells has 2629 changes rung in 3 hours, what is the 

average length of interval between the stroke of each bell, if all 
the bells are rung at every change ? 



Ex8. 40. 

MISCELLANEOUS EXAMPLES. 

1. If a spoon weigh 15dwts. 11 grs., how many dozen of such spoons 
can be formed out of 122 oz. 9 dwts. 1 gr.? 

2. How many loaves of 41b., 21b., and l|lb. can be made out of 13 
sacks of flour, each weighing 240 lbs. ? 

3. Find the 4i£ference in hours between 3 yrs. 10 mths. 3 wks. 6 dys., 
and 4 yrs. 9 mths. 2 wks. and 4dys. 

4. Find the age of a person whose pulse has beat 589,764,385 times, at 
the rate of 70 per minute. 

5. A was bom at 10 o'clock p.m., on Sept. 26, 1845 ; and JS at 3 a.m., 
on April 15th, 1846 ; how much older in hours is A than B ? 

6. An estate costing £17897 6s. 4d. is divided into 5876 allotments ; 
what is the value of each share? 

\ 7. The diameter of a crown is 1 4 inches; how many will it take to 
reach 11) miles? 



76 MISCELLANEOUS'EXAMPLSS. 

8. Three thousand and eightj-nine subscribers contribute £3 13s. 4d. 

each, how much will they raise in all ? 

9. A piece of cloth 500 yds. 2 qrs. in length is cut up to form eoats, 

each requiring 1 yd. 3 qrs. 2 nls. ; how many coats can be 
obtained from it? 

10. How many subscribers, of £2 lis. T^d. each, will be required t» 

purchase an estate worth £11953 15s. 4^d. ? 

11. A square whose side is 385 inches, is divided into oblongs, 7 inches 

by 5, how many will there be ? 

12. How many intervals of 5 minutes 35 seconds are in a leap year ? 

13. I exchange 4375yds. for pieces of 3 qrs. 2 nls.; bow many did I 

receive ? 

14. Find the number of cubic ynxds in 2,877,580 inches. 

15. How often must the sum of 5s. O^d., 7s. 7d., and £1 178. 44d., be 

repeated to make £200 ? 

16. What would be the length of an acre of ground, if its breadth were 

60 J yds.? 

17. What is the amount of £3 4s. 4id. repeated 800 times ? 

18. Find the difference between £34 15s. 9id. + £78 7s. 6d. and 

£135 10s. 9d. - £84 178. lO^d. 

19. The number of solid feet or inches, in a block of wood, having all its 

sides oblong, is found by multiplying the length, breadth, and 
thickness; find the number of solid feet in a block 245 inches 
long, 39 broad, and 17 thick. 

20. If 6^ millions of visitors entered the Crystal Palace in 26 weAs, 

what was the average attendance per day ? 

21. How many acres in a field 387 yds. long, and 275 yds* broad? 

22. Sound travels about 1100 feet per second; what is the interval 

between the flash and the sound, when the storm is 4 miles off? 

23. In 25 bales, each containing 24 pieces, and each piece 45^ yards, 

how many lengths of 4 yds. 2 qrs. 3 nls. ? 

24. If a spoon cost 7s. 9id., how many dozen can be bought for 

£44 8s. 3d. ? 

25. A man who owes £2348, pays 12s. 9^d. for every pound which he 

owes ; how much does he pay in all ? 

26. The cost of gilding is 4id. per square inch ; find the expense of 

gilding a box, of which the dimensions are 7 in., 9 in. and 
15 inches. 

27. A book requires 25^ sheets of paper ; how large an edition can be 

printed from 184 reams 2 quires 7 sheets ? 

28. Fifteen hundred men contribute £1 3s. 6|d. each, and as many 

children half as much ; how much money is raised? 

29. How much per day is 1000 guineas per leap year ? 
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30. If a pint contains 2728 barleycorns, how many will it take to fill 

a sack? 

31. A man spends £155 5s. 7d. per year; how much will he lay by in 

37 years, out of £200 per annum ? 

32. ' The divisor is £32 6s. 8d., the remainder 10s. 6d., and the quotient 

is 375 ; what b the dividend ? 

33. Among how many persons can I divide £1764 15s., so that they 

may each have £1 2s. 7id.? 

34. If the sun's light comes to us in 8min. 58 sec, and the distance b 

95,000,000 miles, what is the rate of the light per second ? 

35. On a railway, the rails weigh 70 lbs. per yard, and the chairs, 

weighing 14 lbs. each, are placed at intervals of ISinches^ how 
many tons of iron are employed in making 20 miles of a double 
line of rails ? 

36. If lib. Avoirdupois is equal to l4oz. 11 dwt 16grs. Troy, how 

many lbs. Troy in 6 cwt ? 

37. Thirty-five cheeses weigh 17 lbs. 3oz. each; how many pieces of 

4oz., 6oz., lib., and l^lbs., can be cut from them, taking of 
each an equal number? 

38. Five bells of different tones are successively struck at intervals of 

3 minutes, 2min., I min., ^ min., and | min. ; how many times 
could I hear the whole round of tones in 9 hrs. 27 minutes ? 

39. In the last question, which bell should I have last heard at the end 

of 4 hrs. 58 min. ? 

40. How many intervals of 3 min. 35| sec. in half a century ? 

41. A wall is 8^ feet high, 236 feet long, and 17 inches thick; there are 

in it two doorways each 6 feet by 4 feet ; how many bricks would 
be required for it, each containing 204 solid inches ? 

42. Divide £357 12s. 2d. among 3 men, 4 women, and 6 ehildren, 

giving to each man twice as much as to a woman, and four times 
as much as to a child. 

43. A mixture is made of 4 gallons at 3s. 9d., 5 gals, at 48. 6d., and 

11 gals, at 6s. 8d. ; what is the value of a gallon of the mixture ? 

44. A court-yard, 150 ft. square, is surrounded by a walk 24 feet broad ; 

and a grassplot occupies the remainder; find the area of the walk 
and grassplot. 

45. In a foot-race, A gains on B at the rate of 5 yds. in 1 min. 50 secs.^ 

how soon will he be half a mile a-head ? 
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ON THE PRINCIPIES OP THE SIMPLE RUIES. 

1. What do you mean by Numeration ? Give examples of its use? 

2. Explain how numbers greater than 10 can be represented^ though 

there are but ten different figures. 

3. What do you mean by the term ** digits?" 

4. Express by signs the addition of the numbers 365, 4000, and 18, 

with the subtraction of 1728 and 496. Give the result. 

5. Describe an Addition Table; and shew how by its aid you add 

together two quantities, one of which is more, and the other less, 
than 10. 

6. Explain the common process of borrowing employed in Subtraction, 

and shew what is the correct mode of making allowance for it. 

7. How do you prove a sum in Subtraction ? 

8. Write down in signs— ''the sum of 17 and 8 is equal to the 

difference between 36 and 11." 

9. Write down in signs — *^ the product of 18 and 12 is equal to the 

quotient of 2156 divided by 11." 

10. Shew why you can multiply by 10, 100, 1000, &c. mor« easily than 

by any other numbers.. 

11. If the quotient, remainder, and dividend are known, how will you 

find a divisor ? Construct such an example, and find the divisor. 

12. Explain how a Multiplication Table is made. 

13. Shew how it can be used as a Division Table. 

14. If the floor of an oblong room were covered with square tiles, all of 

the same size, how would you find the number of them without 
counting them all? 

15. If you knew how many bricks were used in paving a floor, and how 

many bricks the floor was in length, how would you find the 
number in the breadth ? 

16. Shew that Short Division is the same as Long Division, only that 

the work is performed mentally. 

17. How do you prove a Division Sum ? 

18. What is the meaning of the terms divisor y dividend^ and quotient ? 

19. Explain the process of forming the complete remainder, when you 

divide by a composite divisor. Ex. Divide 325 shillings among 
72 people. 

20. Shew how to divide by such numbers as 520, 300, 4000, &c., and 

explain the correctness of the remainder. 
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ON BEDUCTION AND THE COMPOUND RULES. 

1. What do 70a mean by Compound Rules ? 

2. What is meant by Tables of Weights and Measures ? Write out 

''Long Measure.** 

3. In a Compound Addition sum, of money, what other numbers may 

be found besides the whole numbers found in the Simple Rules ? 

4. Write down one-farthing or one-quarter, two fcuthings, three 

farthings, in figures. 

5. How otherwise can you write two farthings, and by what other name 

would you then call it ? 

6. Explain, without working the questions, the mode of operation in 

the following cases : 

(1) Reduce 3cwt 3qrs. 17^ lbs. to half lbs. 

(2) Reduce 19275 farthings to pounds. 

7. State the steps whereby you would find how many persons could 

receiye each 3s. 4d. out of £20. 

8. Explain the mode of multiplying any sum of pounds, shillings, and 

pence, by 3256. 

9. Construct a question, which requires reduction by both processes of 

multiplication and division ; and work it. 

10. Explain the mode of multiplying by 5^, and 30^. 

11. Shew how to divide by the same quantities. 

12. Form an example the opposite to question 11 in Exi. 40. 
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PREFACE. 



issuing a second edition of this work^ I am bound 
icknowledge the kind reception which it has met 
li both from the public press and from teachers, 
ave received many letters from Tutors and School- 
sters^ expressing their opinion that the book has 
^pUed a want which had long been felt. I have, 
refore, endeavoured to make the book more worthy 
>ublic approbation. 

rhe principal alteration in this Edition is, that the 
amples, which had before been published only in a 
larate form, are now inserted in their proper places 
the text, and are considerably increased in number, 
that the book is now independent of any other work, 
e answers, however, have not been appended to the 
ries intended for general use, but they may be 
ained, either separately, or bound up with the 
thmetic, at a corresponding increase in price. In 
ing the answers of most of the more difficult ques- 
is, I have put down the most important steps in the 
ition, which I hope will be found of much service to 
se pupils who cannot meet with efficient assistance. 
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The Articles on Decimals and the ESxtraction of 
Roots have received considerable alterations ; and the 
Chapter on Discount has, I think, been much improved, 
by the insertion of a valuable rule concerning the 
relative proportion of the net and gross prices of goods 
subject to discount, for the principle of which I am 
indebted to J. F. Ledsam, Esq., of Birmingham. 

The subjects of Contracted Decimals and Scales of 
Notation have also been added, and explained, I think^ 
more fully than is usual in works on Arithmetic. 

I have inserted, at various intervals, papers of 
miscellaneous questions, involving all the rules and 
operations preceding the points where they are in- 
serted. There are also appended Collections of Ques- 
tions upon the definitions, principles, and modes of 
operation adopted in my Arithmetic; for I think it a 
very valuable exercise that pupils should be required 
to explain in writing, in as plain language as they can, 
the definitions and proofs of rules in Arithmetic, in 
the same manner as is usually expected of those who 
are reading Algebra. 

In a short time I hope to pubUsh the elementary 
part mentioned in the Preface to the First Edition, and 
so render the book complete. The parts will be sold 
either separately, or together. 

F. C. 
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THE FOLLOWING SIGNS MUST BE VERY WELL KNOWN 

BEFORE THIS BOOK IS READ. 



+ plus, placed between two numbers, shows that they are to be added 
together. 

— minuSf between two numbers, shows that the latter number is to be 
subtracted from the former. 

X into, or muUiplied by, between two numbers, shows that the two are to 
be multiplied together. 

-r by, or divided by, between two numbers, shows that the former is to be 
divided by the latter. 

= equal to, between two quantities, shows that the quantities on each side 
of it are equal. 

.'. stands for thertfore, 

*.* because, or since, 

> greater than, placed between two quantities, shows that the former is. 
greater than the latter. 

< less than, placed between two quantities, shows that the former is less^ 
than the latter. 

^ placed between two quantities, shows that the smaller of the two is to 
be subtracted from the larger. 



Note, — ^The figures enclosed in parenthesis, as (8) in p. 4,. line 23, 
refer to previous articles in the work. 



AEITHMETIC. 



Bbfore commencing the consideration of Fractions, it 
will be necessary to explain certain properties of numbers^^ 
which enter very much into the treatment of fractions. 



MEASURES AND MULTIPLES. 

1. Of two numbers, the larger is said to be a multiple 
of the smaller, when the larger can be divided exactly, t. e, 
without remainder, by the smaller; and the smaller number 
is said to be a measure of the larger. Thus, since 12 can 
be divided exactly by 4, 12 is called a multiple of 4, and 
4 a measure of 12. So, 16 is a multiple of 8, and 8 a 
measure of 16. 

2. Also, one number is said to be a common multiple of 
two or more numbers, when it can be divided exactly by 
the two or more numbers. Thus, 24 is a common multiple 
of 6, 4, and 2, because it can be divided exactly by those 
numbers; and 12 is the least common multiple of 6, 4, 
and 2, because it is the least number that can be divided 
exactly by those three divisors. 

3. A number is said to be a common measure of two or 
more numbers when it will exactly divide those numbers ; 

B 
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and the greatest number which will so divide them is called 
their greatest common measure. Thus, 2, 4, 6, 12, are 
common measures of 24 and 36 ; and 12 is their greatest 
common measure. 

We shall for the future write g. c. m. for greatest com- 
mon measure, and l. c. m. for least common multiple. 

4. A number is called a prime number when it cannot 
be divided exactly by any number greater than 1. Thus, 
3, 5, 7, are prime numbers, because they have no divisor 
greater than 1 ; we also call such numbers primes, 

5. Two or more numbers are said to be prime to one 
another, when they cannot all be divided exactly by any 
number greater than 1. Thus 7, 8, 9, are prime to each 
other: but such numbers are not necessarily themselves 
prime numbers ; for 8 can be divided by 2 and 4 ; and 9 
can be divided by 3 ; but 8 and 9 have no divisor common 
to both. 

6. All numbers not prime are called composite ; because 
they are composed of 2 or more prime numbers multiplied 
together. Thus, 6 is a composite number, being formed 
by the multiplication of the prime numbers 2 and 3. 

7. The prime numbers which, when multiplied together, 
form a composite number, are called factors of that 
number. Thus, 2, 2, 2, 3, are factors of 24, because 
2 X 2 X 2 X 3 = 24. So the factors of 36 are 2, 2, 3, 3, 
for 2x2x3x3 = 36. 

8. To break up a composite number into its prime factors, 
divide it by the smallest prime which will divide it without 
remainder ; and continue dividing by prime divisors until 
the last quotient is 1. The number will be found equal to 
the product of all the divisors — that is, all the divisors are 
its factors. 
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Ex. To break 120 into prime factors : 

2 )120 
2 ) 60 

2 ) 30 .-. 2, 2, 2, 3, 5, are iu prime factors, 

3) 15 or,2x2x2x3x5=120. 
5 ) 5 

I 

When> therefore, I say — ^break any number, as 120, into 
its factors, I mean, exhibit it in the above form. This form 
is called an equation: thus, 7x5 = 35 is an equation; 
and 7 X 5 is called the left-hand side, and 35 the right- 
hand side, of the equation. 

EZS. L Resolve into prime factors 

1. 1050. 3. 1485. 5. 1820. 7. 64. 9. 2310. U. 5724. 

2. 2625. 4. 1155. 6. 4802. 8. 4389. 10. 6342. 12. 1168. 

Obs. If any one number be divisible by a second, we 
must have all the factors of the second number among the 
factors of the first : thus, if 36 be divisible by 12, all the 
factors of 12 will be among the factors of 36, or 36 must 
contain all the factors of 12. 

9. Also, if I wish to divide 35 by 5, (since 35 is the 
same as 7 x 5,) I may divide 7x5 by 5 ; and since I 
know that the quotient is 7, I can now observe that that 
quotient is found by taking away the divisor 5 out of the 
product 7x5: so also in the equation 7x3x5= 105, 
to divide the 105 by 5, take away the 5 out of the factors 
on the leftrhand side, and there remains 7x3, or 21, as 
quotient ; to divide by 7, take away 7, and 3 x 5, or 15, is 
quotient ; or, we can divide by the product of 2 factors at 
once : thus, to divide by 15, take away 3x5, and the quotient 
is 7. This is a very quick method of dividing a composite 
numb^ by any one or more of its factors, especially if the 
number be large. 
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Thus, since 2520 = 2x2x2x7x3x3x5; 

or = 8x7x9x5; 
therefore, if I wish to divide 2520 by any measure of it, as 
24, 1 take away 24^ or 2 X 2 x 2 x 3, from its factors, and the 
product of the remaining factors, 7x3x5= 105, gives the 
quotient. To divide 2520 by 63, I remove 7x9, and the 
quotient = 8 x 5 = 40. 



LEAST COMMON MULTIPLE. 

10. It is required to find the l. c. m. of 2, 3, 5, 6, 9, 10, 
12, 18, 20. 

Now, of the above numbers, we observe that 2, 3, 6, and 
9 are divisors, or measures, of 18 ; every number, therefore, 
which is a multiple of 1 8, will also be a multiple of 2, 3, 6, 9. 
So likewise, every multiple of 20 will be a multiple of 5 and 
10; therefore, every multiple of 18 and of 20 vnU be a 
multiple of 2, 3, 6, 9, 5 and 10. If, then, I find the l. c. m. 
of the three remaining numbers 12, 18, and 20, that multiple 
will be the l. c. m. of 2, 3, 5, 6, 9, 10, 12, 18, 20. Now, 
12 X 18 X 20, or 4320 gives one common multiple of 12, 18, 
and 20, since this product is plainly divisible by 12, 18, 
and 20 ; but this is not the least c. m. 

11. To find the l. c. m., break the numbers 12, 18, 20, 
into their prime factors, as in (8), and place a comma 
between each set of factors, thus : 

12, 18, 20, 

2x2x3, 2x3x3, 2x2x5. 

Now, by (8 Obs.), in order that the l. c. m. may contain 12, 
it must contfidn all the factors of 1 2 ; .*. it must contain 2, 2, 3, 

so, to contain 18, 2,3,3, 

and to contain 20, 2,2,5; 
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that is^ in the required l. c. m. I want two fi's, two 3*8, 
and one 5; but in the product of 12 x 18 x 20, or of 
2x2x3x2x3x3x2x2x5, I have five 2's and 
three 3*s ; therefore I have three 2's and one 3 which I do 
not reqnire; and, omitting these, the remaining factors, 
multiplied together, give 2x2x3x3x5= 180 : where 
it may be seen upon trial that this row of factors contains 
all that is necessary for 12, 18, and 20, and no more ; and 
therefore the product of these factors is the least number 
divisible by 12, 18, and 20, or is their l. c. m. 

12. The whole work should be written out as follows, 
where the mark ( — ) is placed over every number which is 
afterwards to be omitted : — 



2, 3, 5, 6, 9, ]0, 12, 18, 20. 

2x2x3, 2x3x3, 2x2x5, 

/. L.C.M. = 2x2x3x3x5=180. 

Ex. II. To find the l. c. m. of 7, 16, 32, 21, 66, 42, 

T, l6, 32, 21, 56, 42. 

2x2x2x2x2, 2^x2x2x7, "2x3x7. 

.-. L.C.M. = 32x21 = 672. 

In this example, I first reject 7 and 21, because 42 contains them; next 
I rgect 16, because 32 contains it; then, out of all the rest, I preserve 
five 2*8 for the number 32, and reject the others : I presenre one 7, which 
is required for 56 and 42, and one 3 for 42. In preserving the five 2*s, it 
is better to keep them all together, rather than have some in one set of 
factors, and some in another. 

EZB. 2. Find the l. c. m. of 

1. 2,3,4,8. 8. 1,2,3,4,5,6,7,8,9. 

2. 3,5,9,16,20. 9. 12,33,55,27,18. 

3. 8, 11, 5, 35, 21. 10. 7, 11, 13, 17. 

4. 7, 28, 35, 42, 63. 1 1. 8, 9, 10, 11,12, 15. 

5. 4, 5, 8, 24, 40, 1 20. 1 2. 10, 14, 21 , 28, 35. 

6. 5,7,9,12,15. 13. 18,20,24,36,48. 

7. 13,14,56,63,72. 14. 27,36,45,42,16. 
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GREATEST COMMON MEASURE. 

13. We have seen in (3) that the g. c. m. of two or 
more numbers is the largest divisor which can exactly be 
contained in those numbers. 

Where the numbei*s are not large, this g. c. m. may be 
found by breaking them into their prime factors ; and if 
any factors are contained in all the numbers, the product 
of these will be the g. c. m. 

Thus, to find g. c. m. of 36, 27, 144 ; breaking up into 
factors, we have — 

36, 27, 144, 

2x2x3x3, 3x3x3, 2x2x2x2x3x3, 

Here it is plain that in these sets of factors two 3's, and 
no other number, are common to all ; that is, 3 x 3> or 9, 
is common to all the numbers 36, 27, 144, — and is there- 
fore their g. c. m. 

14. But where the numbers are large, and they cannot 
be easily broken into factors, the following rule is to be 
used : — 

Take two of the proposed numbers, and divide the 
greater by the less : if there be a remainder, make that 
remainder a new divisor, and take the former divisor as a 
new dividend, and continue this process until there be no 
remainder : the last divisor will he the G. c. m. 

If there be a third number, go through the same work 
with this third number^ and the g. c. m. of the other two ; 
then, as before, the last divisor will be the g. c. m. And the 
same process must be continued if there be 4, 5, &o., or 
any amount of numbers, of which we have to find the 

w. C M* 
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We will try this rule upon the three numben taken above, \iz. 36, 27, 

and 144. 

27) 36 (1 9) 144 (16 

27 9 

9) 27 (3 54 

27 54 



.*. 9 is o. c. M. of 27 and 36 ; and 9 is g. c. m. of 27, 36, and 144, at 
was shown above. 

£r. II. Tind g. c. m. of 324, 456, 728. 

324) 456 (1 12) 728 (60 

324 720 

132) 324 (2 8) 12 (1 

264 8 

60) 132 (2 4) 8 (2 

120 8 

12) 60 (5 """ 

CO 

.*. 12 is the G. c. m. of 324, 456 ; and 4 is the g. c. m. of 324, 456, 728. 

15. If the last divisor be 1, we then learn that the 
numbers have no common divisor greater than 1 ; t. e. they 
are prime to each other. 

Obs. Even when the divisors are less than 12^ it is 
better to divide by long, rather than short division, because 
the remainders are thereby placed in the most convenient 
situation for continuing the process. This rule for finding 
the G. c. M. cannot be proved true without the use of 
algebra ; but the method of proof is shewn below.* 

* When any number measures two others, it will be fomid to measure any number 
ocm^osed ai^er of the $um of any multiples of those numbers, or their difference. 

For example, since 6 is a common measure of 18 and 94, it will be a measure of 
(3 X 18) + (4 X 24) which = 150; or of(7 X 18) - (3 X 24) which =54. Thismle can be 
proved true by algebra, and may be seen to be correct in the particular Ex. just given. 

Making use of this &ct, and referring to the first portion of Ex. II., I observe that 
every c. m. of 324 and 456 must be a measure of (456 — 324) or of 132; also that every 
c. M . of 132 and 324 must be a measure of (132 + 324), or of 456 ; hence the common 
measures of 324 and 456 are predsely the same as ttiose of 132 and 324 ; and therefore 
die grtatett c. m. of 324 and 456 is the same as the greatest c. m. of 132 and 324 : 
Again, I see that 60 and 132 are derived firom 132 and 324, just as these latter numbers 
were derived firom 324 and 456 ; hence it is plain that the o. c. m. of 132 and 324 is 
also the g. c. m. of 60 and 132, and still further that it is the same as the o. c. m. of 12 
and 60; hence the o.c. m . of the original numbers 324 and 456 is shewn to be the same 
as diat of 12 and 60; but the g. c. m. of 12 and 60 is 12; hence 12 is the g. c. m . of 
334 and 456. 



8 
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16. When we have to find the l. c. m. or o. c. m. of any 
numbers which are not large^ we may often^ after a little 
experience, see the answer^ without going through the work. 

Thus, if it were required to find l. c. m. of 3^ A, 6, and 8, 
a pupil would soon learn that 24 was the required number. 
The easiest method of performing this operation, without 
writmg, is to multiply in one*s head the largest of the 
numbers giTen, by 2, 3, 4, and so on, until a number be 
found which will contain all the other numbers. So, in 
3, 4, 6, and 8, if I try 2 x 8 = 16, it will not hold the 6; 
but 3 X 8 = 24 will hold the 6 as well as the 3 and 4, and 
therefore is the required l. c. m. 

17. Again, to find 6. c. m. of 4, 8, 12 : it is easy to see 
that no number greater than 4 can go in 4, 8, and 12, or 
that 4 is their g. c. m. 

When we can thus see the answer without working, we 
are said to find the l. c. m. or g. c. m. by inspection, 

EZS. 3. Find the o. c. m. of 



1. 348 and 390. 

2. 510 „ 595. 

3. 413 „ 343. 

4. 217 „ 643. 



5. 1836 and 1845. 

6. 4775 „ 10959. 

7. 715, 781, and 1067. 

8. 189, 216, „ 729. 



Shew that 327 and 529, also that 189 and 728 are prime to each other. 



Obs.— THE FOLLOWING ABBKEyiA.TIONS WILL SOMETIMES 

BE USED. 



Den' 

Num' 
Fr" . 
Mult" 
Add" . 
Sub» 
Diy 
Quot* 
Ex. 



for Denominator. 
Numerator. 
Fraction. 
Multiplication. 
Addition. 
Subtraction. 
Division. 
Quotient. 
„ Example. 



» 

n 
>» 
n 



Rem' ybr Remainder. 



Diff" . 
Comp* 
Red* , 
Com. 
Quan^ 
Imp' 
Frac* . 
Art. . 



n 
n 
n 
n 

n 



Difference. 

Compound. 

Reduced. 

Common. 

Quantity. 

Improper. 

Fraotional. 

Article. 



(9) 



FRACTIONS. 

18. Def. By the term Unit, we are to understand a 
single article of any kind, as 1 inch, 1 yard, 1 penny, 

1 ounce, &c. 

Def. Unity is merely another name for the figure 1 . 

19. A fraction is a part or parts of a number, or quantity, 
supposed to be broken into any number of equal portions. 
If, then, the unit be divided into 4, 5, or 6 equal parts, one 
of these parts will be called one-fourth, one-fifth, or one- 
sixth, and is thus written — ^, ^, ^. So also, if any two of 
these parts be taken, the quantities thus taken will be 
called ^tiro-fourths, ^uro-fifths, and two-sixihs, and be written 

2, 2, 2. 

20. The number below the line, which shows into how 
many parts the unit was broken, is called the denominator, 
because it expresses the denomination, or kind of parts, as 
fourths, fifths, sixths. The upper number, which enume- 
rates, or counts, how many parts are taken, is called the 
numerator. Thus, in the fraction ^, 5 is the denominator, 

2 the numerator. 

Obs. Such a fraction as I have been describing is called 
a Vulgar Fraction. We shall afterwards find that Vulgar 
Fractions of a particular class can be expressed in another 
form, and are then called Decimal Fractions, or more 
commonly Decimals. 

21. Again, any fraction, as -|-, may represent other 
quantities, besides being two-fifths of one, as we have just 
explained. 

Fig. I. 
— ! ! ! ! 1 1 inch. 

! ! ! • • 2 inches. 

b5 
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For if we divide the quantity 1, as I inch, into 5 equal 
parts (see Fig. 1), and also divide the quantity 2 into 5 
equal parts, then one of the latter parts will be twice as 
great as* one of ihe former ; or two of the former and one of 
the latter have the same value. Now, the former or smaller 
is one-fifth of I ; and the latter or larger is one-fifth of 2 ; 
and, since two of the former = one of the latter, therefore 
two-fifths of 1 = one-fifth of 2, or § of 1 = J of 2 ; and both 
these quantities are expressed by the fraction |. Similarly, 
^ means xiar-sevenths of one, or on^-seventh of six; 
^sh. means three-fourths of 1 shilling, or one-fourth 
of 3 shillings, each of which will, on trial, be found 9d. 

22. From what has been said, it will be seen that the 
den' of a fraction shows into how many parts the unit is 
divided ; since, then, ^ is proved to mean one-seventh of 
6, that is, it = 6 divided by 7 ; we hence see that a number 
placed as a den', underneath any other number as a num*, 
shows that this den' is to be taken as a divisor of the num'; 
thus, ^ impUes that 15 is to be divided by 7: but as long 
as I do not work out the div", that division is said only to 
be expressed. Thus again, in the fraction ^, we understand 
that 23 is to be divided by 7. 

We shall hereafter see more clearly than now, that if 
23 is divided by 7, the fraction ^^ may be called the 
quotient. — (See Appendix, Art., Fractional Quotient.) 

23. A fraction is called a proper fraction when the num' 
is less than the den'; thus ^, ^, are called proper fractions, 

because they really represent a part or parts of a unit, and 
are less than the whole unit 

24. A fraction whose num' is equal to, or is greater 
than the denom', is called an improper fraction: Thus, 
^, ^, are called ir^proper fractions, because they are not in 
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reality parii of a unit broken ap— t. e, are not less than 
the whole unit — bat they are either one complete anit^ or 
more than one. 

25. Any whole number may be made to appear as an 
improper fraction with any required den'^ by multiplying 
and dividing the whole number by that denominator. 

Thus, 3 =^^^ = i^: if the required den' be 7, 3 = -. 

DO 7 

26. A mixed number is one formed of a whole number 
and a fraction, as Si, which is read three and two-fiflhs — 
that is, three units, and two-fifths of another unit ; just as 
3s. 7d. means 3 shillings and ^ of another shilling, and 
might be written 3f^sh., where die unit is one shilling. 

27. A fraction consisting of two or more fractions, con- 
nected by the word of placed between them, is called a 
compound fraction ; BS^of^o^^i and a complex fracticm 
is one in which either the num' or den', or both, are 
fractions; as 

2f 1 H f of If . 

4' 7i' H' ^n"' 

This last fraction is thus read : eight-ninths of one- 
and-two-thirds, divided by seven-and-one-fifth. 

28. To multiply a fraction by any whole number, we 
multiply the num' and retain the same den'. 

Thus, if it be required to multiply ^ by 4,— just as 

4 times 5 pence = 20 pence, so 4 times 6-twelfihs = 20- 

,-,, 20 5 . 20 , . , 5x4. 

twelfths, or ~ ; .-. - X 4 = j^, which = — j^-; »• «• 

to multiply a fraction by a whole number, the num' is 
multiplied by the number, and the den' is not altered. 

29. Again, to multiply a fraction by any whole number, 
if possible, divide the den' by this multiplier, and leave 
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the numerator unaltered. By this rule we should have 

L V 4 - ^ ^ ^ 
12 12-^4 3* 

To proTe this, let any unit be divided — 1st, into 3 equal 

parts, and 2ndly, into 12 equal parts (see Fig. 2) ; then 

^ Fio 3. 



i I I I I I I I I I I I 

each of the larger parts is called -^^ and each of the smaller 
^. Now, one of the thirds is four times as large as one of 
tiie twelfths, therefore 6 of such thirds are 4 times as large 

as 5 of the twelfths : t. «. - = 4 times — = 4 x r-i or, in 

3 12 12' 

< < 5 

the foimer shape, __ x 4 = -, which = ; that is, in 

1^ 3 12 -^ 4 

multiplying by a whole number, the den' must be divided, 
and the num' left unaltered. 

I subjoin a specimen of the form in which these Ezs. should be worked. 

18 ^ 18 + 6 -3' 

5 . 5x8 40 
l8^®" 18" = IT 

Ezs. 4. 

I. Multiply I by 2, 3, 4, 5, 6, 7, 8, 9, successively. 
II. Multiply ^ by 3, 5, 6, 8, 9, 12, successively. 

30. To divide a fraction by any whole number, divide the 
num', if possible, and keep the same den'. 

Thus, if it be required to divide j| by 4, just as 12 pence 
divided by 4 would give a quot' 3 pence, so 12 thirteenths 
divided by 4, would give a quot' 3 thirteenths; or 

■jg -r 4 = Y^ which = — JZL_ ; i. e. the num'is divided by 
the given divisor, and the den' unaltered. 
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Bnt, if we cannot divide the nam'' of the fr° by the 

whole number, then we must multiply the den^ by this 

3 3 3 

diyisor. By this method -- ~ 4 would = = — 

^ 5 6 X 4 20 

To prove this, observe in the fractions J and ^ that in 

the first fir° the unit is divided into 5 equal parts, (see 

Fig. 3,) and therefore each = ^; and, in the second, the same 

unit is divided into 20 equal parts, and therefore each = ^ : 

4 Fio. 3. 



I tililiiliili I i I j i If 

now it is plain, from Fig. 3, that one-^&h, when divided 

by 4, becomes one-twentieth ; so tKree-Mih^ divided by 4 

3 3 S 

become /Aree-twentieths ; t. «. _ ^ 4 =-^, which = — - - ; 

hence we multiply the den' by the given divisor, and leave 
the num' unaltered. 

The following are specimens of the mode of working. 

9 9-».3_ 3 

To"*"^" To"" 10' 

A fi_ ^ _ 9 
10"*" 10 X 6 - 60* 

Obs. Since it rarely happens that we can divide any 
num' or den' by any chance number, we therefore, in 
multiplying a fr°, have, as a general rule, to multiply the 
num' ; and in dividing a fr°, to multiply the den'. 

Ezs. 4. 

III. Divide | by 2, 3, 4, 6, 6, 7, 8, 9, successively. 
IT. Divide ^ by 2, 3, 4, 7, 8, 9, 18, successively. 

31. We have now shown that to multiply a fr" by a 
whole number, we multiply the numT, and to divide a fr° we 
multiply the ien^ ; therefore if we multiply both num' and 
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den' bj the same quany, we shall have both multiplied and 
divided the fr^ by the same namber ; but since to multiply 
a quany by any number^ and then to divide by the same, 
leaves the original quan^ unaltered^ therefore to multiply 
both num' and den' of a fr" will not alter its value : 

rp, 3 3x4 12 

Thus, — = = -- ; 

6 5x4 20 ' 

and by observing Fig. 3, we shall see that since 3 of the 
large divisions, or Jifths, == 12 of the small divisions, or 
twentieths, we have by inspection the same result, 

32. So also, since by dividing the num' we divide the 
whole fr°, and by dividing the den' we multiply the same 
fy^; therefore, if we divide bothnum' and den' by the same 
quantity, the fr° will remain unaltered in value : 

ThuS,l?;=l?J2ll = l; 

' 20 '^ 20 -r 4 6 ' 
by a process opposite to that in the last Art. 



TO REDUCE A FRACTION TO ITS LOWEST TERMS. 
(Thr«wer, Cane I.) 

33. We have shown that both num' and den' of a fi^ 
can be divided by the same number without altering the 
value of the fr^ ; and if the num' and den' cannot be 
exactly divided by any whole number, the fr° is said to be 
in its lowest terms, because it is expressed in the lowest 
possible numbers. 

Thus, |, I are fr°^ in their lowest terms, because 3 and 4 
in the first fir°, and 5 and 6 in the second fi^, have no 
common divisor, or c. m. 
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But A is not in its lowest terms, for both nam' and den' 
can be divided by 4 ; and the fr° will then be |. So also, 
in fi*» g, 5 is G. c. m. of num' and den' ; and the fr" in its 
lowest terms = 3. 

It is plain, therefore, that if any fr° be not in its lowest 
terms, and we wish so to reduce it, both num' and den' 
must be divided by the greatest possible divisor, t. e, by 
their g. c. m. 

In working a sum of this kind we should express the 

operation thus : 

16 15-^-5 3 

26 "■ 26 -^ 6 "" 6 

but when, in future, it is necessary to use this operation, it 
may be thus written, ^ = ^, the intermediate step being 
omitted. 

34. When the num' and den' of a fi^ are both small 
numbers, the g. c. m. may be often found by inspection, or 
sometimes some cm. may be found, though not the greatest; 
and, by dividing by it, the fr" may partly be reduced ; and 
then a c. m. of the fr° so reduced may be found, and a 
second division performed, (ill we reduce the fr° if not to 
the lowest, at any rate to lower terms. 

Thus, ^ = ^ = J is now reduced to lowest terms. 

It is worth notice that every number ending in 6 or 0, 
must have 6 for a divisor, and every even number can be 
divided by 2. 

But if mere inspection will not tell us the g. c. m. of 
num' and den', it must be found by the method already 
given (14) for finding the g. c. m. of two given numbers. 

Ezs. 5. Reduce to thdr lowest terms 






16 FRACTIONS. 



TO REDUCE AN IMPROPER FRACTION TO A WHOLE OR MIXED 

NUMBER. 

(Thr«wer» Case II.) 

35. Ex. To reduce 'if to a whole or mixed number. We 
have before shown (22) that this fr° expresses that 17 is to 
be divided by 6 : now, if the 17 were exactly divisible by 5, 
the quotient would be a whole number ; but if not, as in 
this case, then since 15 is the largest multiple of 5 below 
17, we can divide the 15 by 5, and the quotient is 3; but 
the division of the remaining 2 by the 5 cannot be per- 
formed : it must therefore be understood, by placing the 
divisor 5 underneath the 2 as a den', and thus | may be 
said to be the quot* of 2 when divided by 6 : the whole 
quotient will, therefore, be 3 and | ; and the operation may 
be thus written — 

17_ 15+2 _15 2_ 2 

5 5 5 "^6 ■'"5 

or, as it is generally ¥nitten, = 3i. 

Also, since 5-fifths = 1, therefore 15-fifths = 3, and 17- 
fifths must = 3 and 2-fiflhs, or 3f , as just shown. 

36. In writing the whole operation as fully as has been 
done above, it is necessary to find what is the rem' after 
the num' has been divided by the den'. It must then be 
placed as the rem' 2 has been placed in the above Ex., and 
tiie 15 is of course found by subtracting this rem' from the 
whole num'. Where the num' and den' are small, this 
rem' may be found without working any div" sum on the 
paper ; but if the numbers are large, a div° sum must be 
worked before the above operation can be shown. 
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327 
Thttf : Ex. 2. Reduce -^ to a whole or mixed number. 

19) 327 (17tV 
19 

137 Here the rem' being 4, the Urgeit multiple of 19 below 

133 327 is 323, which contains 19, 17 times, 

4 

19 

.u^^ u 327 323 + 4 323^ 4 ,, . 
theiefow we have _ = —^ ^_ + -^17^; 

or, briefly written, -jg- = 17^,. 

EXS. 6« Reduce to whole or mixed numbers 

1- ¥ 3- W ^- W 7. 1^1 9. i^ 11. ig« 
2. ^ 4. ^ 6. 6^6 8. ^ 10. ^ 12. <jy> 



TO REDUCE A MIXED NUMBER TO AN IMPROPER FRACTION. 

(Tlurvwer, Case III.) 

37. Ex. To redace 3f to an improper frn. That we may 
explain this operation properly, we must observe, that in 
order to express two or more numbers in one sum^ these 
must all be of one kind or denomination ; thus, in a simple 
addition sum, we add units to units, tens to tens, &c. ; and 
in a compound addition sum we add together like quantities, 
as pounds to pounds, shillings to shillings, &c. 

If, therefore, I have to express in one sum 3 units and 2 
fifths, these two quantities must be reduced to the same 
kind. Now, I cannot reduce the fifths to a whole number, 
because two-fifths are less than unity; I must, therefore, 
reduce the 3 units to fifths, that is, I must express 3 as a 
ft" with a den' 5. 

Thus, by (26) 3 =?4^ = ~; adding then the Ifi-fifths 
to the two-fifths, 1 have the sum 17-fifths, or ^. 
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The whole operation may be thus expressed : 

«« 3x5 + 2 15+2 17 
^* 5 5-" = T- 

38. It will be seen that this Ex. is exactly the rererse 
of that in (35) ; and we may observe, that the num' of the 
improper fr", viz. 17, is obtained by multiplying the whole 
number 3 by the den' 5, and adding the former num' 2 : 
thus, in working the above Ex., I should say 5 times 3 are 
15 and 2 are 17. 

When, then, we have in future Ex" to reduce a mixed 
number, 3f , to an improper fir**, we should merely write 
3f = 17, where all the intermediate work can be performed 
mentally, when the numbers are not large. We could thus 
write 9 1^2 = ^^, because 12 times 9 are 108 and 7 are 115. 

EZ8« 7. Reduce to improper fractions 

1. If 3. 13^ 5. 130^ 7. 175j|5 9. 145^® 

2. 41 4. 276j| 6. 100|g 8. 45^ 10. 77^ 



TO BEDUCE FBACTIONS TO A COMMON DENOMINATOB. 

(Thr«wer» Case IT.) 

39. It has been shown (37) that numbers, whether whole 
or fractional, cannot be added together vnithout being 
reduced to the same denom*^ or kind. 

We must, therefore, show how to reduce firactions to a 
common den' ; and then they will be of the same denomi- 
nation. 1^ 3 5 7 9 

^''- 4' ^' 8' To- 

Now, in order that the firactions, when reduced, may 
still consist of as small numbers as possible, we shall 
always find their least common den'. 

Also, since we can alter the form of firacdons only by 
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multiplying or dividing both nam' and deni*^ we must 
therefore multiply these present den"^ each one by some 
number^ so that they all shall be changed into the new 
den'; and for this purpose the new den' mast be divisible 
by all these den", and therefore mast be their l. c. m. 

Working according to ( 12) we find the l. c. m. of 4, 6, S, 
10^ to be 120. We now choose sach multipliers as shall 
make 4, 6, S, 10^ become 120: these will be found by 
dividing 120 by tiie 4, 6, S, 10 ; iy;id are 30, 20, Id, 12. 

Now, we know (31) that if we multiply the den' of a 
fr° by any number, we must also multiply the nam' by the 
same number, or else the fr° will be altered in value. We 
therefore work thus : 

3 3x80 _ 90 

4 " 4 X 30 120 

6 _ 5x20 _ 100 

6 6 X 20 ^ 120 

7 _ 7 X 15 _ 105 

8 8 X 15 120 

9 _ 9 X 12 108 

10 ""10x12 "* 120 

and these fractions may be thus written, — I * * — * showing at 

once that they have the same den'. 

40. In working sums of this kind, we should have to 
write down the process of finding the l. c. m. of all the 
den", unless we could see it by inspection, which cannot be 
often done, when the numbers are large. 

If it can be done, we must then merely write as the first 
line of the work l. c. m. = 120, or any number that it may 
chance to be. 

MSJL 8. Reduce to their least common denominator 
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TO ADD TOGETHEB ANT NUMBER OF FRACTIONS. 

(Thr«wcr» Case T.) 

41. These may be all proper fractions^ or some of them 
may be proper^ some improper^ and some mixed numbers. 

We have ah*eady seen that in order to add fractions 
together^ we must reduce them to a com. den'. Now^ this 
has been done in the last two Art" ; and therefore we have 
only to conclude the operation in the last Ex. by performing 
the operation of adding the fractions so prepared. Now, 
we observe, that whatever number of quantities of any kind 
are to be added together, the kind or denomination is not 
thereby changed : thus, 7 months added to 5 months would 
be 12 months ; so, A^-twelfths + ^-twelfths = 7'twelfths, 
which, expressed in figures, gives ^ + ^ = ^ ; hence it 
is plain that we have only to add the num» together, and 
retain the same den*" ; therefore, so doing in the last Eb^., 
we have 

sum of the fr~ = ?^±1?^±M±12?= f?? 

120 120 

= 3M by (35). 

If the proper fr° ^ had not been in its lowest terms, it 
must have been reduced to that state before the sum coidd 
be called complete. 

42. If some of the fr°" to be added together be mixed 
numbers, we must first add the frac^ parts precisely as 
above ; and to this sum then add the amount of the whole 
numbers. Thus, if the Ex. which we have ju9t worked had 
been as follows, 3i + | + 6i + 15A (where the insertion 
of the whole numbers 3, 6, and 15, is the only alteration), 
we should then have, as before, 

sum of the fractional parts = 3M> ; 
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therefore, adding in the whole numbers, we have the whole 
sum = 3 + 6 + 16 + 3M) = 27 M). 

We will now work a second example completely. 

Find the sum of 5} + 1} + ^ + 4t + {• 





3,4, 


7,6, 


8, 




7, 


2x3, 


2x 


2x2, 




j^*^«d&« ^~ 1 


7x3] 


<8 = 1 


M x8 = 


:|68. 


2 


2x 


56 


112 




3 


3x 


56 


168 




3 


3x 


«2 


126 




4 


4x 


42 


168 




4 


4x 


24 


96 




7 


"■ 7 X 


24 


168 




5 


5 X 


28 


140 




6 


" 6x 


28 


168 




7 


7 X 


2] 


147 




8 


" 8x 


21 


168 




Qrac* narta : 


_112 


+ 126 


+ 96 + 


140 + 147 



168 

621 
= tS^ = ^TiJ = 3|| [in lowest terms.] 
128 

and whole sum = 5 + 1+4 + d}| = 13i|. 

Obs. If there be any improper fractions in the proposed 
example, they may be reduced to mixed numbers before 
we begin to reduce to l. c. b. ; or if they are not very large, 
we may proceed with them as with the proper fractions. 

9. Find the value of 

*• J + i + iJ + M 6. 17 + l^+^+13j| 

«• l + i + tt + g + J '• *ft + 8| + ^+ 17^+1^ 
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SUBTRACTION. 

(Tlur«wer, Case TI.) 

43. The examples under this head will be of diiSerent 
kinds. 

1st. When there are two fr*", both proper, as^ — ^, i. 
2nd. When there are two fr*", one or both of which are 
mixed numbers, as 7i— 3f, ii.; 8|-— 2f, iii.; 8— 2f, iv. 

If there be any examples containing improper fr°», such 
examples may either be worked as i. ; or, by reducing the 
improper fr"* to mixed numbers, we bring them under 
II., III., or IV. 

The difference between ii., iii., and iv. consists in this, 
that 

in II. the former frac^ part | is > the latter | ; 

in III. „ „ ^* §18 < „ p; (A) 

in IV. „ „ „ is 0, and .*. < |. 

44. Under the head of Subtraction will also come 

examples in which there are more than two fractions ; and 

wherein we have to find the difference between the sum of 

one set of fractions, and the sum of another set. as in the 

following 

Ex. 5* + 4i-i+3|-~7f; 

wherein the signs -f- t^nd — show that I am to take both 
^ and 7f , that is, the sum of ^ and 7f , from the sum of 

Def. If any numbers, either whole or frac^, are joined 
together by one or more of the signs +> —> &©•> the whole 
set of numbers thus connected is often termed an 
expression. 

45. Just as it it has been shown that fractions cannot be 
added together until they are reduced to a c. n., so it will 
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appear that one fi^ cannot be subtracted from another till 
the two fr" are reduced to a c. d. Thus, if I had to take 
3 pence from 1 shilling, I must bring the Is. to pence, 
and then take 3d. from 12d., obtaining a rem' 9d. 

3 I 

Taking, then, Ex. i. r;r — -, we may see, by intpection, that i.c.D. =20; 

10 4 

therefore 1= 3 >< 2 « 1 1 x5 5 



10 10x2 20' 4"'4x5"20' 

A 3 1 6-5 1 ,„. 

and =- — = . (B) 

10 4 20 20 ^ ^ 

When the l. c. d. is not large, say under 150, a pupil 
will, with a little experience, soon be able at once to write 
down the line (B), without working the two previous 
operations on paper. 

46. It was said in line ( A) | < ^; a beginner cannot see 
this at once ; but he may do so very readily — thus : we 
already know that no two quantities can be compared, to 
see which is the larger, unless they be of the same kind ; 
80, two fr°* cannot be compared unless reduced to a c. ». 
jiny c. D. will, however, do for the purpose of merely telling 
which of the two fr^ is the larger ; now the product of the 
two den" is always one c. d., but not always the least; 
therefore since 35 is a c. d. of | aad ^, 

2 3_ 2x.7~5x3 _ 14--15 ^ ^ 
5 7~ 5x7 "^ 35 ' ^ ^ 

and since 14 < 15, therefore -— < ^^ or - < -. 

35 35 5 7 

Now this result may be very rapidly obtained without 

any work on paper ; for if we observe line (C), we notice 

that the numbers 14 and 15, which numbers alone I wish 

to compare, are found by multiplying the num*" of the 1st 

fm** by the den*" of the 2nd, and the den*" of the 1st by the 
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nam' of the 2nd. Thos^ beginning with the nam' of the 
lst« I say, mentally, 2 x 7 = 14 : and again, 3 x 5 = 15 ; 
therefore, since the first product is less than the second, so 
also the first fr^ is less than the second. 
Taking one or two more Exs. of this process — 

3 2 

1. To compare - and - : I say, 3x9 = 27; 7x2= 14; 

therefore the former fr" is the larger. 

3 7 

2. To compwe -- and — - : I say, 3 x 12= 36; 8 x 7 = 56; 

o 12 

therefore the latter fi**^ is the larger. 

It will be noticed that the c. d. to which we have just 
now mentally reduced | and j[^ is 96 ; but when we come 
to the actual sub^, we shall not use this c. d., but the 

L. c. D. 24. 
47. In Exs. II., III., lY., we must employ the same 

process that we use in Comp^ Sub°. Take as patterns the 

three following : 



A 


B 


c 


«. d. 


«. d. 


«. d. 


18 9 


18 2 


18 


15 3 


15 5 


15 5 


3 6 


2 9 


2 7 



Now, in these Exs. it will be seen, that where the 
number of pence in the upper liner exceeds that in the 
lower line, as in (a), we can at once subtract the 3d. from 
the 9d., and the 15s. fi*om the 18s., giving a complete rem' 
3s. 6d. So in Ex. ii., 7f — 3?^, since | > §, therefore I can 
take the | fi*om the |, and the 3 fi*om tiie 7. 

3 2 

The difference of the fi*aci parts = - — = (when redaced 

4 6 

to L. c. D.) = -- ; and diff^ of the whole numbers 

4Q\f dS\J 
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= 7—3 = 4; therefore difference of the complete fractions 
= (7-3) + Qr_D = 4 + |, 

The following Ex. is written as it should be worked. 

Find the value of 9|-6i. 

L. C. D. = 40. 
3 1^15-8_ 7 
'** 8*" 5* 40 40 

And 9 > 5 == 4. 
.-. 9|-5J = 4^. 

48. But in (b) and (o) the number of pence in the 
lower line is larger than in the upper, and in both cases I 
must borrow Is. or 12d. from the 18s. in the upper line, 
and add this 12d. to the pence in the upper line, if there 
be any ; and when I have sub^ the 5d. from the 14d. in (b ), 
leaving rem' 9d., and from 12d. in (c), leaving rem' 7d., I 
subtract 15s. from 17s., (not 18s., because I have just 
borrowed Is. from the 18s.) and in both cases I have a 
rem' 2s.; therefore, the whole rem' in (b) is 2s. 9d., and 
in (c) is 2s. 7d. 

I now apply this process to Exs. iii. and iv., viz. 8^—2?, 

III.; and 8 — 2f, iv. As, then, in the Comp* Sub^' I 

borrowed Is. from the higher den° 18s., and added it to 

the pence in the upper row, if there were any, so I borrow 

1 from the 8, and add it to the former fr°, if there bo any ; 

thus in III. I add the 1 to the |, and then subtracting S, 

I say — 

|g_^^7 3_ 49-16 _a4 

*5 7 5 7 35 35' 

then, taking the 8 as 7, 1 have 7—2 = 5; therefore, com- 
bining the results of the two subtractions, I have 

8*-2f = 7-2 + ?i = 5 + ii = 5«. 

o5 
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The following Ex, is written as it should be worked. 
Find the value of 17^ - 1 1|. 

15 . iTu ,1535 9-5 4 2 

-<-- .-. borrowing 1,1 have 1- —-=---=—-—=- =-. 
26 *' 2 6266 6 3 

And 16 -11 =5. 

.-. 17i-ll| = 5|. 

49. In Ex. IV., 8 — 2f , I borrow 1 from the 8, but as I 
have no former fr° to which I may add this 1, as in Ex. iii., 
therefore subtracting the 2nd fr^ ^ from the 1, I have 

1-^= (whenreddtoL.c.D.)^-.4 = ^ = l; (I>) 
7 7 7 7 7 

and taking 7 instead of 8, as before, I have 7—2 = 5; 

therefore, I should work as follows — 

j_5^7 5^2 
7 7 7 7' 

And 7 - 2 = 5. 

•'• o — 2= — Oi» 

7 7 

oO. In the line (D) I may observe that when the number 

1 is expressed as a fr°, its num' is made the same as the 
den' of the fr'* which I have to subtract : thus, 7 is the new 
num', and is also the den' of the original fr'* ; whether, 
therefore, I subtract the smaller num' from the new num' 
or from the den' of the smaller fr°, I obtain the same result, 
viz. a rem' 2 ; and I might say at once 1 — | = |, where the 

2 has been found by subtracting the num' 5 from its own 
den' 7. Working thus, I should have written the whole 
Ex. as follows : 

8-2f=(7-2) + (l-f)=5f, 

only that in common use I should not write the two 
parentheses. 
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5 1 . Lastly: when there are more than two fractions^ as in 
Ex. V. 5i + 4i - J + 3* - 7f . 
Here^ omitting for the present the whole nomhers, I have 
to subtract the sum of ' and f from the sum of J + | + | : 
since the two fr°» to be subtracted are together less than the 
three from which I have to subtract them, no difficulty will 
occur, and I proceed as in an Ex. in Addition, taking care 
to arrange the fr°' to be subtracted last : 

\f S 6 2 7' 
9, 8, 6,2; 7. 

3x3, 2x2x2, 2x3, 7. 
L.C.D. = 9x 8x7 = 72x7 = 504. 



9x56 


504 


3x63_ 


_189 


8x63 


504 


5x84_ 


420 


6x84 


504 


lx252_ 


_252 


2x252 


504 


3x72 . 


_216 



Sec Art. (9). 



2 2x56 112 
9 

3 
8 

5 
6 

1_ 
2 

3 

7 7 X 72 504 

2 3 5 1 3_ 112 + 189 + 420-252-216 
•*' ^'^S'^B 2 7 504 

_ 721 -468 _ 253 
504 504 

therefore, bringing in the whole numbers with their proper signs, 

253 253 

the whole expression = 5 + 4 + 3-7 + tt^= 12-7 +-— 

52. We will take one more example of this kind. 
Ex. VI. 3i - 4i + 71 - J. 
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Now here J + |are>J + f; but since this cannot be seen 
by mere inspection, I proceed as in Ex. V., as though I did 
not know this, and provide for the difficulty at the proper 
time. Placing the fr**' to be subtracted last, I have 



4 
5 


2 

•^7 


1 
"2' 


3 
"4 


5 


,7, 


2, 


4, 


L.C.D. 


= 5 


x7 


x4=140. 


4_ 
Z 


4x 
5x 


28, 
28 


112 
140^ 


2_ 

7 


2x 

7x 


20. 
20 


40 
140 


1 


Ix 


70 


70 


2 


2x 


70 


140 


3_ 
4 


.3x 

4x 


35 
35 


105 
140 



then^fore 1 + ? - 1 - ? = 112^40-70-105 
5 7 2 4 140 

152 - 175 



(E) 



140 

Since, then, 176 > 152, it now appears that I ought to 
have borrowed 1 ; but rather than begin the work again, I 
proceed thus : from the ^ in line (E) I take as much of 
the lis as I can, viz. ^, and there will remain ^, which 
cannot be subtracted, and before which I place the sign ( — ), 
to show that it has yet to be subtracted; but if I now borrow 
1, 1 can subtract this ^ from the 1, and remember to count 
the first (+) whole number in Ex. VI. (t. e. the 3) as one 
less than it now stands. The whole operation may be thus 
written, re-commencing with the line before (E) : 

4 2 1 3_ 112 + 40-70-105 

5 7 2 4 140 

_ 152-175 ^-23 
140 140' 
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therefore borrowing the 1, 1-^ = 1^-^=211 

* * * 140 140 140 140 

aod writing 2 for 3 in Ex. VI., und inserting the whole numben with 
their proper signs^ 

the whole expre8sion=2 + 7 -4 + — = 9-4 + — 
*^ 140 140 

= 5iH. 
£X8. 10. Exhibit in one term each of the following expressions : 



1. 


'~K 


7. 


^-4? 




13. 


38-27iJ 


2. 


§"TO 


8. 


"^ - " 


5 
12 


14. 


31 + 43-71 


3. 


29_ 5 
55 17 


9. 


H-'^ 




15. 


isj-7ij + | 


4. 


g-tt 


10. 


n-^ 




16. 


n + 4|-^ + 3^-5|i 


5. 


SB-fe 


11. 


8-3g 




17. 


8|-^-§+l^-^ 


6. 


?§-« 


12. 


17-5 




18. 


i«J-^ + 4^-i-'A 



MULTIPLICATION. 

(Tlur«wer, Cases Til. and IX.) 

63. We will show, as we proceed, that the operation of 
multiplication in fractions may be expressed in two ways, 
and that the word of and the sign x placed between fr'^, 

have the same meaning : thus, we have to prove that 

fi 2 5 2 

— off of H and ^ x - x 3f have the same value. (F) 
7 3 7 3 

The pupil must here clearly call to mind the method of 

multiplying and dividing fractions by whole numbers. (31) 

5 2 
I will first begin with a pair of fractions, as - x -. 

7 o 

It has been proved that § means one-third of 2 ; there- 
fore I have now to multiply ^ by one-third of 2 : hence the 
product ought to be one-third of the product found by 
multipl3dng by 2 alone : i, e. if I multiply by 2, and then 
take one-third of that product, I shall obtain the correct 
result. 



32 FRACTIONS. 

common to both num'' and den^ these should be struck out 
before we complete the multiplication. 

We see in this case that there is a factor 5 in the num^ 
and den''; also, that 18 in the num' and 3 in the den' have 
a common divisor 3 : dividing by these common factors, 

1 6 

the expression stands thus 7-55- 

1 1 
The remaining factors in the nnm' are 1, 2, 6 ; and in 

den' are 7, 1, 1 ; these form a fraction — -— = -=^ =lf. 

7 7 

This process of striking out factors from num' and den' is 

called cancelling, and is to be continued as long as any 

factors can be found common to both num' and den'. 

When the numbers are large, this cancelling cannot be 

readily performed, except by those who have had some 

experience. 

Obs. a factor 1 left in a num' or den' will not alter the 

value of the other factors which remain, when we multiply 

together all those in the num', and all those in the den' ; 

and hence the figures 1 need not be written, as in the above 

Ex. ; but it must be noticed, that if no other factors remain, 

the value of the numr or den' will consist of the product of 

as many figures 1 as there were factors in the num' or denr 

before cancelling ; t. e. it will be = 1. If, therefore, all the 

factors in any num' or den' have been cancelled, the num' 

or den' of the fraction after cancelling will be 1. But when 

this occurs in the den', it need not be expressed, but the 

result written as a whole number. 

7 7 

Ex. II. 8|x35xg = ^x?^x^ 

4 

7x7x17 833 ,„. 
= —4 — X ^^^ 

= 208^. 
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Here 42 and 24 had a c. M . 6, and 6 and 35 had a c. M. 5. 

833 
The fir* -^ in line (L) will be in its lowest terms, if all the factors 

common to nnm' and den' have been cancelled at the proper time. 

2 

Here there are no factors to be seen in the num'; but we must remember 
that in reality there have been 4 divisions of the num' by the factors 7, 
15, 4, and 2; and therefore 4 quot**, which in this case are each = 1 ; 
therefore the real num' =1x1x1x1, or 1; so the quot** in the den' 
are 2, 1, 1, 1, and their product = 2 ; therefore the reduced fraction has I 
as num' and 2 as den', ». e. it is |* 



KX8.11. Hnd the value of 




»• i-Jof? 


5. J^of^of5jof7| 


2. lix^x2gofJg 


6. Jofjofjof^ 


3. ^of^of^ 


'• i^x^Jxi-Jof 


4. l<^xgof|aofH 


8. I-»ofgof^ 


DIVISION. 



6 
15 



(Tlur«wer, Caaes Till, and X.) 

58. The operation of Division may be expressed in two 

ways; 

U 

Thus-.n.!.^ and 12 
12 9 ' 6 

"9 
have the same meaning, both being read ^ divided by J. 
We have now to inquire how to perform this division. 
We know by (31) that 5 = 9 x § = 9 times g, or that 5 
is 9 times as large as |. If, now, I divide |J by 5 (when 
my object was to divide by |,) I shall be diWding by a 
quantity 9 times too large, and therefore my quotient 'will 
be 9 times too small ; to obtain, then, the true quotient, I 
c5 
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must multiply the first quot* by 9 ; i, e, the correct quot' is 
found by performing two operations — first, by dividing by 
5, and secondly, by multipl3dng by 9 ; and performing these 
two operations at one step, we have 

n_^5__ll 9 
12 • 9 12 ^ 5 
and by comparing the two sides of this equation, we see 
that the divisor § has been inverted into §, and the (-r) 
has been changed into ( x ), or the div^ changed into 
multiplication. 

If mixed or whole numbers are found in any expression 
which is to be simplified, we must, of course, reduce to 
imp' fr°*, and invert the divisor, as before. Thus 

9^1 _9^^^Sl 8 _ 8 

14| TTf 1^117" l^W i3" 
"F 13 

59. The following is a more complicated £x. involving both Mult" and 
Division. 

Reduce to the simplest form _i of -1?. 

8f 8f 

Here we reduce mixed numbers to imp' fr** — change of into ( X,) and 

invert the divisors, as was shown in last art ; and then, making two steps 

in the operation, 

38 77 

^, . 6 ^12 38 9 77 6 ,_. 

theexpression=^Xg5=-x-x_x^ (L) 

9 6 

19 

6 YX \^ 53 '^ 

_, 19x9 _171 
"^5x53 265' 

In working such Ezs. I should not write down both (L) and (M), bat 
perform the cancelling on the line (L), which would then become (M): but 
a pupil would have been confused at first, if he had not seen both lines 
written in foil. 
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EX8. 12. Find the value of 

IK ^4 7. .of4 ^hslA 

3. 9 + 4 11 18 ,3 

5 6. TTT ft — — -:- 17X ^ lA 

4. 1^ + 6 17y« 8- 3 of 43 • *'4 10. pJ2j 



SIMPLIFICATION OF FRACTIONS. 

(Tlur«wert Case XI,) 

60. Under this head is classed a variety of expressions 
intended to exemplify the operations previously illustrated ; 
and the working of the examples under it depends entirely 
upon a correct and ready use of the methods of performing 
Addition, Subtraction, &c., as already explained. There is 
no difficulty in any of them, so long as a pupil will pay 
close attention to the signs; but I will point out one or two 
Exs. wherein he is liable to err, though every such error 
must arise entirely firom want of proper observation. 

Ex. 4^of7^ + 2Jof 11. 

In working this, a pupil must take care that he reduces 
the whole expression on each side of the ( + ) to the simplest 
form before he begins to perform the operation of Add", 
which that sign (+) bids him perform. The same caution 
would be necessary if there had been ( — ) instead of (+ ) 
in the above example. 

I will work this Ex. as it ought to be written ; and leate a large space 
on each side of the (4-)y so that I may run no risk of connecting the twc 
parts incorrectly. 

4^ of 7^ + ajofll 



11 x^ 


+ 


5 11 
2'^1 


35) 
11 


+ 


^ [L.C.D. = 22] 


702 


+ 


605. 1807. ^„. 



22 22 
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Ex. II. Simplify ?i5!i+2A^ 

2|of3i 3iof7f 

Now, the whole of the fr" to the right of the sign (-7-) is a divisor of the 
fr* to the left of the sign ; therefore this right-hand fr" must be inverted, 
and the sign (X) changed to (-7-) : the expression will then be 

3|ofg 3^of7» . 

and this, by changing of into Xy and the mixed numbers into imp* fr~, 
becomes 



7„ 


5 


28 


54 


■2" 


8 


xll 


7 


17 


10 




TT 


T"" 


3 


11'' 


12 



and lastly,— inverting the fr" in the lower line, because they are divisors, 
and connecting all the fr" with mult' signs, I have 

♦u ^ 7 5 6 3 28 54 U 12 ,^,, 

the enture expression =-x-x_x— x-x^x — x^ (N) 

^ ]^ $ 3 l^H ^ n 1!2 

!^ H 17 \ISI a t 5J>^ \\ 
4 5^ % 

_ 3x3x7x3 _ 189_o 
4 X 17 68 ^^' 

In working such Exs. I should omit line (N) for the reason given in (59). 

I subjoin an Ex., wherein the whole quantity enclosed in () parentheses, 
or brackets, as they are called, must be reduced to as simple a form as 
possible, before the (X) or (-7-) joining the expression in brackets can be 
made use of. 

Thus; if I have to simplify (J--^) x (2| + 3i), I shall first reduce 
I - ^ to the simplest form; then 2| + 3^ must be reduced in like manner, 
and these two results must then be multiplied together, because the sign 
( X) is placed between the brackets. The whole work will stand thus ; 

7 3 35-12 23 i /• 

■8~iO=-4Cr-=40 '• (smceL.c.D. = 40) 

and2|+3i = 2 + 3 + | + J 

.^27 + 4 e^31 ... „ 



* A pupil will not necessarily perfonn the cancelling in exactly the same oider at 
above ; but the result will be the same. 
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Therefore, muldplying I. and II., I have 



40^ 36 
4853 



1440 = "AW,- 
Exs. 13. Reduce to the simplest forms 

'• i^^n-li ftof(^-f); ft -(^ off) 

II. §off+|ofl7j; ^+(iof7J)+^; (^ + gof7i)+ft 
,„ ^Jlilll). 7|x3| .Jofn 

(5§ + 3j)x(4of^. 




REDUCTION OF FRACTIONa 
(Tluwwer, Case Xll.) 

Def. Any qaantity involving money, weight, &c., — as 
4 shillings, 5 pence, | oz., is called a concrete qaantity ; 
and any number not involving any such denominations, — 
fts 6, 8, f, is called an abstract number. 

61. It is here intended to express in positive terms such 
quantities as |s., ^ of 10s. 6d. &c. ; L e, to express concrete 
quantities, being frac^ parts of any given den**, in terms of 
lower den°*. 

Thus, §s. must be expressed in tenns of pence, and 
frac^ parts of a penny ; jj of 10s. 6d. in terms of shillings, 
pence, and frac^ parts of Id. 

So, also, ^ of a ton would be expressed in cwts., qrs., 
lbs., oz., drs., and frac^ parts of a dram. 

It may happen that the proposed fr'^ can be expressed in 
an exact number of units of some one of the lower den°' ; 
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then^ of course^ there will be no frae^ part of the last named 
den^. 

62. I will now show how to perform the operation 
intended in the last article. 

It has been seen (21) that |s. means either on^-eighth 
of 5 shillings^ or ^y^-eighths of 1 shilling. We may, 
therefore, use either of these two methods : — divide the 5s. 
by 8, as in Comp** Short Division, and the process will be 

thus — ^ or, treating the fr° as g of Is., we 

may change of into (x), reduce the Is. to pence, and 
proceed thus — 

3 

5 -, _5xl2, 5x1,?, 15, ... 
_ of Is. = _^d. = _^d. = -d. = 7id. 

2 

This latter method seems more suitable to an Ex. which 
professes to belong to frn«, and is the one which I recom- 
mend> unless the den' of the proposed fr° be very large, 
so as to make the division to be performed rather difficult : 
in that case, to work by Comp^ Long Div^ is preferable, as 
being more likely to be correct. I will take such an Ex. 
and work it through by both methods. 

17 

Express in positive terms ^ of a ton. 

Working fractionally, we have 

10 
— of 1 ton = ^^ cwts. =-^ cwts. = 13t»j, cwU, 

13 

I now take the frac^ part of the cwts., viz. ^ of 1 cwt, 
and express it in the next lower den"*, viz. quarters, and so 
proceed,*till either there be no frac^ part left, or till I come 
to the last den'' in Avoirdupois weight 
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1 1x4 4 

•-- of 1 cwt=-— - qrs. = ^^n, {i.e, qrs. in the final quotient.) 
13 13 13 

4 -, 4x28„ 112„ Q.,, 

— of 1 qr. =^^lbs. =^ll>8. =8T^lb8. 

8 - , „ 8x16 128 Q., 

— of 1 lb. =__oz. =-j^oz- =9Uoz. 

— of 1 oz. = — r^drs. = Tgdrs. =13-r^,drs. 

17 '"'^ V*- Km. m. in. 

therefore, ^ of 1 ton = 13 8 9 13/,. 

Secondly, take ■— of 17 tons; t.^. divide 17 tons by 26. 
2o 

toaa. 

17 
20 



26) 


340 
26 

80 
78 

2 

4 


(13 cwt. 


26) 


8 
28 


(0 qn. 


26) 


224 

208 

16 
16 


(8 lbs. 


26) 


256 
234 

22 
16 


(9oz. 



26) 352 (13^^ drs. 
26^ 

92 

78 

If = -1 
26 13 

|iqr ewta. qn. Ibt. oi. in. 

therefore, as before, ll tons = 13 8 9 137^,. 

2b 

63. When Exs. under this Case involve money, it is well 
to carry the reduction no farther than pence and frac^ parts 
of a penny : for, since farthings are themselves written as 
fraci parts of a penny, therefore if we carry the reduction to 
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frac^ parts of a farthings the answer will appear somewhat 
complicated. I will work an Ex. which will illustrate this. 

151 

Express in positive tenns ---- sh. 
^ '^ 240 

^,. = l«lji?Jd. = :^»d. = 7iid. (O) 
240 !^^fii 20 '' ^ 

20 

llj 11 x4- 11- „, - 

— -d. = — _-Jfar. =_-f. = 2if. 
20 !^Q 5 

5 

therefore i^*8. = T^d. if. (P) 

240 ^ 

If I compare 7Hd. (O) and 71d. if. in (P), I see that 
the former fr** involves less labour^ and conveys to a person 
acquainted with fr"" the idea of the real value of the 
expression, at least as well as the other. 

64. When a unit of any den»* can be divided exactly by 
any number, as 4, 6, 6, kc, such fourths, fifths, sixths, &c., 
are called aliquot parts of that unit. 

Thus, since £1 or 20s. when divided by 3, 4, 5, 6, 8, 10, 
12, gives quotients involving an exact number of shillings 
and pence ; therefore thirds, fourths, fifths, &c., of £ 1 are 
called aliquot parts of £1. 

For example 

4.£ = 4s. 4£ = ®s. i£=16s. 

5 6 o 

l£ = 2s.6d. 4^=12s. 6d. ^£ = 17s. 6d. 

8 8 8 

i £ = 6s. 8d. - £ = 13s. 4d. 

3 3 

So also, Ish. = 1 id. i^h. = 7 Jd. -|sh. = 10 Jd. 

8 o o 

And since 1 lb. avoirdupois, or 16oz. can be divided exactly by 2, 4, 8 ; 
therefore halves, fourths, and eighths of 1 lb. can be at once expressed in oz. 

Thus, -lb, = 6oz. —lb. = 14oz. 

* 8 8 

and if the value of one or more of these aliquot parts of the denominatioDi 



FRACTIONS. 41 

ia comnum use be remembered^ the operationf performed in this Case will 
often be much shortened. 

Ex. ^£ = £^^sh.=^sh. = 3|8h. = 3s. 4id. 

8 

Exs. 14. Express in positive terms 
I. § of 108. ; I of 278. 5 f of ^ of 198. 6d. 
II. ^ of 1 ton ; ^ <^^ ^ ^^^' ^> TS^^^ quarter of com. ^ 

m. -s of J of a hhd. of wine ; Aoflweek; Xof366idays. 
IV. |of |ofaFr. ell; ^S^ of ^ of — of a square mile. 
V. ^ of a sq. yd. ; 2| of | of a lb. (Apoth.) 



RATIO AND PROPORTION. 

65. The next operation in Fractions will consist of the 
expression of one quantily in terns of. or as a fraci part of, 
another of like nature. Bat before proceeding to attempt 
this operation, it will be advisable to discuss one of the 
most important relations in numbers, without which a pupil 
cannot understand the principle upon which such Exs. will 
be worked. This relation is termed Ratio. 

And as this consideration of Ratio leads to the doctrine 
of Proportion, I have thought it well to continue the 
subject in one unbroken thread, and then refer to this 
explanation, when I come to the treatment of questions 
involving Proportion and its applications. 

66. When two quantities are placed before us — as, for 
instance, the lines A, B — and we wish to compare their 

magnitude, we perceive that there is a certain 
relation between them, which we familiarly call 
the comparative size of them; and this comparison 
or relation is measured by seeing how often the 
one quantity contains the other. 



B 
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Now, to see how often one quan^ contains the other — as, 
for example, how often 36 contams 6 — we divide the former 
by the latter, i. e. the 36 by the 5, and the quotient is ^5 
therefore, to see how often the line A contains the line B, 
I divide A by B : i. e. the relation of A to B is expressed 

by the fr° ~. 

^ B 

This relation is called the ratio of A to B, and is thus 
expressed, A : B. 

If A > B, the fi'^ expressing the ratio of A to B, i, e, -, 

B 

will be an improper fr^ greater than 1 ; 

A 

If A = B, the fr° will become — , or unity; 

jIV. 

A 

If A < B, the fr^ will become — , a proper fr°. 

B 

Also, when the fr'* — is greater than 1, the ratio of A to 

B 

B is called a ratio oi greater inequality, because A > B. 

When the fi* -.= -. = I, the ratio is called a ratio of 

B A 

equality; and when the fi^ ^ is a proper ft"*, the ratio is 

B 

called a ratio of less inequality, because A < B. 

67. If the num' and den' of a fr'* expressing ratio both 
consist of the same kind of concrete quantities, the ratio 
between th^e quantities will be an abstract number. 

Ex. If the lines A and B represent 4 inches and 3 inches 

respectively, then A:B =_. = -_^— 1 = — .; and 

i5 3 m. 3 

if, instead of inches, these lines had represented 4 
feet and 3 feet, or 4 lb. and 3 lb., the ratio of A to 

. B would still be |, and of B to A would be ^ 

But if the num' and den' be of the same species 

" of concrete quantity, but not expressed in the 



-B 
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same denommatioii, the ratio cannot be represented by an 

abstract quantity^ until they both be reduced to the same 

4 feet 4 1» 4 . 

denomination. Thus, — ; — ^— does not = - feet, or - m. 

or -, but it = — ?5l=: — = — , an abstract number. 
9 9in. 9 3 

If quantities be not of the same nature, there can be no 

ratio between them ; thus : is no ratio at all, since 

5 mmutes 

we cannot compare the magnitude of 4 feet and of 6 

minutes. 

This article must be especially noticed, as upon it will 

depend the mode of working the £xs. which have been 

alluded to in {66). 

68. We now see that any fraction, as |, has still a fuither 
meaning, beside what was stated in (21), viz. the ratio of 
2 to 5, or, as it is written, 2:5; and | may be called 
a ratio. 

If, then, two other quantities be taken, as 4 and 10, and 
it is found that ^ = §, then we see that the ratio of 4 to 10 
is equal to the ratio of 2 to 5, and this fact we express 
either thus, 

4: 10 = 2:5, or 4: 10:: 2:5; 

the latter expression is thus read-~4 is to 10 as 2 is to 5. 

When, therefore, two ratios, as ^ and |, are placed 
before us, and we learn that they are equal, we say that the 
four quantities, 4, 10, 2, 5, are Proportionals. 

69. We may now define Proportion to consist in the 
equality of two ratios. Of the above-mentioned numbers 
4, 10, 2, 5 — 4 and 5 are called the extremes ; 10 and 2 are 
called the means, because they are intermediate between 
the extremes. 
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Also^ when 4 quantities are given> and we wish jto 
ascertain whether they are proportionals or not, we most 
see if the fi^ expressing the ratio of the 1st and 2nd = the 
fr^ expressing the ratio of the 3rd and 4th. Thus, if I take 
the numbers 6, 6, 7, 8, and wish to try whether they are 
proportionals, I compare |, the ratio of the first pair, and I, 
the ratio of the second pair ; and if these fr>^ are proved 
unequal, the above 4 quantities are not proportionals. 

Now, it was shown in (50), that to compare two frac^ 
quantities we must bring them to some Com. Den'. 
Reducing the &°^ | and | to a c. d. 48, we have to compare 

5x8 J 6x7 ,^v 

_and -^ (a) 

And since -— is not = -— , therefore — is not = -►, and 
48 48 6 o 

5, 6, 7, 8, are not proportionals. 

It will be seen in line (Q) that the test as to whether or 
not the four proposed quantities be proportionals, consists 
in multiplying, 1st, the two extremes 5, 8, and 2ndly, the 
two means 6, 7 : and if these products be equal, the four 
quantities are proportionals ; if they be not equal, the four 
quantities are not proportionals. 

This operation may generally be perfonned mentally : 
thus, ifltake5, 8, 9, 16,Isay5x 16 = 80, and 8x 9 = 7?; 
therefore these quantities are not proportionals. Again, if 
I take 4, 9, 5, Hi, since the product of the extremes 
4 times lli = 4x^ = 45, and the product of the means 
9 X 5 = 45 ; therefore these last four quantities are pro- 
portionals. (See Appendix, Art. Ratio.) 

70. Having now explained how to tell when four 
quantities are proportionals, we proceed to show how, 
when three numbers are given, we may find a fourth 
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number, such that the other three and this fourth shall be 
proportionals. This is sometimes called finding a fourth 
proportional to three given terms. But, in order to explain 
this process the more readily, I ^ill first explain some 
operations in Fractions which have not yet been noticed. 

71. We have seen (28, 29) that to multiply a fi^ by any 
number, we may either multiply the num' or divide the 
den' by this multiplier. Thus, if I wish to multiply ± 
by 10, it becomes 

nw 15 — ' 

4 4 _ . 

therefore, if I wish to multiply a fr° by its own den', I 
obtaui the correct result by merely taking away that den'. 

Now, if I multiply two equal quantities by the same 
multiplier, the products will be equal. If, therefore, in the 
equation, 

4 2 , , 

10 = 5- ^^-^ 

I multiply both sides by 10 ; the first side becomes 4, as 
just shown, and the second side becomes 

2 X 10 ^, r A 2x10 , , 

—1^ — ; therefore 4 = — - — (11.) 

5 o 

By comparing (i.) and (11.) I find that I have transferred 
a den' of one side of the equation into the num' of the 
other, without disturbing the equality. 

Again, it has been shown (9) that if I have a product, 
as 7 X 5 X 3, and I wish to divide this product by one or 
more of its factors, I have merely to strike out such one or 
more factors ; i. e. if I wish to divide 7 x 5 x 3 by 5, I 
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remove the 5, and have as quotient 7x3; therefore, if in 

equation (ii.) I wish to divide the right-hand side by 2, I 

have only to cancel the 2, and leave as the quotient y* 

also, dividing the left-hand side by 2, by making 2 as 

the den' (22), but not performing the division, J have the 

quotient |. 

Since, then, I have divided both sides of the equation 

(ii.) by 2, the quotients must be equal ; 

. 4 10 , , 

e...-=_ (III.) 

On comparing (i.) and (iii.) it will be seen that I have 
now transferred a factor 2 from the num' of the right side 
to the den' of the left ; or made a multiplier of one side 
into a divisor of the other : also that I have transferred a 
quantity 10 from the den' of the left side to the num' of 
the right side. And these processes might have been per- 
formed, whatever had been the two fractions given in (i.) 

72. We may now, therefore, conclude, that if two equal 
fractions are placed before us, we can transfer any factor 
from the num' of one side to the den' of the other, and 
from the den' of one side to the num' of the other, and the 
equality will still exist. But it must be distinctly noticed, 
that we do not change the places of these factors by 
subtraction and addition, but by division and multiplication: 
thus, if I have 

3 6 2x3 , , 

and I wish to remove a 2 from the right-hand num' to the 

left-hand den', I divide the num' by the 2, and multiply the 

other den' by it, and I have 

3 _ 1x3 . 
6x2 10 



FBACTIONS. 47 

now^ it is not necessary to write this fig. 1 as I have done^ 
because 1x3 = 3; but let us remove the 3 fi*om the right- 
hand num'^ and I have 

3 _ 1x1 _ 1 
5x2x3 10 10' 

It appears^ then, that if I remove all the factors, t. e. the 
whole num^ I must remember that I leave as many 
quotients 1 as I removed factors, and therefore the numr 
or den' fi'om which the factors have been taken = the 
product of all these figures 1, and is therefore =1. If this 
product, which = 1, occurs in the den', we do not write it 
down, because f = 6. 

I will illustrate by an example this power of changing 
the places of num' and den', as just explained. 

We know that-. = -^ : ( !• ) 

7 35' 

Change, first the 7, and secondly the 15, and we have 

3^7x^5 (^ andl = ^ (in.) 
35 ^ ^ 15 35 ^ ' 

Next, in III., change first the 3, and secondly the 35, and 

we have 

1 7 , , , 35 7 , , 

— = (IV.) and---. = — (v.) 

15 3x35 ^ ^ 15 3 ^ ^ 

Comparing (i.) and (v.), I find that (v.) is (i.) inverted : 
hence, I learn that if two fr°* are equal, they will be equal 
when inverted. However complicated the two equal frac- 
tions may be, this will make no difference : 

T^us, if II = |. 

„. 7tx 35 „, „„ _ 7ix35 „ 72 _ 7* 
we can say, H = -^j^. or 72 = -g^. *"^ 35 " 3^- 

73. Having established the truth of the above operations, 
I proceed to solve the following question. 
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If three nambers be given^ as 6, 6, \0, what mast be 
taken as a fourth number^ such that the four^ when taken 
in order^ shall be proportionals ? 

Now^ as I do not know (or, at least, the learner does 
not know,) the required number, let the letter N stand for 
or represent this number ; and I have now to try and find 
what this N must be. 

Since, then, 5, 6, 10, and N are required to be propor- 
tionals, therefore we must have the ratio between the first 
pair 5, 6, = that between the second pair 10, N ; t. e, 

change 5 and N, as shown above, and we have _. = —-. 

6 D 

Next, throw the 6 into the right-hand num', and we find 

N = ^iii^ (S) 

2 

- -T~ '^- 

5 10 
Put 12 for N in (R), and we have _ = — , which we know 

to be true, and therefore 5, 6, 10, 12, are proportionals. 

The result of this article must be most carefully noticed : 
for in observing (S) we learn that the required 4th number 
N was thus formed from the three former ones, 5, 6, 10 : viz. 
that it is the value of this fr° — the product of the 2nd and 

2nd X 3rd 



3rd terms, divided by the first ; or it = 



1st 



Exs. 16. Find a fourth proportional to each of the foUowing sets of 
numbers : — 

I. 3,7,15; 5,2,11; 9,8,^ 

III. 19, 18, 17 ; 17, 18, 19. 

74. We have shown that, in order that there may exist 
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a ratio between two qaantities, they must be of the same 
kind ; since, then, there is to be a proportion among the 
three given quantities and the fourth, therefore between 
the 1st and 2nd there must be a ratio, and an equal ratio 
between the 3rd and 4th. Hence we see that the second 
pair must be of the same kind ; that is, the 4th quantity, 
when found, ought to be of the same kind as the 3rd. 

Now, if we observe the ft* in the last article, we 

1st 

notice, that since it is allowed that the 2nd and 1st are 

alike in kind, therefore the -- — will be an abstract number 

1st 

(67) ; and therefore the 4th, which = i5^ X 3rd, = 3rd 

1st 

multiplied by some abstract number; t. e. it will be the 

3rd term repeated as many times as there are units in this 

number, and therefore will be of the same kind as that in 

which the third term was expressed. 

0»*rl 

Also, if the 2nd term be greater than the 1st, - — will be 

ISv 

a fir° > 1, and this multiplier of the 3rd term will be greater 
than \, and the 4th term greater than the 3rd ; but if the 

2nd term be less than the 1st, then will be a proper 

fr°, and the multiplier less than 1, and the 4th term less 
than the 3rd. (See Appendix, Art., Proportion.) 

75. We may here notice a form of expression that we 
familiarly use, when we say, that two quantities are pro- 
portional to one another ; as, for instance, that the amount 
of a servant's wages is proportional to the length of his 
service. Here, apparently, two quantities of different kinds 
are compared, viz. money and time ; but, in reality, four 
quantities are implied, viz. two periods of time, and two 

D 
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amonuts of wages. For since one year and one year's 
wages may be taken as fixed standards^ by which we may 
measure other periods and other amounts ; therefore I 
mentally compare any proposed length of service and the 
corresponding amount of wages with these fixed standards ; 
and the orighial expression means this — that there is the 
same ratio between any given length of service and one 
year^ that there is between the amount of wages for that 
service and one year's wages ; or, that these two periods of 
service and two amounts of wages together form a propor- 
tion in this order^ 

Given time : I year : : wages for that time : wages for 
1 year. 

If we wish to ascertain whether two quantities are what 
is here called proportional to one another, according to 
the common usage of the words, we may try if doubling 
the one quantity causes the other to be doubled ; as for 
example, in this instance — will the wages be doubled, if 
the time of service be doubled P Since this is the case, 
therefore the wages and time are proportional in the sense 
explained above. 

The correct^ though not common mode of expressing 
this proportion, is to say, that the cunount of wages varies 
as the length of the time of service. 

76. But sometimes this proportion occurs in a different 
form ; as, when a man has a certain number of miles to 
walk in any time ; then, if he quickens his rate of going, he 
can complete his task in less time. In this case it would 
be incorrect to say that the length of time was in proportion 
to the rate of walking ; for, according to the test given 
above, I ask — if the rate be doubled, will the number of 
days be doubled ? the answer is, no : on the contraiy, tX 
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will be halved. There is here, then, eWdently a proportion 
(taking the same word in the common usage,) but of 
a different kind, viz., that as one number is increased by 
multiplication, the other is correspondingly diminished by 
division. 

As, in the first instance, it was said that the wages 
varied as the time, so, in this second example, the relation 
between the two quantities is correctly expressed by saving, 
that the number of days varies inversely as the rate of 
walking ; or, as it is commonly said — in the first Ex., the 
wages were directly proportional to the time ; and in the 
second Ex. the number of days is inversely proportional to 
the rate. 

Proportion has here been shewn to involve 4 quantities ; 
these need not, however, be all different. Thus, if I find 
3 quantities, whereof the ratio between the 1st and 2nd = 
that between the 2nd and 3rd, then the three quantities 
are said to be proportional : thus, 3, 6, 12 are proportionals, 

because| = ^, or 3 : 6 = 6 : 12. (T) 

Also, to find this 3rd propor^ 12, when the two former 
ones are given, we must compare line (T) with an ordinary 
proportion containing 4 quan^ and we shall see that 12, the 
required 3rd, is in the 4th place, and the 2nd quon^^, 6, is 
repeated in the 3rd place : hence, the usual equation 4th = 

?5liL^, wiU become 3rd = ?!}^2S^ ; and, if 3 and 6 be 
1st 1st ' 

the 1st and 2nd terms, we have 3rd = — - — =12. 

o 

Exs. 16. 

Find a third proportional to eacli of the following pairs of numbers : — 
IV. 8, 12; 12, 18; 15, 16; 20, 15; 
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BEDUCnON OF FRACTIONS. 

(Tluwwcr, €a«e Xm.) 

77. We are now able to perform the operation alladed 
to in (65) viz., to express one quantity in terms of another, 
or 83 a frac^ part of another. This fi^ connecting the two 
quantities will shew the ratio between them, and maj be 
either proper or improper. 

For example — ^to express 9d. in terms of £1, is to see 
what ratio 9d. bears to £1. Hence, according to what has 
been explained concerning ratio, we saj, 

9d. in terms of £1 = 9d. : £1. 

_ 9d. _ 9d. _ 9 _ 3 , 
£1 240d. 240 80' 

and transferring the £1 from the den' of the left-hand 

fr^ to the nomr of the right-hand fr^ by (71), I have 

9d.=^ X £1> or ^ of £1. This result may also be obtained 

as follows : — 

I hare to express pence in terms of £1. 

Now, 240 pence = £1 ; therefore, taking ^^prth part of both sides — 



and multiplying by 9, 






and transferring the £1 from the right-hand rumerator to the left-baod 
denominator, we have, as before, 

9 pence _ 3 
~£l 80* 

Tt will be observed, that by this second method wc have an independent 
proof, that the ratio between two concrete numbers of like kind, as pence, 
pounds, StCsf is an abstract number. 
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78. Either of the two methods just shown may be 
employed ; bat I prefer the former, because it more 
decidedly keeps the idea of ratio before the mind ; and an 
Ex. so worked can be written out in a more condensed form 
than by the latter method. It will be noticed that the two 
concrete quantities are both to be reduced to some com" 
den^, in order that the ratio between them may be expressed : 
thus, in the last Ex., both were reduced to pence. 

Ex. II. Express 7s. T^d. in tenns of 10s. 6d. 

Here I exhibit both numerator and denominator in terms of pence : 
and write 

183 61 
7s.7id. _ 91^d. _ 2 l,a^ _61 

10s. 6d. 126d. T^ 2x^lG( 84' 

43 

I might have reduced both numerator and denominator to half-pence, 

but a pupil would not easily reduce Is. 7^d. to half-pence mentally; but 

he might write it in pence and a fraction of a penny, as I haTe done, and 

then the successive steps of the work will be seen more clearly. 

9d 3 
Referring to Ex. I., we read — -^ = ^> '^^ since, by (72), two equal 

fractions may be inverted, without disturbing the equality; therefore 

£1 80 

Z—z=.^; or, changing the 9d. to the right-hand numerator, 

9d. 3 

£l = ^x9d.;or=??of9d. 
3 3 

Hence we see that in every Ex. where we nave to express one quantity 
in terms of a second, we can express this second in terms of the first, by 
merely inverting the ratio which connected the first and second. Thus, in 
Ex. II., 

since 7s. 7 Jd. = -- of 10s. 6d. ; 

84 
therefore lOs. 6d. = ^ot 7s. l^d. 

79. Sometimes fractions may be involved in both numr 
and den', as in 

Ex. III. Express 1} of 2a. Ir. in terms of 3 acres 2| roods. 
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Here, bringing both quantities into roods, and changing q/ into Xy «e 
haTe 

l|of2a. Ir. ix9r. _ ix9 
3a.2ir. "" U^r. " US' 

2 

7 9 !^ 63 

^ T 29 58' 
2 

This should be left as an improper fraction, because I can then read off 

this desired result — that 

If of 2a. Ir. : 3a. 2^r. = 63 : 58; 

or that the ratio of these two portions of land is that of 63 to 58. 

As in (64) it was shown to be advisable to be able to 
express aliquot parts of any den° in terms of lower den"*, 
so, with a little experience, a pupil will, by a reverse process, 
mentally work easy Exs. in this Case, so as at once to see, 
that 5s. in terms of £ 1 = J ; that 6s. 8d. : £ I = J, and so on: 
and a readiness in performing such simple reductions will 
often materially shorten the labour of more complicated 
Exs. Thus, to express | of 13s. 4d. in terms of 10s. : — 

By observing that 13s. 4d. = fjC, and 10s. = ^£, I have 

iofI38.4d. ■ }^off£ 7 % ^7. 
m. li H ^3 ^1^6' 

^2 
or, iof 13s. 4d. = ^of lOs. 

By the ordinary method I should have reduced both 13s. 4d. and 10s. 
to pence or fourpences, and the resulting fraction would have required 
much heavier reduction than mine has needed. 

80. When either the num' or den' of the left-hand fi* 

requires much reduction to a lower den°, it is better to 

express by signs the multiplication requisite to perform this 

reduction, rkther than to perform the mult°, and put down 

the result; because, when either num' or den' is thus 

expressed in factors, it is in the best form for detecting 

the probability of any cancelling taking place, so as to 

present the resulting fr° in its lowest terms. 
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JFor example, in redueing 5 drs. I sc. 15 grs. to the fraction of 1 lb., I 
must bring the 1 lb. to grains, and I write 

5 dr. 1 sc. Id grs. _ 16 sc. 15 grs. _ 335 grs. 



lib. 



1 xl2x8x3sc. 
67 


12x8x3x30 ^rs. 
_ 67 _ 67 


12 X 8 X 3 X 1^^ 
4 


96 x 12 1 152 



(«') 



But in this Ex. we may also notice that the last denomination 15 grs. 
may be very readily expressed as a fraction of the preceding denomination, 
viz. scruples, for 15grs. = ^sc. = -|-sc. ; therefore instead of the two 
latter fractions in line (U), 1 should write 

16jsc. _ 4 _ 67 _ 67 

12x8x3sc. 12x8x3 4x12x8x3" 12x96 

67 
1152' 

Of these five fractions the last four are merely reductions to a simpler 
form; and the number of steps which a pupil may have to write down in 
working Exs. similar to the one above will depend, partly on the magnitude 
of the numbers involved, and partly on his own quickness in working 
mentally. 

I wiU give one more Ex. in which the work is condensed, 
but still the successive operations are intelligible. 

Express — of 4id. in terms of 9s. 7id. 

Hof4id. _ HxVcl. ^U^17^ 5^ ^j7_. 

9s. 7id. I15id. 12 ^ !?^\ 504' 

3 21 

or,Hof4ld. = ^^of9s.7jd. 

Exs. 17. 

1. Express Is. 3d., and 17s. 6d... . in terms of £1. 

2. „ 17s. 7 id., „ 25s. 9^d. . . „ 1 guinea. 

3. „ 12s. 7fd., „ 23.11^8. .. „ 15s. 6d. 

4. „ ^ ^^ ^ moidore, and 3^ groats „ 12^ guineas. 

5. „ 3 £, and -• of7s „ 1 farthing. 

6. „ 3 qrs. 1 ^ nls., and X in. . . „ I Flem. ell. 



56 FRACTIONS. 

7. „ S oz. 5 drs. 1^ sc in tenns of 1 lb. 

8. „ I of 1^ guineas „ £5, 

9. „ I of 1| of an acre „ I sq. yd. 

10. „ ^ of 1| of 3 miles „ 5 miles. 

11. „ 1 hour „ 3| of 365^ days. 

12. „ 2j^7 of I of 15 solid inches „ 3| cubic yds. 



SIMPLIFICATION OF FRACTIONS ; INCLUDING EXAMPLES IN THE 
COMPOUND RULES, WHICH INVOLVE FRACTIONS. 

(Thrower, Case XIT.) 

81. Under this head ore arranged — 1st. Exs. involving 
the expressing of frac^ quan*^ in positive terms^ and requiring 
both Addition and Subtraction, as — 

I. |£+|of21s.-|of27s. 

2ndly, Exs. in Compound Addition, Subtraction^ Multi- 
plication, and Division, in which fractional quantities are 
involved. I give one of each. 

II. £3 6s. 8id. + £2 lis. Sid. + £4 13s. 9f d. 

m. £7 16s. 8id.-£3 lis. lOid. 

IV. £8 14s. 2Ad.x46id. 

V. £38 3s. 4id. -f- 13*d. 

82. In Ex. I. we may use either of the following methods, 
viz. reduce all the quantities to the same denomination, and 
then find the value of their sum as in (62) ; or express in 
positive terms each fraction separately^ and then find the 
value of the whole by Compound Addition and Subtraction. 

By the first method, reducing the quantities to the 
fraction of £1, 1 have 

^£+?of2ls.-^of27s. 
8 4 8 

s^'^i^'so*' §'^20*' 
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^/4 ?8_^1^\^ 
V8 80 160^ 



_100+136-189« ,. ,^, 

= rgg fc (since L. C. D. = 160) 

^ 2g6-189 p, 37 p 
160 160 

•°*^ So ^^^^'^' " ?^- = '*»'**• ^ ^- ^*^- 

8 

By the second method — 
|.£(64)=12g.6d. 

also, i of 2l8h. = ^sh. =: 15|8h. = Ids. 9d. 
4 4 

and I of 278h. = l|?sh. = 23tsh. = £1 3s. 7id. 

therefore ^£+|.of 2l8.-|.of 27s.= 12s. 6d. + I5s. 9d.- £1 3s. Tjd. 
8 4 8 

= £1 8s.3d.-£l38. 7id. 
= 4s.7^d. 

83. Ex. n. £3 68. 8W. + £2 lis. 8id. + £4 13s. 9fd. 
Commencing with the addition of the fractional parts, I have 

|d.+Zd.+|d.=?»±|l±i«d. 

6 8 3 24 

= gd. = i^d. = 2ld. 
24 8 " 

and carrying the 2d. to the rovr of pence, I complete the sum as in Com - 
pound Addition; and the whole amount = £10 12s. 3|d. 

84. Ex. m. £7 168. 8id.-£3 Us. lOid. 

Commencing with the subtraction of the fractional parts, 
I observe that § < |; therefore, borrowing Id. from the 8d. 
in the former quantity^ I have 

l*d-2d-/'^-^-^U = 'y^^^d. = 23d. 
*B**- r--V6 8/ 24 24 

and completing the sum by Comp<^ Sub«», the whole differ- 
ence is £4 4s. 9ffd. 
d5 
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Ex. IV. £8 14s. 2 Ad. x 46Jd. 

Now, since to multiply by 461- is to repeat the multi- 
plicand 46 times and § times, therefore, if I multiply the 
given comp<* quan^ by 46, and then take | of the same, the 
sum of the two products will be the product required, viz. 
461^ times £8 14s. 2 Ad. Proceeding as in Comp^ Mult", 
and working m the margin those parts of the mult" which 
involve fractions, I have 



£8 14s. 


V.d. 
9 X 5 + I = 46 


rax7^d.-^^^d.-5id.] 

A 


£78 7s. 


Hi 
5 


4 

Andiof(£8 14s.2/jd.) 


£391 19s. 
£8 14s. 
£7 14s. 


8|^ = 45 times 
10^ = 1 „ 


8 X (£8 148. 2tT,) 
9 

__ £69 13s. 8|d. 
9 


£408 8s. 


95V = 465 » 


r- 2 7 , 14, ... 1 
for la X — rd. = — d. = 4|d. 

3 







= £7 14s. lOaVd. 

The 2^ d. is thus obtained : after 
dividing the pence by 9, there 
remained 2d. ; therefore I had to 
divide 2|d. by 9— the quotient 

8^ 
2|d. 3 , 8 , 



Sum of the fractions 



\4 12 27/ 



^7+63 + 32 



108 



d. 



122 

Ids' 



= 51 

54 



Again, 46|. = ^ ; therefore I may multiply the given sum 



^y ^ ; «• ^- multiply by 422, and divide by 9. But as this 
■second method involves more labour, and would therefore 
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be not so generally used, it is not worth while to work 
the Ex. oat> especially as the process of Compound Multi- 
plication, where fractions are involved^ is sufficiently shown 
in the former method. 

85. Ex. V. £38 3s. 4td. -^ 13*. 

There is but one mode of working this Ex., viz. to reduce 
the divisor to an imp^fr" — invert it, and proceed as in 
multiplication. 

Now, 13i=*|i; and this, when inverted, becomes j|^. 
Therefore the Ex. becomes £38 38. 4id. x ^^ ; t. e. I have 
to multiply the given sum by 9, and divide by 124. The 
work will be as follows : — 



9 X -j-d. = yd. = 5|d. 





£ 
38 


«. d. 
3 4| 
9 




124) 


343 10 5} 

248 


(£2 




95 
20 






124) 


1910 
124 


(158. 






670 
620 


• 






50 
12 






124) 


605 
496 


(4d. 





109 

There now remain 109d. and |d., which have not yet 
been divided by 124 ; the quotient = 

547 
i2W: = J.d. = ^ll-d. = 517d. 

124 124 5x124 620 

and the whole quotient is £2 15s. 4|-|od. 

EXS. 18. Find the value of 

1. I guinea + ^ of 13s. 4d.-^ of 27s. 

2. I ton + g lb. + ^ cwt (in lbs. and oz.) 
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3. I mile — | furlong + |l^ pole. 

4. l^acr. + ^ rood — ^sq. yd. 

5. £7 16s. S^d. + £138 4s. 10|d. + £78 6s. d|d. 

6. 27 yds. 1 ft 8| in. + 5 yds. ft 9| in. - 2 ft. Of in. 

7. 4 tons 3 cwts. 2f qrs. + 15 cwt 57 1 lbs. — 3 qrs. 13 lbs. 5| oz. 

8. £463 12s. 4f d. <w £764 i9s. 3fd. 

9. £114 8s. Ofd. X 8f. 

10. £15 9s. 8iid. X 23f. 

11. 17 yrs. 3 mo. 2 wks. 3 dys. x 375i*f. 

12. £135 Os. ll^Vd. -!- 12j^ 

13. 1684 lbs. 10 oz. 17 dwt. 11^ grs. -^ 47|. 

14. £13 15s. 9T\d. X 17^ 

15. (£3 8s. 7id. + £2 17s. 5id.) -^ 15^. 



MISCELLANEOUS EXAMPLES. 

86. These^ of conrse, consist of questions involving one 
or more of the various processes which we have considered; 
and all that can be done towards guiding the pupil in 
working such Exs. is, merely to assist him in judging what 
operations are required in solving any proposed question. 

What was said in (60) applies more particularly here, 
viz., that it is necessary most carefully to note the signs, or 
rather the words which express signs. As an instance of 
this caution, I will consider the subjoined Ex.; and in 
order to work it, I shall endeavour to see what operations 
are intended by the words employed in the question. 

Ex. I. Multiply the sum of §, | of |, and 4, by Hi. 

Now, the sum of means addition, or {-{-), and of means 
( X ); therefore, this Ex. expressed in signs is {i+Ci^D+^l 
X 7U. This is now a mere Ex. of simplification as in (60); 
and the remaining work may be completed by a pupil. 

87. Ex. II. How many persons may receive each 3is. 
outof £l3i? 
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This is only a Reduction sum, involving fractions ; and, 
in plainer language, means — how often are 3is. contained 
m £13* ? or, if I divide £ 13^^ by 3is., what is the quotient ? 

£l3t 



The quotient required is 



3t8. 

69 208. 
13tx208._ 5 ^ 1 

""3?;^ s— (w) 



3 4 

= zrix— x^ 
^ 1 ^^ 



" =72. 



By (67) we know that the second fraction in line (W) 
ivill be an abstract number ; and the result, 72, shows that 
Hb. are contained 72 times in £ 13|^. 

88. Ex. III. Compare ^£, g of a guinea, and | of 1 Is. lO^d. 

We cannot compare quantities without bringing them to 
some common name ; u e. in order to compare fractional 
quantities, we must reduce them to their l. c. d. 

These quantities may therefore either be expressed in 
positive terms, as pounds, shillings, pence, &c., and then 
compared ; and this is the best method when we wish to 
know the difference in value between the quantities; or 
they may be all expressed as fractions of one common 
quantity — say, of £1, or of 1 guinea, and then reduced to 
L. c. D. I use the latter method, because then I see more 
clearly the ratio between the quantities. 

Reducing to fr" of £1, 1 have 

3 3 21p 63 « 

— guinea = - x -—£ — — — £. 

8* 8 20 160 

Ai 2 -„ ,^., 2 I42ip % 569 « 569 « 
Also — of lis. lOld. = - X -— -e* = ^ >< z. — ^rrx* = ttzt.^- 
3 ' 3 240 3 ^x240 1440 

2 

Hence the 3 given quan% when expressed in the same den*^, are 

3p 63 p , 569_p 

— Jb« — x>« and x^. 

7^' 160 ' 1440 
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A 4 •.. . « « 4320 3969 3983 

or, reduced to L. c. D. , , 



10080' 10080' 10080' 
or in the ratio of 4320 : 3969 : 3983. 

89. I will work in full the following £x.^ because upon 
the method of working it depends the solution of many 
questions in Arithmetic and Algebra. 

Ex. IV. Kj + ^ + j^of a number amount to 36, what h 
the number P 
v^ 1^^^ 1 4+3 + 1 8 2 

^""3^4^15=— ir-=r2=3" 

And, by the question, this sum = 36 ; 
e. €, I of the number = 36 ; 
therefore, dividing both sides by 2, 

^ of the number =s 18 ; 
and, multiplying by 3, 

-J- of the number, i. e, th6 whole number s= 3 x 19 a= 64. 

90. The following is an Ex. which is to be worked upon 
a principle similar to the last. 

Ex. V. If A can do a piece of work in 3 hours, B in 6 
hours, and C in 7 hours, in what time can they do it, aU 
working together ? 

Now, A can do the work in 3 hours; 
therefore A can do i of the work in 1 hour; 
so, B „ i „ 1 hour; 

and C „ -f „ 1 hour; 

therefore the three, A, B, C, working together, can perform 

1 1 1_ 35+21 + 15 71 . , , 
-3^5^7-"^' 105 <>^ToJ^°^^^"^> 

71 
therefore, if they do ----' in 1 hour, 

105 

they will do -— — in --. hour, 

•^ 105 71 ' 

and therefore --— , or the whole in -J— hours; 

that is, in lf{ hours. 
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By ob^enring the frn ^ expresfdng the amount done in 
1 hoar, and }ff, the namber of hours required for the whole 
work, we find that they are the reveroe of one another ; 
and this we might have expected, for the quantity of work 
done in any given time bears an inver$e ratio to the amount 
of time in which it is done (76). 

Here I have been finding the time of doing the whole 
work. I give one more Ex., in which it is required to find 
how much of a given piece of work can be done in any 
fixed time. 

Ex. VL A cistern is filled by two spouts in 20 and 24 
minutes respectively, and emptied by a tap in 30 minutes ^ 
what portion of it will be filled in 15 minutes, when they 
are all left open together, the infiux and efflux being 
uniform ? 

Sioce the 1st tap would fill the whole in 20 mio. 
therefore it would All ^^tb in 1 min. 
§0 also, the 2Dd „ ^^th in I min. 

therefore ^ + ^4 t^re poured in by both together in 1 minute ; but g\, i» 
diicbarged in 1 minute by the third tap; therefore, subtracting the 
<Iiiaatity discharged from that poured in, we have remaining in the cistern 
at the end of 1 minute, A + A ~ s^o i 

and thl. - «*»pi = '• - 4 
120 120 

7 7 

therefore at the end of 16 minutes there remains \^ x or 1 ; hence 

in 16 minutes the cistern will be seven-eighths full. % 

Exf . 19. A. 

1 . Explain the terms product^ dividend, quotient, 

2. With 263 for quotient, 368/169 for dividend, and 6 for remainder, 
what is the divisor ? 

3. Find the diflTerence between one million and ten, and ten thousand 
and nine. 
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4. Write an equation involving the signs of addition, subtraction, 
multiplication, and division. 

5. If a man's yearly income be known, what rule must be used to find 
his daily income ? Ex. If the income be £532 ds. 1 0d., what is that per day? 

6. What is the smallest number that can be exactly divided by the 
nine digits ? 

7. If light travels 192,000 miles per second, and the sun*s light reaches 
us in 8^ minutes, how far is the sun from the earth ? 

8. If 360 degrees be passed over in 365^ days, how much is that per 
day? 

9. To how many persons may £4 13s. 6d. each be given, out of a 
sum of £79 9s. 6d.? 

10. What sum of money will be required to distribute to 10 poor men, 
15 women, and 20 children, the respective sums of 2s., Is., and 6d. ? 

11. Out of an income of 500 guineas, it is desired to lay by £150; 
what must be saved and spent dally ? 

12. Compare the product and quotient of 2^ and 1|. 

13. Give the rules for multiplying and dividing fractions by whole 
numbers, and illustrate the processes by examples. 

14. From unity subtract |, add J, subtract 4, and add ^; find the ratio 
of the result to the fraction | of 1}. 

15. The sum realized by a bankrupt's estate is £7848, being -^ of his 
debts, find the amount of the debts, and the dividend paid. 

B. 

1. How many dollars, each 4s. 6d., are contained in 20 moidores ? 

2. How many times will a wheel, 7 ft. 4 in. in circumference, turn in 
3f miles ? 

3. If a railway carriage move 42 feet per second, how many miles is 
that per hour ? 

4. Find the value of 1000 oz. of silver plate, at 13s. 9d. per oz. ; and 
shew how many times more valuable the same weight would be in gold, 
at £13 8s. l^d. per oz. 

5. A yard of Cambridge buttejr weighs 1 lb., what should be the length 
of one penny-worth, at 17 Jd. per lb.? 

6. What sum must be divided among 18 men, and 9 women, so that 
each man may have £1 33. 6d., and each woman | of that sum ? 

7. A cask is required which can be filled by any one of the following 
measures, ^ pint, ^ gallon, 3 gals., 5 gals., and 9 gals. ; find the smallest 
cask for this purpose. 

8. Find the value of -^ ^^ -gj of a lb. Troy. 

9. Out of a sum of £18/ir, how many persons may receive 2s. 7|d. 



«C 
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10. Shew whether 3 : 19 is greater or less than 2^ : 14^ ; and find the 
change in the last term, that the foar may form a proportion. 

11. Of a package of cloth, J is sold at 2s. 6d. a yard; } at Is. 6d. 
a yard, and the remaining 25 yds. at Is. lOd., gaining 2d. per yd.; find 
the whole gain on the package. 

2 1} 

12. Find the product and quotient of y- and «^. 

13. What fraction of £2 15s. is £2 Hs. 9d. ? 

14. If J of a ship be woith d£73 Is. 3d., what part of her is worth 
£250108.? 

15. Find the o. c. M. of 324 and 720, explaining the truth of the 
process. 

c. 

1. Express in words (l)|the sum, and (2) the difference of 4,000,309 
and 70,002. 

2. Find in lbs. the value of 3 tons 14 cwt. 57 lbs. — 1 ton 17 cwt. 3 qrs. 

3. In coining 40,000 penny pieces, each costing |d., how much profit 
was made ? 

4. What number of steps 2 ft. 1 1 in. long, will be taken in walking 
45 yards? 

5. The cylinder of a railway engine is 18 in. long ; how far will the 
piston travel in 500 revolutions of the driving wheel ? 

6. In 56 guineas, as many pounds, moidores, and half-crowns, how 
many groats ? 

7. If 25 yds. of cloth cost £7 17s. 6d., shew without using any pro- 
portion statement what is the value of 36 yds. 

8. If £1 sterling be worth 26 francs 50 cents, find the number of 
francs that can be obtained for 1000 guineas. 

9. A clock gains 7^ min. per day, find the gain per minute. 

10. How many days would it take to count 800 million coins, at the 
rate of 125 per minute ? 

11. Find the l. c. m. of 6, 8, 12, 18, 24, 27, explaining the process 
that you use. 

12. Express in the smallest integers the ratio of -- to ^. 

li 5 

13. After using I of a cheese, | of the remainder sold for £1 2s. 5id. ; 
what was the whole cheese worth ? 

14. From the sum of | of 7s., and | of half a guinea, take | of a guinea, 
expressing the result as the fraction of a moidore. 

15. What number added to |, ^, and | of §, will make a sum total of 5? 
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B. 

1 . Find the value of 3645 x 700705 -i- 37. 

2. How many acres in a field 202 yds. long, and 167 yds. broad ? 

3. A bar of gold, valued at £3 I7s. lO^d. per oz., is sold for 
£1429 Os. lid,; what was its weight? 

4. A sheet of letter-press contains 24 pages, of which | are large type, 
having 32 lines to the page, and 54 letters in a line ; and the remainder 
is small type, with 45 lines to the page, and 64 letters in a line, how many 
letters are there in the sheet? 

5. Oat of a yearly income of £1000, £737 17s. 6d. is spent for 35 
years, how much will have been saved in that time ? 

6. In a foot race, where 50 yards start are given to A, the hindermost 
B gains 5 feet in every 50 yds. ; where will the competitors be at the end 
of a mile ? 

7. The duty on tea is 2s. 2^d. per lb., how much must pay the doty, 
to make 5 millions sterling ? 

8. How many plots of land, each 50 square perches, can be made out 
of a square mile ? 

9. The pendulum of a church clock vibrates 15 times in 4 minutes, 
bow many vibrations in 24 hours ? 

10. Define proper, improper, and compound fractions, giving two 
examples of each. 

11. Compare |^> £i, and | of g. 

12. A person receives £750 for -^ of his share of a mine worth £10000 ; 
what fractional part of the whole was his share ? 

13. What is the ratio, expressed in integral numbers, between the sum 
and difference of 17 * and 27 tV ? 

14. If I gain 18§s. in 15 guineas, how much is that in the pound? 

15. Three men. A, B, C, can do a piece of work in 2, 2^, and 3^ hours 
respectively, how much of the work could be done in 20 minutes by them 
all working together? 
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DECIMALS. 



91. It is known to all who understand Numeration, that 
where several figures are placed in a horizontal row^ so as 
to form one number, the value of any figure depends upon 
its distance from the figure nearest to the right, or, as it is 
commonly called, from the units' place. Thus, if we take 
the number QQQQ, we know that the four figures, counting 
from left to right, have these values respectively — 6000, 
600, 60, 6 ; where we observe that the first 6 to the left 
has 10 times the value of the second — the second, 10 
times the value of the third, and so on : or, going from 
right to left, each figure has one-tenth of the value of the 
one preceding it ; in other words, any figure, when moved 
from right to left is multiplied by 10 every step, and when 
moved from left to right is divided by 10 every step. For 
example, in the number 

D C B A 

if I move 6 from a to d, or three places to the left, I in 
reality multiply it by 10 x 10 x 10, or 1000, i. e. the 6 
becomes 6000. Again, to change a 6 from c to a, or two 
places to the right, I divide it by 10 x 10, or 100 ; t. e. the 
figure which before represented 600 now represents 6. 

92. Since, then, it has been shown that successive 
figures to the right are found by dividing by 10, let this 
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division be continued beyond the units' place ; we ought, 
therefore, to have, as the value of the first figure to the 
right of the units' place, ^th of 6, or ^ ; of the next, ^th 
of ^» or ^ ; so, of the next, j^ ; of the next, pj^, &c. 
And when these four additional figures are placed to the 

BFOH 

right of the units' place, the entire number will be 6666*6666, 
where a point has been set after the units' place, to show 
where the new figures commence. The entire number now 
consists of 6 thousands, 6 hundreds, 6 tens, 6 units (or 6), 
6 tenths, 6 hundredths, 6 thousandths, 6 tenths of thou- 
sandths. 

EVOH 

Also, observing *6666, it may be seen that the same rule 
holds that was true of the whole numbers, viz. that to 
move any figure firom right to left is to multiply by 10 
every step, and fi-om left to right, is to divide by 10. For 
example : if I change the second 6 from t to h, or move 
it two places to the right, I change it from xSs'to j^^t 
which = ^■^ 100; L e, I have divided it by 10 x 10, or 
by ten twice. 

Again, if I change the fourth 6 from h to e, or move it 
three places to the left, I change it from x^ to ^, which 

H 

= T5&R5 ^ 1000 ; L e. I have multiplied 6 by 10 x 10 x 10, or 
by 10 three times ; hence the same law holds both on the 
right and left of the point. 

Def. If a number be multiplied by itself any number of 
times, it is said to be raised to a power. Thus, the 
multiplication of 2 x 2 x 2 is otherwise expressed by saying 
that 2 is raised to the power of 3 ; and a small figure 3 
placed to the right of the 2 and above the line (thus, 2' ) 
indicates or explains how many factors, 2, have been 
multiplied together. In like manner, 10* expresses the 
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multiplication of four factors, each \0, and is called the 
fourth power of 10. 

This small figure is called the Index, or Exponent 

93. It appears that the figures on the right of the point 
in reality represent fractions, as ^ ^ i^ &c., all of 
which have as denominators either 10, or powers of 10; 
hence they are called Decimal Fractions, or Decimals. 
And the point which is placed to separate the whole 
numbers firom the decimals is called the decimal point 

Obs. For the future, in speaking of Decimal Fractions, 
I shall use the single word Decimals; and for Vulgar 
Fractions, the word Fractions. 

94. We have just seen (91) that in writing down the 
value which any single figure represents in the whole 
number 6666, viz. 6000, 600, 60, 6, we place as many 
ciphers at the right-hand of each 6, as will keep it in the 
place which it had in the number 6666 : so also, in the 
number -6666, if we wish to write down the value of each 
one of these four figures separately, we shaU have to place 
as many ciphers to the left of each 6 as will keep it in the 
place which it had in the number '6666, or at its proper 
£stance horn the point Hence these four figures, when 
placed singly, would be 

•6, -06, -006, -0006; (X) 
and, as in whole numbers we might go farther to the left, and 
have as the next figure 60000 ; so, by going farther to the 
right in the decimals, I should have as the next figure •00006. 
Comparing the four quantities in line (X) with the 
value which we have shown to be due to them, viz. ^, ^, 
j^ kc, we have this connection, 

5.= . 6 -5. =-06 _?_ = -006 -A_ = -0006 

io 100 1000 10000 
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where it will be observed, that the number of ciphers in 
the den' of the left-hand side equals the entire number of 
figures after the decimal point, whether ciphers or not, on 
the right-hand side. 

95. Taking this fact as proved when there is but one 
figure in the num' of the decimal frac**, I shall now show 
that this is true, whatever be the number of figures in the 
num' of the frac° ; for example, that ^^ = '0675, where 
there are four ciphers in the left-hand den', and ionT figures 
after the decimal point. 

675 600 . 70 5 



For 



10000 lOOOO 10000 lOOOO 

6^7.5 

+ 



100 1000 10000 * 

and these, by what has just been shown, in last Article, 

= •06 + -007 + '0005 

= 6-hundredth8 + 7-thuU8andth8 + 5-tenths of thousandths 

= 0675; 

675 
t, e. = '0675, which was the required result. 

10000 ^ 

Hence any frac™, having as a den' any power of 1 0, can 
be immediately written as a decimal, by writing down the 
num' only, and so placing the decimal point that it shfll 
have as many figures on its right-hand, as there are ciphers 
in the den' of the given frac°. And if the num' does not 
contain as many figures as there are ciphers in the den', — 
that is, as many as it is necessary to have after the point, 
the amount must be made up by placing as many ciphers 
between the point and the figures taken from the num' as 
shall complete the desired number. 

Thus, ??^ = 3-275 -Zil- = -00743. 

' 1000 100000 

In the latter Ex. I find it necessary to place two ciphers 
between the point and the 743, to make the number of 
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figures to the right of the point equal to the numher of 
ciphers in the left-hand den'. 

The pnpil should now be able to read any decimal either 
in one sum, or express it in terms of the several parts of 
which it is composed. Thus, 3*275 may be read in terms 
of its several den°", viz. 3, and 2 tenths, 7 hundredths, and 
5 thousandths : or 3, and 275 thousandths ; and here it 
will be observed that when a decimal is expressed in one 
deni^, that denn will be the lowest contained. Thus in 
reading *00743, since the 3 stands for hundredths of 
thousandths, therefore '00743 stands for 743 hundredths 
of thousandths. 

96. The position of the decimal point determines the 
value of every figure both on the right and left of it, that 
is, both of the whole numbers and the decimals. There- 
fore, to move the point to the right has the same effect as 
moving all the figures to the left ; and to move the point 
to the left, is equal to moving the figures to the right. 

Now, it has been shown (92) that to move a figure one 

place to the left is to multiply it by 10 ; therefore, if in any 

number containing a decimal point, I move the point one 

place to the right, I in reality multiply every figure in the 

number, and therefore the entire number, by 10 : similarly, 

if I move the point to the left one place, I divide it by 10. 

Hence, if I wish to multiply a number containing a decimal 

point by 10, lO'*, 10^, &c., I move the point 1, 2, 3, &c. 

places to the right ; and if I wish to divide the number by 

10, 10", 10^, &c., I move the point 1, 2, 3, &c. places to 

the lefL 

Ex. 3275-468. (Y) 

Moving the point two places to the right, the number 

becomes 327546*8 ; and it will be found that any figure has 



72 DECIMAL FBACTIONS. 

now 100 times the value that it had before. The 5 formerly 
stood for 5 ones, or 5, but now for 5 hundreds, or 500 ; the 
6 for 6 hundredths, or ^, but now for 6, or |^ x 100 ; that 
is, each figure has been multiplied by 100, merely by 
moving the point two places to the right. 

Next, let the point be moved three places to the left, 
and the number becomes 3*275468 ; and we then see that 
the 7, which in (Y) was 70, is now only ^ or ^ ; that 
is, has one-thousandth of its former value : so, also, the 3, 
which before represented 3000, now represents only 3; 
hence it appears that the entire number has been divided by 
1000, merely by moving the point three places to the left. 

Exs. 20. 

I. Multiply 8-034 by 10, 10,000 100,000, and 1,000,000 successivdy. 
II. Divide 175-04 by 100, 100,000, 1,000,000 and 10, successively. 
III. Multiply -005 by 10% 10* j and divide it by 10, 10', 10*. 



CONVERSION OF VULGAR FRACTIONS INTO DECIMALS. 
(Throirer, Cases I. luid III.) 

97. In the use of Decimals we shall find it necessary to 
know how to convert decimals into fractions, and fractions 
into decimals. And it will be seen that there are two 
classes of fractions, one containing those which can be 
exactly expressed as decimals, and the other, such as cannot. 
We shall presently show the ground upon which this variety 
rests; and shall first treat of the former class, which 
includes all fractions which, when in their lowest terms, 
have, as den", numbers which contain the figures 2 and 5 
as their only factors. These may be called convertible 
fractions. 

98. We have seen that a frac^ whose den*" is a power of 



DECIMAL FRACTIONS. 73 

10, can immediately, by inspection, be converted into a 
decimal. Hence, to bring a fraction into a decimal, I 
most first, if possible, reduce it to a fraction with such a 
denominator. 

And since fractions can be chauged into equivalent fr°* 
of difierent den", only by multiplyiug or dividing both 
nnmi^ and den', my object will be to find some multiplier 
or divisor which shall transform the den** of any proposed 
fi* into the required form, 10, 100, 1000, &c. 

Any den' which contains an equal number of both 2*8 
and 5's, will evidently contain as many factors 10, as 2 and 
5, and therefore be of the form 10, 100, 1000, &c. Take 
for example as a den' 2x2x5x5= 10x10= 100 : and 
when a fr^ with such den' is converted into a decimal, there 
will plainly be as many decimal places as there are 2's or 5's. 

Next, let the den' contain 2's only, or be a power of 2, 

3 3 

as- or— ,. Now, if I multiply both num' and den' by some 

power of 10, and then divide both num' and den^ by the 
original den' 8, the resulting fr" will have a den' of the 
required form : but if the new num' can be divided exactly 
by 8, it follows that the multiplier must contain all the 
factors of 8, f. ^. 2 X 2 X 2; and since this multiplier contains 
only iO's, and each 10 contains one 2, therefore I must 
have three factors 10 to contain the above three 2's ; i, e. 
my multiplier must be 10x10x10= 1000. Using, then, 
this multiplier, and dividing by the 8, I have the whole 
process as follows : 

/ 3000\ 
3 ^ 3000 _ "irV 375^ ^ .«.. , . ^ 

8 8000\~"ni5r/ 1000 ^ ^ 

and in dividing 3000 by the 8, it is found that the division 

will not terminate until I have used the 3 ciphers, as was 

foreseen. 

E 
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We have just now multiplied num^ and den' of | by 1000 
and divided by 8 ; thit'is, we have multiplied by ^, or 
125.: if, therefore, we at once multiply by 12|5> we oaghtto 
obtain the same result. The work would then be 

8 8x125 1000 ' ' 

99. In working Exs. of this elass, a pupil should at first 
write out the operation as in line (A), omitting tibe fr° in 
brackets; but in practice the work may be performed 
mentally, by^^e method of Short Division. ' 

Since* 8 is 'a divisor, I commence aft foUoi^Si — 8 in 3 
units gives no Unit^; I must therefore bring these units 
into tenths, and say, 8 in 30 tenths, which gives 3 tenths 
as quotient, and 6 tenths over ; and since. 6 tenths =: 60 
hundredths, 8 in 60 hundredths gives 7 hundredths, and 4 
hundredths over, or 40 thousandtiis ; 8 in 40 thousandths 
gives § ihousandths; and there beinjg^ no remainder, the 
division terminates : and collecting the three quoti^ts, 
viz. 3 tenths, 7 hundredtl^s, and 5 thousandths, we plainly 
have ^ = "375. 

In Simple Short Division, as soon as I know where to 

put the first quotient, I can write down the others in order; 

so here, as soon as I find that the first quotient consists 

of tenths, I can place the .other quotients without further 

consideration. But in determining the first quotient there 

is a liability to error ; for if a pupil takes the fi* ^, and 

begins to di^ade by 80, he may incautiously cut off the 

ciphers fi'om divisor and dividend, as in Simple Di\-ision : 

but, by placing the fr** thus 

8 0) 3-0000 
•037d 

it will be found that if I cut off a cipher at the end of the 
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dindend, I remoye a figure which has no value ; whereas, to 
take firom the 80 diminishes it tenfold : I must therefore 
sajr, 80 in 3 units gives as quotient units ; so also, since 
3 units = 30 tenths, 80 in 30 tenths gives tenths. Again, 
30 tenths = 300 hundredths, and 80 in 300 hundredths 
gives 3 hundredths; hence must be put as quotient 
under the tenths, and 3 under the hundredths ; the 
remaining quotients will then fall into their proper places 
by mere Simple Division. . 

But in examples like this, where the den' contains a 
power of 10, it is best to divide by the other factors first, 
and then divide by that power of 10. In the Ex. ^» we 
should divide both num' and den' by 8, and then divide by 
10, by inspection. Thus 

»=:?Z5 = .0375 
80 10 

So, ttlso, -?- = '^'^^ = -000375 by (96) 
' 8000 1000 ^ ^ ^ 

100. If the den' of the it^ \^e a composite niunber larger 
than 12, we may perform the division by breaking the 
den' into factors, and dividing by them successively. For 
example 

32 8 ^ ^ 

= -15625. 

where the latter fraction in (B) was obtained by dividing 
num' and den' by 4. 

A fraction whose den' has 5*s only as its factors, must 
be reduced to a decimal by a process precisely similar to 
the one exhibited in (A) ; and the power of 10, which is 
to be used as a multiplier of num' and den', must, by the 
same reasoning as in (98), have as many factors 10 as 
there are factors 5 in the den'. 



76 DECIMAL FRACTIONS. 

Ex. ^. Here there are two factors 5 in the den'; 
therefore I shall have to multiply by 100, and divide by 25, 
i. e. the div* will terminate when I have used 2 ciphers in 
the num'. 

Thus, — = ^=-12 
'25 5 

« , 3 -6 12 .024 

So also 



12500 2500 500 100 

= -00024 by (96) 
EXS. 21. £xpress as decimal fractions 



3 


11 
1000' 


^ 


15 1001 
]00/)00) 10 


3 
5' 


7 1 
5' 2* 


9 
V 


5» fe» S> 5W 


T55» 


^' 


11^' 


^ of 113, J^otS. 



I. 
II. 
III. 

101. Coming now to what we may call the inconvertible 
fractions, i. e, those which, when reduced to lowest tenns, 
contain other factors than 2 and 5 in the den', we see at 
once, that since a power of 10 is the only multiplier which 
can render the den' of the required form ; therefore any 
factors in the den', as 3, 7, 9, &c., which are not contained 
in 10 cannot be cancelled out, as the 2*s and 5's were in 
(98) : hence the division, such as in (A), will not terminate. 
But since the successive quotients diminish tenfold in 
value every step, so that the eighth to the right of the 
point represents hundredths of millionths, we generally 
pursue the division till we obtain 7 figures in the decimal, 
and then consider the remaining quotients as too small in 
value to be much appreciated. 

Moreover, whatever be the factor which cannot he 
cancelled out of the den', we know that in dividing by any 
divisor, the remainder must always be at least one less than 
the divisor : therefore if any divisor, as 7, be the factor 
which causes the division not to terminate, 'there can he 
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X remainders; and hence, when 7 divisions have been 
med, one of these six remainders must come over 
, or recur : and if the remainder, which, of course, 
nces the dividend, recurs, the quotients will also 
and we shall then have the same set of figures 
ring, as it is termed. 

. To convert f into a decimal. 

>rking mentally, as in (99), I have 

f = •867142867142, &c. (C) 

I it appears that the figures 867142 will recur, to 
ver length the division may be carried : hence such 
als are called Recurring Decimals, and the set of 
mts which recurs is called a Period,* If the period 
jt of but one figure, that single figure is written with 
{ • ) over it in place of the whole decimal ; but if 
be more figures than one, the period is written with 
over the first and last of its figures. 

Thus, - = -857142 
7 

2 = -333 or =3 

3 

2=-llll ori 

9 

J.= 13636 

22 

or -136. 

rving the line (C) it may be noticed that whenever a frn has 7 for its den', the 
I decimal obtained will consist of the figares 857142 ; but this period will not 
•egin with the figure 8, but with some other of the above 6 figures ; thus 
1571 &c., where it will be observed that the period is the same as in (C), except 
tegin with the 4 ; and if these figures are retained in the memory, the whole 
nritten down at once, as soon as the first figure has been obtained by division. 
rever, when the den' is 7, the num' be already a recurring decimal, the above 
on will not hold, because the additional figures at the end of the num' are not 
18 in the above fr"' ^ and ? • 
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Ob 8. The places which are occupied by the figures to 
the right of the decimal point are often called decimal 
plaeesi .Thus, in the Ex. ^, we say that the division was 
carried to six places before the figures began to recur. — 
(See Appendix, Art. Circulating Decimals). 

The following equalities are worth remembering. 



^=.l!» 


. i^- 


1= -375 
| = -625 


l = - 


1='875 


|=- 



Their utility appears as follows: — ^if in converting a fraction to ft 
decimal 1 have a divisor 8, and I come to the last figure in the dividend, 
one of the above equalities will enable me to write down the remaisiBg 

quotients immediately. 

75 

Thus, if I have to reduce — to a decimal, I find that after one quotient 

o 

9 has been obtained, 3 is my last dividend ; hence, since 3 + 8 = *375, 1 

75 
can write — = 9*375, \iithout performing the division for the last three 
o 

11'7 
quotients. Similarly, — -- = 1*4625, where the last three figures were 

obtained, as before, by remembering the value of 5 -i- 8. So also, 

75 

— = 18*75, — the last two quotients being written without dividing. 

4 
EXS. 22. Express as decimal fractions 



i-f'A 



I. 


h 'r ?' 


fr ra' h 


Jof'i 


11. 


J' S- V' 


i' g> 4!' 


^ 


III. 


*n!' "m' 


a75^. ^^ 





TO CONVERT TERMINATING DECIMALS INTO VULGAR FRACTIONS. 

(Thrower, Case III.) 

102. It will be easily seen that a number expressed as a 
decimal can be immediately exhibited as a vulgar fraction. 
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For^ since it has been shown (95) that ^^ *= -0676, 
therefore we can reverse the process, and say that -0675, 
when converted into a &^, becomes ^^ ; and the correct- 
ness of this conversion may be proved thus : 

067A=^ + -JL_+ ^ 



= (when reduced to l. c. d.) 



100 1000 10000 

600+70 + 5 
10000 

675 
10000* 



(D) 



So ako, 3'0275 = 3 + — + A +_L- + _^... 

10 100 1000 10000 

30000+200 + 70 + 5 30275 



(E) 



10000 10000' 

a fraction greater than 1, as might have been foreseen, 
because 3*0275 is partly a whole number and partly a 
decimal. 

Def. In a whole or mixed number, the part which is 
hot fractional is called Integral, or an Integer. 

i03. In (D) we observe that the num"* of the vulgar fr" 
into which we have changed the decimal, before it is 
reduced to lowest terms, consists of the figures in the given 
decimal, excluding ciphers ; and the den*" is 1 , followed by 
as many ciphers as there are decimal places. 

But in (E), where a cipher occurs in the given decimal 
3*0275, it remains in the num' of the equivalent improper 
fr** ; and the deii' is formed as before. 

The above fractions may, of course, be reduced to lowest 
terms; but I have left them in their present shape, in order 
to show the connection between the given decimal and the 
fractional form into which it could be converted by 
inspection. Reducing them, and writing the Exs. as they 
should be exhibited, we have 

•0675 = 1^ = ^; an-l 3-0275 = 3^ =1^ = 3^. 
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If the given number be partly a whole number and 

partly a decimal, we may leave the integral part unaltered, 

and then the resulting fr° will appear at once as a mixed 

number. 

Thus, 760725 = 76^ = 76^ = 76^ 

EXS. 23. Convert into vulgar fractions, in their lowest terms, 

I. 05, 10-73, 115-008, -0001, 1-005, -343. 
II. 1201, 10-008, 00725, 135-55, -10505, 9-99. 



TO CONVERT RECURRING DECIMALS INTO VULGAR FRACTIONS. 

(Tkrower, Case IT.) 

104. Though at first it may be thought that a non-termi' 
nating decimal cannot be accurately represented by a fir"; 
yet, since every recurring decimal is fi)rmed firom one of 
that class of fractions which was discussed in (101), 
therefore every such decimal can of course be made to 
resume the shape from which it was derived : and the 
accuracy which was lost in the change firom a fi*aGtion to a 
decimal is restored by this reconversion to the original 
fi*action. 

105. Circulating Decimals are of two kinds ; one in 
which the whole of the figures repeat, as 

•363636 or -36; 

and the other, in which some of the figures to the right of 
the point are not repeated. These figures, of course, always 
stand to the left of the circulating part, because when a 
decimal once begins to circulate, it continues to do so. An 
Ex. of this kind is 

-754365365 or -75436^. 

The former kind is called a Pure, and the latter a Mixed 
Circulating Decimal. 
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106. The best method of working £xs. under this case 
will not be intelligible without an acquaintance with one or 
two facts in algebra. A letter of the alphabet may be used 
to represent a quantity, the value of which we have to find^ 
as in (73). Thus, I may let F stand for or represent the 
fraction which is equivalent to any circulating decimal ; 
and it is for me to ascertain the value of this F in any 
particular example. 

Also, a number placed just before this F, and with no 
sign connecting F and the number, is a multiplier of the F : 
thus, lOF, §F, mean ten times F, § times F, or § of F ; and 
they have the same value as though they were written 
10 X F, § X F. F repeated once is not written IF, as we 
should write Is., but only F. These multipliers 10, §, and 
1, are called coefficients. Moreover, since in the quantity 
lOF, F is the den°, and the 1 tells us how many times F 
is taken, just as the 7 in 7s. tells us how many shillings 
are taken, therefore I can add to this lOF, or subtract 
from it, any number of quantities of the same den°, t . e, 

any number of times F. 

« 

Thus, lOF + 3F = 13F lOF - 3F = 7F 

and 1 OOF + F=101F lOOF - F = 99F. 

107. I now proceed to find the fr° which is equivalent to 
any circulating decimal, as 

Ex. I. -36 or -363636 

Let F = -363636 (G) 

Now if I multiply both sides of this equation by the same 
number, the equality will not be disturbed. My object is 
to move the point two places to the right in ihe decimal 

•363636 , so that it shall become 36-3636 This is 

done by multiplying both sides by 100; the left-hand side 

£5 
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therefore becomes 100 x F, or lOOF ; hence we have 

lOOF i= 36'8636 (H) • 

alsoFs -363636 (6) 

Subtracting (G) firom (H), we observe that on the left- 
hand side; F or IF taken from lOOF leaves 991? as in ( 106); 
and on the right-hand side, since both decimal ^arts 
commence alike and go on for ever, their difference is ; 
and after sub° there remams only the integral number 36 ; 
hence we have 

99F = 36 

and dividmg both sides by 99, that is, transferring 99 into 
the right-hand den' as in (71) and (72), we find 

*'•'.■■ i • '• . ■ 4 . .. ■' ' 

ae 

. 11 

By observing (I) we learn that the fraction which repre- 
sents the value of the circulating decimal '36 has for its 
num' the figures in the period, viz. 36, and for the den^ as 
many 9*s as there are figures in that period. 

In accordance with this rule we may therefore, by 
inspection, find the value of any circulating decimal which 
contains only such figures as do repeat. 

Thus, .6 =1 =1 

and .147 = ^-17 =i!.. 
999 333 

but every pupil ought to work some Exs. out fully as in the 
beginning of this article. 

108^: Again, noticing (H) and (G) we see that the 
figures to the right of the decimal point are the same in 
both lines ; and this result was produced by so multiplying 



DECXIUL F&ACnONS. 83 

both sides of the equation (G), that the point might be 
made to pass over one period ; in this case it had to be 
moved two places to the right ; that is, I had to multiply 
by 10 X 10, or 100. If the period had contained four 
figures, I should have multiplied by 10*, or 10000. I will 
take as an Example 

Ex. II. To express '^2X6 as a fraction. 

Let F = -22162216 (K) 

therefore, lOOOOF = 221 6-2216 (L) 

Sabtractiog (K) from (L), we have 

9999F = 2216; 

^u c V 2216 
therefore, F = -— — : 

' 9999 

and it is plain that this result might have been written 
down at once by taking as num"^ of the required fr° the 
period 2216, and as den' a number consisting of as many 
figures 9 as there are figures in this period. 

109. We now proceed to convert a mixed circulating 
decimal into a fraction. The nature of the process is the 
same as in the last article ; but one step more is required, 
the ipeason of which wiU appear in the operation. 

Ex. III. To convert -32715 into a fraction. 

Let F = -32715715 (M) 

Then, as before, (107), carrying the decimal point over the period, or five 
places to the right — i. e. multiplying both sides by 100000, 1 have 

lOOOOOF = 32715-715 (N) 

It now appears that I cannot subtract (M) from (N), so 
as to get rid of the decimal parts, because the quantities to 
the right of the point are not the same : but I see that I 
can very readily obtain another equation which shall have 
the decimal part the same as in (N) ; for if in (M) I 
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multiply both sides by 100^ i, e, move the point two places 

to the right, or over the non-recurring part alone, I shall 

have 

lOOF = 32-715715 (O) 

therefore, subtracting (O) from (N) and recollecting ( 108) 
I have 

[lOOOOOF - lOOF = 32715-715. ... - 32-715715. . . .] (P) 
or99900F = 32715-32; 

therefore, F = ^^~^^ (Q) 

99900 ^ ^ 

_ 32683 
99900* 

110. In the line (P) I learn that the larger coefficient 
of F has as many ciphers as there are figures from the point 
to the end of the first period ; and the smaller coefficient 
has 2 ciphers, i, e, as many as there are figures in the non- 
recurring part : also, when the subtraction is performed in 
the next line, the coefficient of F has as many ciphers as 
there are figures in the non-recurring part : and the 
remaining figures to the left are aU nines, and as many in 
number as there are figures in the period. Hence, observing 
the right-hand side of (Q), I learn that in converting a 
mixed circulating decimal into a fraction I obtain as num', 
" the figures of the given decimal to the end of the first 
period — the figures in the non-recurring part;" and as 
den', as many figures 9 as there are figures in the period, 
followed by as many ciphers as there are figures in the 
non-recurring part. If there be an integer in the given 
recurring decimal, I may omit it while finding the value of 
the recurring part ; and afterwards by inserting it I shall 
have the resulting fraction a mixed number; or I may 
retain it throughout, as in Ex. V. below, and the result 
will be an improper fraction. 
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I will write down one more Ex. of each kind of circulating 
decimals^ in the form in which they ought to be worked. 

Ex. IV. Find the fraction equivalent to 639. 

Let F = -6396.39639 (i.) 

multiplying by 1000, 

lOOOF = 639-639639 (ii.^ 

Subtracting (i.) from (ii.), 

999F = 639, 

orF = — = ?!?= — 
999 3^3 111* 



• ■ 



Ex. v. Find the fraction equivalent to 2*0345. 

Let F = 2-0345345 (in.) 

multiplying by lOOOO, 

lOOOOF = 20345-345 (iv.) 

Again, multiplying (iii.) by 10, lOF = 20*345345 (v.) 

and subtracting (v.) from (iv.), 

9990F = 20345 - 20 

,. - ^ 20325 6775 1355 
therefore, F = = = 

' 9990 3330 666 

or omitting the integral pait, as described above, I have 

*!, f *• 1 -* 345 69 23 
the fractional part = — -— = vtit;-^ = tttt;;* 
^ 9990 1998 666' 

therefore, the entire quantity = 2^W, as before ; and this is the better 
method. 
Phrg, 24. Convert into vulgar fractions, in their lowest terms, 

I. -i, -273, -09, -OlOi, 15-675, -142857. 

II. -l6, -027, 130-285714, -000i§, -142857, 35-00^. 

III. -084516, 6001014, 100-03^, -1678432. 35-009, 3500-9. 



ADDITION. 

(Thrower, Case T.) 

111. Since we already know that quantities cannot be 
added together unless they be of the same den°, so in the 
addition of decimals, we must take care to add tenths to 
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tenths^ hundredths to hundredths^ and so on. And this 
will be readily done, if we so place all the nombers under 
one another^ that the decimal points may be in a vertical row. 
By observing the Ex. worked below, we notice that the 
tenths are all placed under one another, as are also the 
hundredths, thousandths, &c. 

Ex. I. 732*416 Adding up the third row to the right of the point, 

'084 which consists of thousandths, I find that it 
•000007 23 

93*268 amounts to 23 thousandths, or , which 

8708-4153 20 3 2 3 

3534-183307 =1000 + im'W * iOOo' ^ *^"*'°"' ""' 

down theS thousandths, and carry the 2 hundredtbf 

to the next column, which consists of hundredths ; and sinoe this step is 

just such as would be performed in Simple Addition, it is plain that all 

the rest of the work may be performed by that Rule. 

112. But if in the quantities to be added there are 
circulating decimals, we may either, 1st, convert into a fir° 
each circulating decimal, and having found the sum of all 
these fractions, reduce the result to a circulating decimal : 
or, 2ndly, (and this method is the better,) write down the 
recurring decimals at length, to as many places as will 
include twice the longest period ; observe where there are 
two vertical columns alike, though not necessarily close to 
each other; commence the addition three or four places to 
the right of the second of these two similar columns, and 
complete the addition, as before : the sum found will be seen 
to be carried far enough to enable a pupil to detect the 
period in the answer. 

Ex. II. Find the sum of -71428^ + -9285714 + 20-0§25 + 5-4647619. 

Writing these at length, and working according to the above directions, 
I ba^e 

•714285714285.... 
•9285714285714.... 
20-0925925925925.... 
5-4047619047619. ... 

2714021164020 
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Hen I ohsonnethlit^tlio first tvo similar. vertical coliimiis are the second 
and the eighth, marked (A) and (B). Commencing the addition at the 
third column heyond (B), t find that I have figures enough in the result 
to show that the sum of die given cireul&ting decimals is 27*li081 16. 

26. Find the value of 

1. 18-325 + -0007 H- 70-1 + 858 + 3-04705 + 1000K)6. 

2. 347-859 + -010401 > 039+2-573 + 11-01115 + -32784. 

3. 1000009 + 45 + 38451 + 75*6832 + 10-01 + -04311. 

4. 7600 + 31009 + 473-842691 + 07 + -OOOOl + M. 

5. 3458 + 5-14328^ + '676 + 145-27 + -67516^. 

6. -3 + -dS + 145-27^4^ + 3*6od + 6-i42857. 

7. '^84 + l-68764§ + 3-^1007 + '67. 

8. 1-6 + 19-34854 + 6*27 + 5-347856 + 1111 + 03^. 



SUBTRACTION. 

(Thrswer, Case TI.) 

113. As Addition of Decimals was shown to be only an 
extension of Simple Addition, so Subtraction of Decimals 
is of the same nature with Simple Subtraction ; but we 
must take care how we subtract, when the lower line 
contains more decimal places than the upper^ 

Ex. I. Find the value of 18-0426 - 2-005417. 

Placing the two quantities one under the other, so that the points are in 
a vertical row, we shall, as in Addition, have tenths under tenths, &c. 

As there are no figures in the 5th and 6th places in the upper line, I 

may place ciphers there ; and since there are no figures to the right of 

these ciphers, the value of the decimal will plainly remain unaltered. 

A 
18-042600 600 

2-005417 417 

16-037183 183 



If we now take the last three figures in each row as whole numbers, so 
as to form a Simple Subtraction Sum, we find the difierence to be 183 : 
so also, since the 600 and 417 in (A) both represent millionths, their 
difference is 183 millionths : similarly the 42 and 5 are both thousandths, 
and their difference = 37 thousandths : hence we see that if the subtrac- 
tion be performed in (A) as in a common £s. in Subtraction, the result 
will be correct. 
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1 14. If an Ex. in Subtraction contain circulating decimals, 
we most, as in Addition, write down the periods sufficient 
to contain twice the longest period, and commence the 
subtraction about five places beyond the latter one of the 
two similar rows ; the remainder which will recur will be 
found to contain figures enough to enable us to detect the 
period. 

Ex. II. Find the value of 24-407 - 5-98676973. 
Here, writing five of the periods in the upper line, and two in the lower 
line, we have 

24-407407407407407 

5-9807697307697.3 



18-4266376766377 



The columns marked (A) and (B) are the first pair which are similar; I 
therefore commence the subtraction at the fifth row beyond (B) : and 
the remainder, which contains the circulating decimal, is evidently 
18-42663767. 

By observing the Ex. in Addition of circulating decimals, I find that the 
figures which should form the second period are somewhat below the value 
of those in the first period ; but by commencing with the addition a little 
more to the right, I should have figures to carry, as it is called, which 
would have made the second period correct as well as the first. So in the 
Ex. just worked in Subtraction, the figures which should form the second 
period are too large; but by commencing the Subtraction a few more 
places to the right, the process of borrowing would make the figures of the 
second period quite correct. 

EX8. 26. Find the value of 

I. 3-5--075; 1758-J-0024; •7J5--70451. 
II. 1-325--4736; 1001-9-875; 1-36-75; -3-1. 
ill. -S - -07 ; 3-0758 - 1-273 ; 13*4089 - 6-85374921. 



MULTIPLICATION. 

(Thrower, Case Til.) 

115. The rule for the multiplication of decimals is to be 
found by multiplying the vulgar fractions equivalent to 
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any given decimals, and then observing the nature of the 
product so obtained. 

Ex. I. To find the product of 3*275 and 18*03. 



We have 3-275 x 1808 = S^ x *^^ 



1000 100 

3275 X 1803 _ 5904825 
100000 100000 

= 59-04825. 



(R) 



From (R) we learn that the product of the given decimals is a decimal 

fraction which has for its numerator the product of the given numbers 

treated as integers, and for its denominator 1 , followed by as many ciphers 

as there are decimal places in both the multiplier and multiplicand ; and 

such a fraction is of course immediately (95) convertible into a decimal, 

which shall have as many decimal places as this fraction has ciphers; 

and this conversion is performed in the next line. Hence, as this Ex. 

differs not from any other which contains only terminating decimals, we 

conclude that the product of two such decimals is found by multiplying 

them together as in whole numbers, and pointing off in the product as 

many places as are found in both multiplier and multiplicand. 

116. Also, if it be required to multiply together more 
than two numbers involving decimals, it will be found that 
the same rule must be observed. For suppose that four 
numbers were given, whose product was required: the 
product of the first pair might be found, as above ; then 
this product and the third number might be multiplied : 
and, lastly, this second product and the fourth number : 
and so on for any number of quantities ; hence we may 
find the product of any number of decimal quantities, as 
in the previous Example. 

Ex. II. Find the value of -0095 x 2-07 x 7-06 x -0081 . 

-,, , , 95 207 706 81 

The product = ^^ x -— — . x - — x 



10000 100 100 10000 

95 X 207 X 706 x 81 1 124562690 



1000000 000 000 1000 000 000 000 

= •001124562690 
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where the nnmber of decimal places, viz. 12 := fQm of the nnmbdn of 
places in the four given quantities. 

117. When a few Exs. have been worked illustrating the truth of the 
principles here stated, we may then work all similar Exs. as in Sim' 
Mult* of whole numbers, and point .off as many decimal places in the 
product, as there are in all the numbers to be multiplied together. 

Thus Ex. I. would have been commonly worked as follows ; 

3-275 
18-03 



9825 
262000 
3275 

59H>4825 

Much instraction may also be derived from working an 
Ex. in the following manner : 

Ex. III. To find the product of271*405 and 93-6854. ' ^ 

271*405 Flaoing the multij^er under the multitplicasd in 

93-6854 miy position whatever, I commence rauUiplylBg by the 

814*215 figure in the units' place, viz. 3. Since then I am 

Si 'TiSn °^^ merely repeating fevery fig^e in the multiplicand 

1-357025 ^ times, therefore every figure v^ien multiplied wHl 

-1085620 &^^ ^ product of the same kind as itself^ and that 

24426*45 product will occupy the same place with respect to the 

25426*6859870 P^°t as it did in the muk*;- hence the product wiD 

clearly be 814-215. 



If, now, I multiply by the 6, which is in the tenths* place, the product 
will be ten times less than it would have been, had the 6 been in the uniii 
place; hence I place every figure in this product one place farther to the 
right than in the previous line ; so, also, the product by the 8 will be two 
places to the right, by the 5, will be three places, &c. 

Again, since the 9 in the multiplier represents 90, I place the product 
obtained by multiplying by the 9 one place more to the U^ft than the first 
product ; and if there were any figures in the places for hundreds, thoo* 
sands, &c. of the multiplier, I should place the corresponding products 
two, three, &c. places to the left. The whole of the work will now he 
intelligible. • 

The above row of products may be written down in any order we please; 
provided that, in commencing the multiplication by any other fig^e than 
the one in the units' plar;e, we use proper caution in placing the product io 
its proper situation with respect to the decimal point. 
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"EXB, 27. Express as simple decimals 

1. 1-5 X 1-5. 6. 

2. 2-376 X 3-48. 7. 

3. -006 X 78*928. 8. 

4. 1-0006 X 461*8. 9. 

5. 10-375 X -0074. 10. 



1-5 X 315x2-17. 
•008 X 5-5 X 1-4. 
3-75 X -014 X -875. 
3125 X 14-25 X -01. 
35*01 X 7-98x1-0001. 



7-24651 
81-4632 

A 



14 49302 
217.3953 
4347 906 
28986104 
72465 
5797208 



590-3238 



93432 



118. If it be required that the product of two decimals be correct only to 

a certain number of decimal places, the above work may be contracted. 

For instance, let it be required to find the product of 7-24651 and 81-4632, 

correct to 4 places of decimals. First working the Ex. at full length, 

we have 

By drawing a vertical line between the 5th and 

6th columns, I cut off to the left that part of the 

product which will furnish the required 4 decimal 

places. 

Now it must be observed that the column marked 

(A) is formed of the following products : viz. 7 in 

the upper line by 2 in the lower; 2 in the upper by 

3 in the lower; 4 in the upper by 6 in the lower ; 

6 in the upper by 4 in the lower ; 5 in the upper by 

1 in the lower; 1 in the upper by 8 in the lower: 

but in forming this column alone, we must allow for the figures which 

ought to be carried from the columns not worked : and it will be found in 

practice that we shall be correct if, when our product is 

between 5 and 15, we carry 1, 

15 „ 25, „ 2, 

25 „ 35, „ 3, 

and so on. 

Thisy however, is not to be done in multiplying by the last multiplier, 

as 8, when it multiplies the whole of the multiplicand, because in that 

product there can be no figure to the right from which to carry. 

But this cross-multiplication is inconvenient, and may be avoided by 

the following arrangement 

Place the figure in the unit's place of the multiplier under that figure of 

the multiplicand whose place is the last to be retained in the product; and 

let the whole multiplier be arranged in precisely the reverse order. 

We may now observe that every figure in the multiplier is under that 

figure in the multiplicand, by which, as was just now shown, it ought to 

be multiplied. And we shall produce the same work as before, by rejecting 

all the figures in the multiplicand that are to the right of any multiplying 

figure, setting down the products so that their right-hand figures may be 

in a vertical line, and carrying according to the directions given above. 



» 



»> 
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The above Ex. will then be as follows : 
7-24651 

2364*18 I here place the 1 in the unit's place under the fourth 

5797208 decimal place 5, because I had to retain ybtcr decimal places 

72466 in the product 

28986 
.itY In the first multiplication, by 8, 1 carried nothing; 

2i'7 in the second I carried 1 ; in the third 2 ; in the fourth 2 ; 

15 in the fifth 1 ; in the sixth 1 ; and upon adding up I find 

590*3238 ^^ result to be 590*3238, as before. 



Ex. IV . Find the vaiue of 435*789 x 31*27, having no decimals in the 
product. Working the Ex. both ways, I have 

435*789 435*789 

31-27 721*3 



30 

87 

435 

13073 



50523 13073 

1578 436 

789 87 

67 31 



1362712203 13627 



EX8 28. Find the value of 

I. 3-275 X *0175 ; 13*458 x 27 1*36 ; each correct to 2 pUices. 
II. 135*849 x 1 *0758 ; 45819 x *0375 ; each correct to 4 places. 
III. 17*58 X 1*375 ; 1*5 x 1*5 x 1*75 ; each correct to whole numbers. 

119. Next, let the decimals to be multiplied together be 
either one or both of them circulating. These may be 
converted into equivalent fractions ; and then, after having 
multiplied them, we may convert the product into a 
circulating decimal ; or the product of the decimals them- 
selves may be found by Simple Multiplication, provided 
that there be taJ^en a sufficient number of figures to enable 
us to ascertain the period in the product. We will work 
two Exs. to illustrate both methods 

Ex. V. Find the value of '36 x 75. 

By the first method I have 

4 

36 X 75 = II X 75 = ^ = 27*2727 = 27*27. 

11 
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By the second method, I write down the period three 'S(KMiS6. . . . 

times, 80 that there may be figures enough in the product 75 

to show its period. 1818180 

If a fourth period had been written in the multiplicand, *5454o2 
the figures carried from the multiplication of it would 27 '278700 
have caused the period 27 to have been seen in the fifth " 
and siith decimal places in the product : and every additional period in 
the multiplicand would have produced one more period in the product : 
hence, since the number of periods, 36, in the multiplicand is unlimited, 
so, also, will be the number of periods, 27, in the product; t. i, the product 
is 27*^7, as before. 

Ex. VI. Find the value of 37-5 x 9-l6. 

Upon working this Ex. by ordinary Multiplication. I find that even if 1 
write down five periods in the multiplicand, and four in the multiplier, yet 
the product is such that the learner would hardly detect the period in it ; 
and if the periods had contained several figures, the work would be exceed- 
ingly heavy ; and since in such £xs. involving two or more recurring 
decimals, the former method is the better, I give it alone. I then have 

37-S X 9-ld = 37f X 9^^ by (1 10) 

= 37^x9* 

"T T 

3 

EX8. 29. Form the following products. 

1. •5x1-78. 4. 27-5 X 4-^. 

2. 1-^7 X -0458. 5. l-dx-S48i. 

3. 13-067§x4-5. 6. 3-58 x -21 x 4-1^. 



DIVISION. 
(Thrower, Case Till.) 

120. in the Exs. under this head, either dividend or 
divisor, or both, may be a decimal. I will give one Ex. of 
each variety. 
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Ex. I. Find the ralue of 37*5 + 84. 

Where, as in this Ex., the diTisor is a composite d amber containing 
no prime factor greater than 12, we can divide bj successive fiustors, as in 
(100); thus: 

?Z:^= /il:i =Y^ = .44642857142, &c. 
84 Vl2x7 / 7 ' 

= '446428571. 

1^1. Also, since we hare shown that by moving the 

point in any decimal from left to right, we in reality 

multiply that decimal by a power of 10 ; therefore if we 

hare a decimal quantity as divisor, we can write the som 

as a fraction [ ■,. -^ — ]» snd remove the point so many 

places to the right in both divisor and dividend as will 
ctfase the divisor to be a whole nnmber. By this process 
we shall merely have multiplied both nnm' and den' of a 
fi* by the same power of 10. The remaining part of the 
division will be merely an Ex. such as in (97) to (102) ; 
and the position of the point will be determined as in that 
case. 

Ex. II. Find the value of 7 16-343069 +27-69. 

rru ♦• ♦ 716-343069 71634-3069 o^w-rni /ox 

The quouent = ^^.^ = ^769 = ^^^^*' ^^^ 

and the correctness of this position of the point may be shown immediately: 
for, throwing 27*69, the den' of the first fraction, into the numerator of 
the right-hand side, I have, 

716-343069 = 25-8701 x 27-69; 

where I observe, that if I had to form the product expressed in the right 
side of the equation, I should have 6 decimal places in it, as 1 see to be 
the case in the left-band side : hence it is clear that the point was rightly 
placed in the quotient 25*8701. And further, observing the left hand 
fraction in (S), I sec that by subtracting the number of decimal places in 
the divisor from that in the dividend, I obtain the number of places in tbe 
quotient. Hence we take it as a Rule, that the division should be 
performed as in whole numbers, and that there should be pointed off in the 
quotient as many decimal places, as the number in the dividend cxceedi 
the number in the divisor. 
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Assaming this Role, we will now work an Ex. as in Long Division of 
int^^ers, and point off the proper number of decimal places^ as soon as 
all tJie figures in the dividend have been brought down. 

£x. III. Find the value of 4]'06328&i-f-'0438. 

•0438) 41-0632884 (937-518 
3942 

1643 
1314 



3292 
3066 



9968 
2190 

788 
438 



3504 
3504 



Here I work precisely as though the divisor and dividend were integers $ 
•nd when I have completed the division, I observe that as there are 
7 places in the dividend, and 4 in the divisor, there must therefore be 3 
places in the quotient 

122. If, however, the number of places in the dividend 
be less than that in the divisor, there must be appended as 
many ciphers to the dividend as shall make up the number 
of places in the dividend at least equal to the number of 
places in the divisor. If the dividend be a whole number, 
a point must be placed after the units' place, and then 
ciphers may be appended : and it is clear that these 
qiphers will not in any way alter the value of the dividend. 

Ex. IV. 971-7+123. 

Here appending ciphers and working as in Simple Long Division, I 

have 

•123) 971-700 (7900 
861 



1107 
1107 



00 

and since the number of decimal places in the divisor and dividend is the 
same> therefore tbe number of places in the quotient will be ; or the 
quotient \vill be an integer. 
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Sometimes, also, though there be a sufficient number of decimal places 
in the dividend to give one or two places in the quotient, yet if it is required 
that there should be 5 or 6 decimal places in the quotient, ciphers may be 
appended to the dividend, as before, and the division continued as far as 
we please. 

Ex. V. 62-5+ -025. 

This Ex. I work in two ways ; first, by removing the point three places 

to the right in the numerator and denominator, as in (96) ; and secondly, 

by converting the given decimals into fractions, and performing the division 

by the usual method. 

62-5 _ 62500 _ 12500 

*025 25 5 

= 2500 

85 100 

62*5 625 25 1^25 \^^ 

•025 10 1000 \«( "21^ 

= 2500, as before. 

This second operation shows by an independent method that the Role 
which we have laid down for pointing is correct; and though it is not 
convenient for general use, yet a pupil will do well to try it upon a fe* 
simple examples. 



SO, Find the required quotients in the following examples : — 

1. 13-5+15. 4. 345-6+ 1-728. 7. 576-84325 +119-3. 

3. 83-75+128. 5. 13*358697 +-634. 8. 3-84765+1536. 

3. 1080+.008. 6. -084007+34*3. 9. 1-0005+1063. 

As in Mult*, so also in Div», a contracted form of working may be 
employed, where it is intended to retain only a limited number of places 
in the quotient. The following is the Rule. Take as many of the left- 
hand figures in the divisor as will make up the entire number of figures 
rtHjuirtHl in the quotient. Divide by the divisor so chosen, and at every 
succtNsding division drop one figure at the right-hand of this divisor, 
carrying to the right-hand figure of each product, according to the scale 
usetl in contracted multiplication. 

Obs. When there are not as many figures in the divisor as are required 
in the quotient, proceed with the division, until the divisor contains as 
many figures as remaim to be found in the quotient: tli^n commence the 
contracted division upon the same plan as before. 

In the following example worked both ways, the principle of contraction 
will be seen to be the same as that in which one or more ciphers are cut 
otrlrom divisor and di>-idend. 
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Ex. Divide 927*856 by 45*62, leaving 3 places of decimals. 

45-62) 327-856 (7-186 4562) 327-856 (7- 186 

31934 31934 

8516 851 

4562 457 



39540 394 

36496 364 

30440 30 

27372 26 



3068 4 

It is here plain that 327+45 will give one integer; so that the quotient, 
when containing 3 places of decimals will in all contain 4 figures; I 
therefore retain the whole divisor in the first division, and then proceed 
according to my Rule, cutting off one figure from the divisor, and carrying 
the numbers I, 4, and 2, in forming the successive subtrahends. 

£Z8. 31. Find the value of 

1. 89-7643+15-827 to 3 places. 

2. 126-4906+3-274 to 4 places. 

3. 45-87623+12-897 to 2 places. 

4. 36*045+2*75, retaining only integers in the quotient 

123. If either or both of the given decimals circulate, the 
circulator may be converted into a proper or improper fr", 
as the case may be, and the division proceeded with as in 
fractions ; or the circulator may be left unaltered^ if in the 
dividend, and only the divisor be converted into a fr", and 
the division then performed. 

Ex. I. Find the value of 75 + i4§. 

By (108) •i4§ = I^ = ± (in lowest terms) 

then^fore ^i.^ 2£ = Z^ii^? ^ 2025 ^ ^^^.^^ 
•146 i_ 4 4 

27 

Ex. II. Find the quotient of •96345 when divided by 3. 

.3 = ? = i 
9 3 

therefore '^^^ = *£2^ = (-96345345 . . . . ) x 3 
•3 J^ 

3 

= 2-89036035 .... 

F = 2*89031 
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It has been stated in (113) and (122) that ciphers may 
be written after the last figure of a decimal without altering 
its value : similarly, they may be cut off without affecting 
it ; and this is generally done, if the decimal resulting in 
any Ex. have ciphers at the end. Thus in Art 1 16, Ex. II., 
I might have removed the cipher which is at the end of the 
final decimal ; only that a pupil would have thought that 
there were pointed off only 1 1 decimal places, instead of 
12 : but, by referring to the last vulgar fraction used in 
that Ex., I find that it might have been reduced to lower 
terms, by dividing numerator and denominator by 10 ; and 
there- would then have been but 1 1 ciphers in the den', and 
consequently 1 1 places in the decimal which follows. 

Exs. 32. Find the required quotients in the following Examples : — 

1. •36-^•072. 4. 1-23123.... +H. 

2. 27-^+-06. 5. -ISx-OQ+'ie. 

3. 34-75-«-l-56. 6. 13-75 +( I -3 +5-6). 



REDUCTION OF DECIMALS. 

(Tlurow<$r, Cases IX* and X*) 

124. We have here to perform in Decimals the operation 
which in (62) was performed in Vulgar Fractions; and 
this merely requires that the decimal quantity should he 
reduced to successive lower denominations, until we have 
either no decimal part remaining, or until we reach the 
lowest denomination used. 

Ex. I. Express in positive terms -37d of £1. 

•375 of £1 = -375 x 20s. = 7-5lSliSlsh.; 
and -/Jsh. = -5 x 12d. = 6-Od. = 6d. ; 
therefore -375 of £ 1 = 7s. 6d. 
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£ 

'375 The work may be written out as annexed : where it is plain 

^ that at the end of each successive multiplication I point off as 

7-5CtlGtsh. many decimal places as there were in the preceding line^ 

^^ because there are no decimal places in the multiplier. 
e-Od. 



it will be seen that in both the above operations I might have omitted 
two ciphers at the end of the decimal part in the shillings, for the reason 
givoi at the close of the last article. I have therefore crossed them out. 

By using the equalities mentioned at the end of (101), and referring to 
the aliquot parts of different denominations given in (64), we might have 
worked this Ex. very briefly. 

Thus, -375 of £1 = g of £1 = 7s. 6d. 

So, also, '875 of £1 = | of £1 = 17s. 6d. 

£x. 11. Find the value of 7*14685 of 5s. 6|d. 

Here, since the concrete number is expressed in several denominations, 
I must either reduce the decimal to a fraction, or reduce the 5s. 6|d. to 
the fraction of a penny, and then perform the multiplication. 

By the second method : 

714685 X 5s. 6|d. = 7*14685 x 66|d. 

= 7-14685 X 66'75d. 
= 477«0522375d. 
= 39s. 9-0522375d. 
Answer. = £1 19s. 90522375d. 

Just as in (63) I left the remainder as a fractional part of a penny, so 
here I leave it as a decimal fraction of a penny. 

125. If any circulating decimals occur in Exs. under 
this head, we must reduce them to fractions, and proceed 
as before. 

Ex. III. Find the value of '5 of £1 lis. 4d. 
•^of£l lls.4d. = ^-of3Hsh. 

5 94, 470 , 156-666.... . 

= r X — sh. = ;,— „sh. = — sh. 

9 3 9x3 9 

= 17-4074074.... sh. 

and '407407. . . .sh. = (-407407. . . .) x I2d. 

= 4-888884.... d. 

= 4-8d. 

= 4|d. 
therefore -5 of £1 Us. 4d,= 17s. 4Sd. 
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IiX8. 33. Express in positive tenns 

1. 1-375 of 1 guinea. 7. -05 of 7id. + -375 of 3s. 6d. 

2. -028 of a moidore. 8. 1 1 -a^ of £2 - 17-5 of 6s. 8d. 

3. 375-794 of £5. 9. -375 of a mile + 7-5 of a yai-d. 

4. 1-115 of a crown. 10. 1-185 of a cwt. — -0375 of a qr. 

5. -148325 of 7s. 6d. 11. '6 of 6s. 8d. + 1-27 of a guinea. 

6. 49-864 of £15 10s. 12. -637 of 27s. - -02 of £2. 

126. The follo\^g operation is the converse of that 
performed in the last two Arts., and corresponds to that 
exhibited in (78) in Vulgar Fractions. 

£z. Reduce 4s. 6^A, to the decimal of a sovereign. 

In working this Ex. we shall first reduce the former of the given 
quantities to the fraction of the latter, and then convert into a decimal the 
vulgar fraction connecting the two quantities. 

4s. 6.id. ^ 54^d. ^ 54;5 ^ 4-54166.... ^ 2-27083 ^ .02708^ 
1£ 240d. 240 20 10 

or 4s. 6id. = -227083 of £1. 

Ex8. 34. 

1. Reduce 2s. 6d to the decimal fraction of 15s. 

2. „ 3s. 7d „ „ £5. 

3. „ 25s „ „ 3 guineas. 

4. „ £17 15s.... „ „ £100. 

5. „ 354 yds ^ „ 1 league. 

6. „ 11440 yds... „ „ 2 acres. 

7. „ 3i qrs „ „ 15 tons. 

8. „ 6 hours .... „ „ 135 days. 

9. „ * 1 leap year.. „ „ 3 weeks 4 days. 
10. „ 5 <>^ ^ mark. . „ „ 'ft ^^ ^ crown. 



MISCELLANEOUS EXAMPLES. 

127. The same remark applies to these Miscellaneous 
Examples in Decimals that applied to the corresponding 
Exs. in Fractions : and the only general assistance that 
can be given to a pupil is to show him the neatest method 
of performing the operations required. 
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Ex. I. Multiply £8 lis, 6d. by 75*25, and reduce the result to the 
decimal of £100. 

„ ( £8 178. 6d.) X (75-25) ^ £8i x 75-25 
^^ £100 £100 

, 8-875 X 75-25 

100 
_ 667-84875 

too 

= 6-6784375 
Ex. II. Reduce ^ of -^ x ?:J25 ^ __^ ^ ^ ^^pj^ ^^^^.^^ 

MoYing the point three places to the right in two numerators and in 
two denominators, and again one place to the right in the numerator and 
the denominator of the second fraction, the expression becomes 

131 

WT1^^%^5W^ ^ - ^31 



^m Xm 11 a^t^ 9x6x11x3 

a\ M 3 

_ ll-90909.... 

9x6x3 
__ 1-32323232.... 
6x3 

_ - 22053872053872.... 
3 

= -07351290684624. . . . , &c. 

Since a very large number of decimals is non-terminating, 
it might seem that vulgar fractions, which are always 
expressed in finite terms, would be preferable for every 
purpose. But this is not the case, for decimals have one 
advantage over fractions from the following consideration. 

In ascertaining the comparative value of two or more 
fractional quantities, if they be expressed as vulgar 
fractions, it is necessary to reduce them to a common 
denominator ; but if they are represented as decimals, mere 
inspection will detect their comparative value, as readily as 
can be done in whole numbers. 
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For example, if we have to compare ^ i^, ^, we 
cannot see which is the largest, and which the least, 
without reducing them to a common denominator : but if 
the quantities had been written in their decimal form, viz. 

•4666 ; 'U; -46428571, 

we could see at once that the first is the largest ; the last 
one is the next; and the middle one is the smallest: 
therefore, in order of magnitude they are ^, ^, ^« The 
decimal form is more especially useful, when several 
fractional quantities are arranged in a table, and where it 
is requisite to be able to compare the different quantities 
at a glance. 



We may take as an Ex. the Sheet Glass 3*33 

««.««•«•»««„:,.« ♦^ui^ ;^ ^i,:^u Plate Glass 2*5 

accompanymg table, m which Marble 2-716 

the numbers represent the Quartz 2-6 

. ; ^ , Rock Salt 1-92 

comparative weights of equal ivory 1-917 

bulks of different substances. water at eo^ l-^^ 



Though the 5th and 6th numbers are very nearly equal, 
yet it can be seen at once that the 5th is larger than the 
6th by three thousandths : as fractions, these quantities 
would have been written, 1§; and 1^; and the difference 
could not have been ascertained by inspection. 

Ex8. 35. 

1 . Express as a simple decimal the difference between r of 11 and 

2. Simplify the following expression : 

1-5 3-25 1-875 3-5 

X— + — — r— X 



-075 li 2*1 3-75 

3. What decimal of a groat is equivalent to a crown ? 

4. Form the following quantities into a decimal table as above, 
arranging them in order of magnitude; 

2|, l^ of 1-06, -|^, 1-75 of 3. 
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5. What is the average value of the above quantities expressed as a 
vulgar fraction ? 

6. Find the simple decimal equivalent to i*S x (2*4 + 7*5). 

7. Express in positive terms the sum of 1*05 of a crown, *t 14284 of a 
guinea, and *1^ of 68. 8d. 

8. Convert X into a decimal, by multiplying both num* and den' by 
some common quantity. 

9. Reduce 2f of 14| acres to the decimal of a square mile. 

10. Find in a decimal form a fourth proportional to each of the 
following sets of numbers : 

1, -2, -375; 3-25, 0175, 101 ; li, ^» 2-75. 

£xfl* 36t £• 

1. The product is 154923000, and multiplicand 42375; what is the 
multiplier ? 

2. How many calendar months in 3^ centuries ? 

3. If 90 degrees = 100 grades, find the number of degrees in 12| grades. 

4. A man enters into business with £20,000, and each year makes a 
profit of one-fourth of his investment, and adds that profit to his capital ; 
how much will he be worth in 5 yrs. ? 

5. How many fathoms are there in a degree ? 

6. If there are 360® in every circle, and in latitude 30** a degree 
= 34*75 miles, what is the length of the circle which passes through 
latitude 30*" ? 

7. What is the average length of the calendar months, including leap 
year? 

8. Find the abstract number which expresses the ratio of £121 and 
17f shillings. 

9. Assuming that the number of square feet in the area of an oblong 
surface is found by multiplying the number of feet in the length by the 
number in the breadth, find how many bricks, each 9 in. by 4} in., are 
required to pave a floor 97^ ft. long, and 81 fc. broad. 

10. Write an equation involving the signs of add", sub", mult", and 
div", and having the right-hand side = 237. 

11. Explain the object and the process of reducing fractions to a c. d. 
Reduce to l. c. d. §> ^ 5* §> explaining the work. 

12. Convert into a vulgar fraction, in lowest terms, the sum of 9 tenths, 
3 hundredths, and 5 thousandths. 

13. Multiply the difference between 75 hundredths and 5 tenths, by 8 
thousandths ; expressing the result as a vulgar fraction. 

14. Reduce the following expression to a simple decimal : — 

J(6i+2l-3). 

15. What decimal of £1 is | of 13s. 4d. ? 
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F. 

1. There are 100 links in a chain of 4 perches; how many links in a 
league? 

2. The wheel of a locomotive which is 16| ft. in circumference, turns 
round 25764 times, how many miles will it have run ? 

3. Find the cost of half an acre of building land, at 3s. 6d. per sq. yd. 

4. What is the expense of painting the walls of a room, 17 feet long, 
13 ft. broad, and 10 ft. high, at 7d. a square yard ? 

5. On a railway, from A to B there is a rise of 1 in 160 for 1 mUe, 
of 1 in 330 for 2 miles 50 yards, then a fall of 1 in 110 for 1 mile 360 
yards, lastly, a rise of ^ for 1500 yards ; what is the height of A 
compared with B ? 

6. A general sends away ^ of his army, and then | of the remainder; 
he has now 1350 men, what had he at first } 

7. Find the exact value of *l6 of a moidore + '571428 of 2 guineas. 

8. .How many allotments, each 2r. 25p., are contained in 47^ acres ? 

9. If there are 100 links in a chain of 22 yards, find how many square 
links are contained in an acre. 

10. A bankrupt owes £3840, and his property amounts to only £1656; 
how much will his creditors receive in the pound ? 

11. If a board be 23^ inches broad, how long must it be to contain 
15 square feet ? 

12. If 500 slates would cover a surface 25 feet square, bow many 
would be required for a roof 27 ft. by 36 ? 

13. What number divided by 17 j will give ]3i ? 

14. To ^ of a gross add 3 of a quarter of a hundred ; from this sum 
subtract b of a score, and divide the remainder by 17|. 

15. Simplify the expression ^ of ^, proving that the mode of working 
is correct ; and explun what is called cancelling, 

0. 

1. If the interest of the national debt be £1 2s. 6d. each second of 
time ; what is the amount per annum ? 

2. How many bottles in 103 casks, each containing 9| dozen ? 

3. A person pays a debt of £230 8s. in sovereigns, half sovereigns, 
crowns and shillings, of each an equal number ; how many of each ? 

4. What is the amount of the following items, 54^ lbs. at 58. 4id. 
241 yds. at 7id., and 512 pieces at 2s. 4|d. ? 

5. Express as a Vulgar Fraction, in its lowest terms, the sum of 
7 hundredths, 5 thousandths, and 375 tenths of thousandths. 

6. How much paper 1^ yards broad, will cover as much as 20 yards, 
of I yd. broad ? 
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7. If 41b. of silver be mixed with 4 lb. 5oz. of gold, how much silver 
will there be to 6 oz. of gold ? 

8. If one whose rent is £430 pays a tax of £30 6s. 9d., what should 
be the rent of a man whose taxes come to £94 16s. 1 }d. ? 

9. Gunpowder being composed of niire 15 parts, charcoal 3 parts, and 
sulphur 2 parts; find how much of each is required in makin:^ 16 cwt. of 
powder. 

10. I take successively ^ and then J of a sum of money, and find that 
I have left £15 ; what was the sum at first ? 

11. Explain the two methods of multiplying a fraction by a whole 
number, taking as an Ex. ^ x 3. 

12. In a bridge of 7 arches, tbe middle one is 75 feet span, and the 
others on each side are^Xth less in each succeeding arch ; find the whole 
length of the bridge, allowing 15 feet for each pier. 

13. Find the value of (^ of £5^ <- 3*4653 of a guinea. 

14. What is the price per lb. of an article, of which 1'5 cwts. cost 
113-75 shillings? 

15. Express in positive terms '37^ of 27s. 6d. <^ 1*8 of 2 guineas. 



1. How many bottles of wine in 12 pipes, at the rate of 52 dozen 
9 bottles each pipe ? 

2. Find the number of square yards in an area, X a mile long, and X of 
a mile broad. 

3. If one man thrash 7 sheaves of corn in a day, and each sheaf yield 
3| pecks, and each peck 15 lbs. ; how much in quantity and weight will 
15 men thrash in 6 weeks ? 

4. A general having an army of 24000 men, increases it one- third by 
recruiting; afterwards he loses one-fourth by disease, and of the remainder 
one.fifth fell in battle ; how many men has he left ? 

5. How many fathoms in a degree ? 

6. What is the ratio of a geographical mile to a British mile ? How 
many geographical miles must I measure, so as to contain the least exact 
number of British miles ? 

7. If a person step at an average 2*1 6 feet, how many steps must he 
take in *325 miles? 

8. Reduce ^ to a decimal without using Long Division ; and shew 
that -rSr = *024, without dividing at all. 

9. Find the value of 4*25 + '10625, proving tlie result by Vulgar 
Fractions. 

10. Write in words -75, 2*0324, 17*000001. 

11. Find the value of (£25 16s. 7fd.) x 85^. 

r 5 
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12. The circumferences of the fore and bind wheels of a carriage are 
respectively 9f ft. and 13^x ft* 5 ^^ ^ow many more revolutions one 
makes than the other in 10} miles. 

13. What fraction of a guinea and a half, together with £3 16s. 9^ 
will give £4 ? 

14. Exhibit as a simple vulgar fraction the result of 

•37-^M7x•052-^l•6. 

15. Find the ratio between the product and quotient of 147 and '27> 



PRACTICE. 

* 

128. Practice is a Rule which endeavours to show the 
readiest method of finding the cost of any number of 
articles at a certain price : and the work exhibited in any 
Ex. consists of a series of amounts such as a person would 
try to obtain, if he were working the question mentally. 

Thus, if I had to find the value of 541bs. at IJd. each, I 
should say, 54 at Id. = 54d. = 4s. 6d. ; and 54 at ^. = 54 
halfpence = 27d. = 2s. dd. : and therefore 54 at Hd. 
= 4s. 6d. + 2s. 3d. = 6s. 9d. 

129. But if the number of articles had been much larger, 
or the price much greater, the value of them could not 
readily have been obtained mentally : we therefore, in 
Practice, use the above method of mental calculation, but 
we write down the successive results, and find their sum 
for the final result. 

The Exs. to be worked under this Rule may be arranged 
as follows : — 

When the price is under a shilling, as 

Ex. I. 4108 at 7fd. 

When the price is between Is. and £1, a§ 
Ex. II. 4103 at 7s. 5id. 
Ex. III. 6009 at 19s. 5id. 
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When the price consists of more than £1^ as 
Ex. IV. 7111 at £1 178. 4id. 
. Ex. V. 4013 at £12 7s. OH- 
When there is a fraction in the given number of 
quantities^ as 

Ex. VI. 6583 A at £1 19s. Hid. 
When there is a fractional part of a penny other than 
farthings^ as 

Ex. Vn. 4176 at £3 58. A^\d. 

When the quantity^ the price of which is required^ con- 
sists of several denominations, as 
Ex. Vm. 91b. 3oz. 14dwt. at £ 10 15s. 6d. per lb. 

130. Mention was made in (64) of certain fractional 
parts of £l. Is. &c.> which were termed aliquot parts of 
£1, Is., &c. It is advisable to have such parts of the 
denominations most in use familiarly in the mind ; but a 
pupil will find in Practice, that he has to take aliquot 
parts of many other quantities which are intermediate 
between such standard units as £1, Icwt., &c. : and 
nothing will render him expert in taking such aliquot 
parts as he will require, but a readiness in the treatment 
of fractions. 

The following are the most useful aliquot parts of £ 1 
and Is., and should therefore be remembered. 



lOs, Od. 


= i £ 


6s. 8d. 


= i„ 


58. Od. 


_ 1 


48. Od. 


= 1 „ 


3s. 4d. 


= * M 


2s. 6d. 


= k „ 


Is. 8d. 


= T^„ 


l8.4d. 


— l\ fJ 


Is. 3d. 


— iV » 


Is. Od. 


— S0 »> 



6d. 


... 


i shilling. 


4d. 


= 


i 




3d. 


:= 


i 




2d. 


= 


i 




IH 


= 


h 




Id. 


"• 


V» 
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In all cases we shall find, that where the price given is 
not an aliquot part of the unit of the next higher denomi- 
nation, it is necessary to split the price into two or more 
portions, of which the largest must be an aliquot part of 
this said unit, and the remaining portions are aliquot parts 
either of this same unit, or of some one of the portions 
already used in the £x. 

Ex. L 4108 at 7fd. 

In this Ex. since the price 7|d. is not an aliquot part of 1 s., I therefore 

break up this priee into three parts, 6d., ^d, and ^., of which the largest, 

6d. = i of Is. the next higher denomination ; the next, l|d. is an aliquot 

part of 6d., viz. ^th ; and the last, ^d. is ^th of l^d. Now, I know that 

4108 articles at Is. each would cost 4108s.; tfaereforoy 4106 at §d.f 

i. e. at gsh., cost 4108 times ^sh., or 4 of 4108s. : I therefore fisd the 

value of this quantity and write it down, viz. 2054s. So also, 4108 at 

Ud. = 4108 at i of 6d., and therefore = ^th of the value of 4108 at 6d., 

which was found just before. Similarly, since id. = ^th of l|d., therefore 

4108 at id. = ith of the 

Ex. I. 4108 at 7fd. previously found value of 

4108 4108 at l^d. Hence 'the 

A price 6d. = gsh. gives 
Ud. = iofOd. „ 
id. = i of lid. „ 



7}d. 2,0 



2054 sum of my three amounts at 

513 6 6d., 1 id., and id., wUl be the 

?5 2L ^^ value, at 7|d. The 



^^^ 1 whole of the operations which 



£132 1 3 1 have just been described are 

(See App. Art. Composite Divisor.) ^ ^^ "^"^^ ^'^^ ^° *^« *^- 

companying shape. 

Had the price been below 6d., as for instance 3175 at 2}d., we should 
have taken as parts 2d. = is.; id. = i of 2d. ; and id. = i of id.^ and the 
remainder of the work as before. 

In the second division in Ex. I. 4 being a divisor, I had 
to find the value of-=-prL = 613is. = 513s. 6d. ; and 

generally, when as in (64) a number of shillings, or 
pounds is divided by a divisor, and a rem' is left, the frac- 
tional quotient can be converted into positive terms at once, 
and more readily than by the usual method, in which the 
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iretnainder is reduced to lower den<^, and the division again 
performed. But in the next line, where the divisor is 6, 

we have to take a sixth part of the 6d. as weU as of the 

513 
5138., hence I have -^— s. = 85ts. = 85s. 6d. ; and this, 

6 
with the sixth part of 6d., viz. Id., becomes 85s. 7d. 

Though it takes a long time to explain these processes, 
jet a pupil who is quick at working fractions will obtain 
the above results more readily than I can describe them, 
and much time will be saved by their use : but those who 
prefer the usual method of reducing the remainders, as in 
Compound Division^ can of course adhere to it. The 2653 
in the result evidently consists of shillings ; and from this 
Ex. we see that the highest denomination in the sum of 
all the separate amounts is the same as that of which we 
took the first aliquot parts ^ and so also is the first re- 
mainder obtained in each of the divisions. 





d. 


1. 


1857 at i. 


2. 


7151,, 1. 


3. 


3982 „ 1}. 


4. 


6110 „5i. 


5. 


3457 „ 9i. 


6. 


7403 „ 9i. 



Ex8. 37. 



d. 

7. 6329 at 10. 

8. 8537 „ 8i. 

9. 11071 „ lOj. 

10. 7705 ,, 10}. 

11. 3956 „ Hi. 

12. 8793 „ 11}. 



Ex. II. 4103 at 7s. 5id. in breaking the price 

4103 7s. 6\d, into parts, we find 



A price 58. Od. = i£ gives 

28. Od. =tV£ „ 

4d. = i of 2s. „ 

Id. =^of4d. „ 

id. = } of Id. „ 



1025 15 that2s.is^9tbof£l,ftnd 

io Q ^^^ ^^ '^® previous aliquot 

17 1 11 part 5s.; hence, in dividing 

4 5 5} ^7 ^^> ^® ™^^^ ^^^ ^ 

-~z — 'frT " " o\Knx. ya nl dividend, not the line cor- 
7s. 5id. £lo2o Jo 0} ,. . * , 
-— responding to 5s. but the 

top line, 4103, which is the value of 4103 at £1 each : and in taking 
aliquot parts, we must always be careful to take as dividend, that line 
which expresses the value given by that coin or denomination of which 
we are taking an aliquot part. 
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Obs. In this and the preceding Ex. I have written the 
denomination of which the aliquot part has been taken in 
every line : but for the future I shall generally omit the 
denomination when I am taking an aliquot part of the line 
preceding, but insert it when I am taking a part of some 
eaxUer dividend. 



Ex8. 38. 



d. 



1. 
2. 
3. 
4. 
6. 
6. 
7. 
8. 



7992 at 1 7^ 
8495 „ 2 9|. 
3708 „ 3 7^. 
8222 „ 5 10|. 



1007 „ 7 Hi. 
1173 „ 3 



8i. 
Oi. 
3672 „ 7 10. 



4351 n 8 



9. 10205 

10. 7248 

11. 12826 

12. 8793 

13. 1250 

14. 7108 

15. 11489 

16. 12146 



j> 



n 



» 



n 



n 



n 



8. d, 
4 10^. 
9 li. 

8 lU. 

9 7|. 
9 lU. 

8 6|. 

9 10 
9 8|. 



Ex. III. 

A price 10s. Od. 
5s. Od. 
4s. Od. 

4d. 

Id. 



6009 at 19s. 6id. 

6009 

gives 



= i 

= i£ 
1 

— T« 
= i 






3004 10 

1502 5 

1201 16 

100 3 



This Ex. differs from the 
preceding, only in having 
the price above 10s. In 
such a case we always take 
10s. as the first aliquat 
part; and the remaining 



25 9 

1^^ — 1 6 5 21 s^i^lii'^'' ^^ pence as ali- 

19..5id. "^^^g-f^-^ quotpartt, either onOs_,or 

of any amount which has 

been used in the course of the example. Sometimes it may happen that a 
second aliquot part of £1 is taken, as in 16s. 8d., where 1 should take 
10s. = i£,and6s. 8d.= i£. 



Ex8. 39. 



1. 18147 

2. 3501 

3. 6234 

4. 7646 

5. 5431 

6. 11040 

7. 2067 

8. 3459 



8. d. 

at 10 6^. 
„ 13 9. 
„ 11 4i, 

„ 16 0». 

,, 16 Hi. 

„ 16 10. 
,, 17 8|. 

„ 18 6. 



d. 



8, 

9. 1948 at 19 0. 

10. 8218 „ 15 10*. 

11. 12327 „ 17 10}. 

12. 12497 „ 19 lOi. 

13. 14839 ,,18 0^. 

14. 4103 „ 14 lOi. 

15. 12018 „ 19 5^. 

16. 8972 „ 19 9^. 



PRACTICE. 


Ek.1V. 7111 at £1 178. 4id. 


Price £1 Of.Od. gives 


7111 


lOt. Od. a i£ „ 


3555 10 


5s.0d. «: i „ 


1777 15 


2g.0d. =M „ 


711 2 


4d. = 1 


118 10 4 


|d.= i 


14 16 3^ 



£1 178. 4id. 



£13288 13 7i 



111 

Here £7111 if the Talae 
of7111ibiDgiat£leacb; 
therefore, if I find the 
value of 71 1 1 at 17s. 4id., 
as in the last Ex., and add 
in the top line as £7111, 
I shall obtain a correct 
result. 



Ezf. 40. 





£ i. 


d. 


1. 


1032 at 1 11 


5J. 


2. 


8649 „ 1 


6i. 


3. 


15432 „ 1 10 


1. 



4. 6666 „ 1 8 0^ 

5. 5741 „ 1 17 6. 

6. 7891 ,, 1 14 11. 





£ f. 


d. 


7. 


11000 at I 4 


9|. 


8. 


1572 „ 1 12 


Hi. 


9. 


7538 „ 1 11 


8i. 


iO. 


19345 „ 1 13 


5. 



11. 1543 „ 1 19 7i. 

12. 8754 „ 1 19 10^. 



Ex. V. 4013 at £12 78. OR 



4013 
12 



A price £12 Os. Od. gives 

58. Od.= i£ 
28. Od. = ^£ 
id. = ^, 



48156 
1003 
401 

8 



5 
6 
7 



2i 



Here, since £4013 re* 
. peated twelve times gives 
the value of 4013 at £12; 
therefore I must multiply 
the 4013 by 12, and add 
the product as pounds to 
the other amounts ob- 
tained by proceeding with 
the 78. O^d., as in £xs. III. 
and IV. The last division, by 48, cannot of course be performed mentally : 
a pupil may obtain the result by Long Division, and merely write down 
the amount. 

EZB. 41. 



£12 7 0^ 



£49568 18 2^ 





£ i. d. 




£ s. 


d. 


1. 


6241 at 3 8 7*. 


10. 


5432 „ 17 15 


10|. 


2. 


999 „ 4 19 9i. 


11. 


7701 „ 6 3 


7|. 


3. 


5683 „ 5 17 10. 


12. 


7032 „ 11 3 


3i. 


4. 


1429 „ 8 19 lOi. 


13. 


7702 „ 10 17 


6i. 


5. 


4108 at 17 17 Uj. 


14. 


3764 „ 18 14 


n- 


6. 


10101 „ 9 9 10. 


15. 


5505 „ 9 19 


Mi. 


7. 


864 „ 20 17 6. 


16. 


2807 „ 29 


7i. 


8. 


1875 „ 13 13 7. 


17. 


11078 „ 35 15 


9. 


9. 


4273 „ 18 17 8i. 


18. 


8970 „ 63 14 


8. 
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PBACTIC£. 


Ex. VI. 


6583A at £1 198. Hid. 


L price £, I 


giyes|6583 




10 = |£ 


3291 10 




5 0=1 


1645 15 




4 =l£ 


1316 12 




10 =iof58. 


274 5 10 




1 =iV 


27 8 7 




i=4 


13 14 3i 




i=i 


6 17 1| 


Aofl 


19 11|= 1 1 3i? 


A price 1 


19 111 gives £13160 4 2/^ 



This Ex. difiers from 
£x8. ly. and V. only in 
the presence of the frac- 
tion T^. I therefore, after 
having proceeded with the 
sum, as though the xV ^^^e 
not there, find the value 
ofT'Vat(£119s.llfd.)t.«. 
of A of (£1 198. llfd.) 
which, according to the 
method of Ex. IV. in (84) 

= £1 Is. and. 



The value of the -^ might also have been thus obtained : 



8 



1 1 



15 15^15 3^5' 

I might therefore have taken one-third and one-fifth of £1 I9s. llfd. and 
theii sum would have amounted to £1 Is. S-^fd., as before. 



Ez8. 42. 

£ «. d. 

1. 14287i at 10 13 lOf. 

2. 3779^5 „ 14 4 4|. 

3. 8976^ „ 7 15 llj. 

4. 4149t\ „ 8 7. 

Ex. VII. 4176 at £3 5s. 4 Ad. 



£ s. d. 

5. 4538f at 16 6. 

6. 10087"^ ,,4 8 6. 

7. 2711W ,,7 3 3. 

8. 37141*1 „ 2 9 Hi. 



4176 
3 



gives 



A price £3 

5 = i£ 

4 =1^ 

i= i 

i = aV of 4d. 

1=5^ of 4d. 

£3 5 4^% 



The presence of the frac- 
tion -xxrd. is the only point 
in which this Ex. difiers 
from III. and IV..; and 
just as we break up |«1. 
into id. and ^d. so this -j^d. 
must be broken up into 
3 9 7i such portions as will be 
^ 9 7^ aliquot parts of Id. viz. 



12528 
1044 
69 12 
8 14 



£13657 



5 g| (t^^ + t'^f + r*ff)d., or Jd. + 

H. + ld. 
If in this Ex. there had been a fraction at the end of the 4176, as in 
Ex. VI., we should have proceeded with it just as with the ^^ in that Ex^ 



Ez8. 43. 



£ «. d. 

1. 5189 at 1 10 2|. 

2. 7485 „ 4 5 9|. 

3. 1111 „ 14 6 5|. 



£ s. d. 



4. 
5. 
6. 



2486| at 18 7^. 
4321 „ I 61. 
4231 „ 11 8i 



PBACTICE. 1 1 3 

Ex. VITI. 91b. 3oz. 14dwts. at £10 15s. 6d. per lb. 

Hitherto we have had the qaantities whose valae was 
required expressed all in one den'^ ; and we could therefore 
repeat the highest den° of the price, as for instance, £1, 
as many times as there are units in the given quantity, 
and then take parts of this highest den'^ for the remainder 
of the price. But in Ex. VIII. we cannot place 91b. 3oz. 
14dwts. in the top line, and multiply it by the 10, because 
the result would not be £ 10 repeated an exact number of 
times: I therefore place the £10 15s. 6d. in the top line, 
and multiplying it by 9, I obtain the value of 91b. at £10 
15s. 6d. per lb. ; and the value of the 3oz. 14dwts. will be 
found, by taking the same parts of £10 15s. 6d. that 3oz. 

14dwts. are of lib. Thus working, we have 

£10 15 6 
9_ 

Value of 91b. Ooz. Odwt is 

3 = i of 1 lb. „ 

10 =iof3oz. „ 

2 = i of lOdwt. „ 

2 = i of lOdwt. „ 



96 19 6 
2 13 10^ 
8 111 

1 9U 

1 m 



9ib. 3oz. 14dwt. = £100 5 11^, 







/11_^11^3^1\, 11 + 11 + 15 + 10, 

^20^20^4^2;^-= 20 ^• 

Also, since 3oz. 14dwt. = 3i*oz. = 3^^502. = ^Ib. = ^^Ib., therefore the 

12 120 

Ex. may be written OyVo^bs. at £10 15s. 6d. per lb. ; and it is then 
similar to Ex. VI. 

Ez8. 44. 

£ 

1. 51bs. 10 oz. (Avoirdupois). , . .at 

2. 93Ibs. 3oz. Idwt. 6grs „ 4 

3. SOOcwt. Oqr. 161bs „ 14 

4. 99 tuns 3 hhds. 16 gals „ 128 

5. 155 gross and 75 „ 1 



8. 


d. 




6 


6 


per lb. 


10 


6 


» 


19 


6i 


per cwt 


18 


9 


per tun. 


10 


6 


per gross. 
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£ s. d, 

6. 135 quarters 7 bushels at 2 17 8 per quarter. 

7. 6 tons 7 cwt. 2 qrs. 17 lbs. ... „ 3 10 7 per cwt. 

8. 8 years 3 months 20 days „ 6 7 6} per year. 

9. 15 reams 9 quires 6 sheets .,„ 1 6 9 per ream. 

10. 46 days 11 hours 35 minutes. . ,, 1 I 5^ per day of 12 hours. 



Ezf. 46. 

MISCELLANEOUS EXAMPLES. 

1. What cost 1351 lbs. at 2s. 2Jd. per lb.? 

2. A bankrupt pays 13s. 9d. in the pound upon £1575, how much 

money did he divide ? 

3. Find the value of 2078^ yards at 3s. 7|d. per yard. 

4. What is the tax on £12345 15s. at 3s. 7^d. in the pound? 

5. Find the worth of 24150 rupees at Is. llfd. each. 

6. A gold snuff-box weighed 7 oz. 15 dwts. 15 grs., find its value at 

£4 5s. 6d. per oz. 

7. If 2s. 3d. in the pound is paid on an income of £ 1050; what is the 

net annual income ? 

8. My daily expenses are 10s. llfd. ; how much can I save out of an 

income of £250 ? 

9. Find the cost of a silver epergne weighing 175oz. I4dwts., at 

45s. 9d. per oz. 

10. What is the value of 3r. 17p. 25i yds., at £125 per acre? 

131. In many Exs. similar iu principle to those given 
above, a knowledge of fractions will enable a pupil to em- 
ploy very brief methods of working ; as, for instance, if I 
had 317 at 16s. 8d., I should say 

317 at 168. 8d. = 317 at ^£ = ^£ = 264|£ = £264 Ss. 4d. 

o 6 

Again, to find the value of 754 at 7s. 7d. 

754 at 7s. 6d. = 754 at ?£ = ?^£ = 282l£; 

o o 

= £282 15s. 
and 754 at Id. = 754d. = 628. lOd. 
therefore 754 at 7s. 7d. = £282 I5s. + £3 2s. lOd. 

= £285 17s. lOd. 
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This method is especially worth notice in short Exs. 

Thus, 97 at 7id. = 97 x f sh.=if? = 60|sh. = £3 Os. 7id. 

Again^ when the price is an even number of shillings, 
under 20, as 327 at 1 6s., we may work as follows : 

327 at 16s, = 327 X ~£ = ^JG = 26\j%£ = £261 12s. 

and this mode of working is comprised in the following 
rule — 

Multiply the given number by half the given price, 
doubling the first figure to the right-hand for shillings, and 
calling the rest pounds. 

Thus, 327 
8 

£261 12s. 



We may also observe, that since the cost of 12 things at 
Id. each = Is., therefore, that of 12 things at d^d. = Si^sh. 
= 3s. 6d,, and of 12 things at Tfd. = 7ish. = 7s. 9d. t. e. 
if I have the price of one article in pence and a firactional 
part of a penny, the price of 12 articles will be expressed 
by the same figures as shillings and parts of a shilling. 

H^nce also the value of any multiple of 12 things may 
be readily expressed as above, if the price of one be given 
in terms of pence. 

Ex. Find the value of 96 lbs. at lO^d. 
Cost of 12lbs. at lOid. = lO^s. = 10s. 3d. 
therefore, cost of 8 x 121bs. at lO^d. = 8 x (10s. 3d.) = 82s. 

= £4 2s. 

With a little practice, such an Ex. as this might be 
worked mentally, more quickly than it could be written. 
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APPLICATIONS OF PROPORTION. 



RULE OF THREE. 



The Articles marked thus ( ♦ ) may be omitted by those who have not 
read Fractions. 

132.* In articles (65) to (76) the subject of Proportion 
has been Mly discussed : and our business now is, to show 
how to work Exs., which are in reality only different forms 
of the question asked in (73), viz. If three numbers be 
given, what fourth number must be chosen, such that- the 
four, when taken in order, shall be proportionals ? 

133. The Rule of Three is so called because in the 

questions given under this head there are three quantities 

proposed. These three numbers, when placed in order for 

working an Ex., are called terms. In using the expression 

first, second, and third terms, we intend to indicate the 

manner in which these three given quantities are arranged. 

Thus, if I were to write 9, 8, 24, as first, second, and third 

terms respectively, in the sense here intended, I should 

have 

1st 2nd 3rd 

9 : 8 :: 24 

where the dots placed between the terms are signs which 
express the relation existing among these terms, so that 
with them and the fourth term a Proportion is formed. 
When any three terms are properly arranged at the com- 
mencement of an Ex. in Rule of Three, they are said to 
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form a Statement : and the qaestion is said to be stated. 
So long as only three terms are contained in a statement, 
the question is said to be one of Simple Proportion : but 
sometimes more than three quantities require to be so 
arranged: the question is then said to come under the 
head of Compound Proportion, or, as it is sometimes called, 
Double Rule of Three. 

134.* Observing (73) and (74), we learn the following 
relations between the four terms forming any Proportion. 

1st. That the third and fourth terms are of the same 
kind^ t. e. that the third term must always be of the same 
nature as the one required. 

2ndly. That the first and second must always be of the 
same kind; and that they must be reduced to the same 
denomination, if they be not already so expressed. 

3rdly. That the fourth term is obtained by multiplying 
the third term by the fraction — — ; or, if this operation 

La\t 

be performed at two steps, we multiply by the second term, 
and divide by the first. 

4thly. That if the second term be greater than the first, 
the fourth term will be greater than the third ; but if the 
second term be less than the first, then the fourth term 
will be less than the third. 

5thly. That since the fraction — — is an abstract num- 

I St 

her, therefore the fourth term, which = — — x 3rd, is of 

1st 

the same denomination as that in which the third was 
expressed. 

Collecting together these facts, we deduce the following 
Rule. 
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135. Rule. Find out the nature of the quantity sought 
by the question ; t. e» of the required fourth term. 

Of the three quantities given in the question, find that 
which is of the same nature as the fourth term, and take 
that quantity as the third term. 

In order to place the other two quantities in their proper 
situations, inquire whether, from the nature of the question, 
the fourth term will be more or less than this third term : 
if more, make the larger of the two remaining quantities 
the middle or second term ; but if less, make the smaller 
the middle term : the only remaining quantity must of 
course fill the first place. 

If the first and second terms be not expressed in the 
same denomination, reduce them till they become so : and 
if the third term consist of several denominations, reduce 
it to the lowest name mentioned. 

Then multiply the second and third terms together, and 
divide the product by the first : the quotient wiU be the 
answer or foxurth term, expressed in the same denomination 
as that in which the third term was left. 

If this quotient be expressed in too low a denomination, 
[as, for example, 1257 farthings, or 1836 dwts.,] let it be 
reduced to a higher denomination : [as £1 6s. 2id. and 
71b. 7oz. 16dwts.] 

136. I wiU now proceed to work some Exs. which will 
illustrate the different varieties that may be expected under 
the head of Simple Proportion : and it will be found that 
the principal difficulty consists in arranging the three terms 
according to the directions prescribed by the Rule. This 
is especially the case, when the question is given in such a 
shape, that the three terms cannot be immediately obtained 
from the question as it stands. I will explain this more 
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fully as I go through the various kinds of Exs. When the 
Statement is once obtained, the remainder of the work 
consists merely of Multiplication, Division, and Reduction. 
I recommend a pupil to work every question that I have 
worked, so that he may the better see the correctness and 
ascertain the object of the successive operations in any 
Example. 

Ex. 1. If 12 yards of cloth cost £19, what will 8 yards cost? 

Here I see that the required foarth term will be money ; I therefore 
place the £19 in the third term. Also, the fouith term, which is to be the 
price of 8 yards, will be less than the third term, which is the price of 12 
yards ; therefore, according to the Rule, 1 place the smaller of the two 
remaining terms, i. e. the 8 yards, in the middle, and the 12 yards in the 
first place. 

f ds. Tdi £ "^^^ ^* *°*^ second terms are already in 

12 : 8 :: 19 the same name, and the third term contains 

8 but one denomination, therefore no reduction 

12) 152 is required. I now multiply the second and 

£12 13s. 4d. third terms together, and divide by the first: 

^==== tjjg answer is £12 13s. 4d. And this fourth 
term and the other three terms form the foUowing proportion ; — 

12 yds. : 8 yds. :: £19 : £12 13s. 4d. 

or in words, 12 yards are to 8 yards, as £ 19 are to £12 13s. 4d. 

Ex. II. If ITcwt. Sqrs. and 141bs. cost £8 18s. 9d. how much may be 
bought for £5 12s. 6d. at the same rate ? 

The fourth term will evidently be expressed in weight ; therefore 1 put 
17cwt. 3qrs. 141bs. in the third term. I now ask this question : ** If the 
quantity in the third term can be obtained for £8 18s. 9d., will more or 
less he bought for the £5 12s. 6d. ?" evidently less ; therefore I place the 
less of the two prices in the middle, and the remaining one first The first 
and second terms are not expressed in any single denomination; I therefore 
reduce them to threepences, which is the highest denomination to which 
they can both be reduced. Also, since the third term consists of more 
denominations than one, I reduce it to the lowest denomination mentioned, 
viz. lbs. After I have multiplied the second and third terms together, 
and divided by the first, the quotient is 1260, which consists of lbs., 
because the third' term was expressed in lbs. This quotient, when re- 
duced to higher 'denominations, becomes llcwt. Iqr. 
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£ s. d. 
8 18 9 
20 

178 
4 


£ 8. d. 

: 5 12 6 
20 

J 12 
4 


cwts. qrs. lbs. 
:: 17 3 14 
4 

71 

28 


715 




450 


715) 


582 
142 

2002 
450 

100100 
8008 

900900 (12601b8. 
715 

1859 

1430 (4)1260 

4290 ^ I 7) 315 
4290 4)45 

llcwt. Iqs. 



I will now give a few Exs. in which the difficulty consists 
in preparing the question for being stated; but I shall 
merely show how to overcome the difficulty, and leave the 
question to be worked out as in the former Exs. 

£x. HI. A bankrupt's effects amouDted to JC980 10s., and he paid his 
creditors 13s. 4d. in the pound ; what was the amount of his debts ? 

At first sight there appear to be only two terms in this question, but the 
£1 furnishes another term. Now all the three quantities are money; but 
by reading the question thus : <Hf 13s. 4d. be paid for a debt of £ I, what 
debt will be paid by £980 10s.?'' I learn that 13s. 4d. and £980 10s. 
are money paid, and the £1 is money owed, or debt ; and since the fourth 
term is d^ht, I place the £ 1 in the third term. Also, the debts which are 
paid by £980 10s. are of course more than this third term ; therefore 1 
place the larger term, £980 10s., in the middle, and 13s. 4d. in the first 
place. The statement will then be 13s. 4d. : £980 10s : : £1. The 
fourth term will be found to be £1470 15s. 

137.* The four terms, arranged as a proportion, wiU be 

13s. 4d. : £980 10s. :; £1 : £1470 15s. 

or, as two equal ratios — 

13s. 4d. £1 

£980 10s. £1470 15s7 
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which> expressed in words^ indicates that the payment, 
1 3s. 4d.> is the same portion of the whole payment 
£980 10s. that the debt of £1 is of the whole debt 
£1470 15s. 

138. Ex. IV. How much may a person spend in 73 days, if be wishes 
to lay by every year 50 guineas out of an income of £450 ? 

Since I wish to know how much may be spent in 73 days, I must 
ascertain how much is spent in one year : I therefore subtract the 50 
guineas, which are saved, from the whole income of £450 : the remainder 
is 397 lOs., and the question now becomes — ** If in 365 days I spend 
£397 lOs., how much may I spend in 73 days ? " The statement will be 

£ f. 

450 

days. days. 52 10 

365 : 73 :: 397 10 

and the required sum will be found to be £79 10s. 

Ex. y. If the sixpenny loaf weigh dibs, when wheat is 6s. per bushel, 
what should it weigh when wheat is 6s. 9d. per bushel ? 

This seems a very simple question, but most pupils make an error in 

the statement; for, after correctly placing the 31bs. in the third term, — 

when thpY disk the question, as to whether the answer will be more or less 

than this term, they reason that if the loaf weigh 31bs. when wheat is at 

6s., it will weigh more when wheat is at 6s. 9d. ; whereas, since the wheat 

is dearer, we ought to have a less weight of bread for the same money : 

and the statement will be 

6s. 9d. : 6s. : : 31bs. 

Where questions are met with involving the necessity of 
finding the area of a surface^ or the volume of a solid, we 
must refer to Art. Duodecimals. 

139.* I will now by a few Exs. illustrate the use of Frac°*. 

Taking the statement already made in Ex. 111., I have 

Fourth term = '^"^ «"» = i^^^O^-)/^' 

1st 13s. 4d. 

(when first and second are re-\ qoqi^ i p 
duced to a fractional part I = ^^^ — 
ofa£. / **' 

/1961 , 3\n 

5883 



£ = 1470J£ 
4 



G 



= £1470 1 5s. 
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Again, in Ex. V. 

Fourth term = ?!li^ll5^- = l^lbs. = 1^1^= ?lbs. 

6|8. 27 ?t 3 

4 $3 =2} lbs. 

Ex. VL If 4|oz. avoirdupois cost lis., what will 8^1 lbs. cost ^ 

4|oz. : 8i|lbs. :: 8|i8. 

Ft^nrth tfrm - ^^*^^^' ^ ^**^' - W x 16oz> x Ws» 

4|oz. V<>2» 

^/W^W^287 In 15x287 



8 2 



^^^8. x= 269,^8. 



16 

= £13 9s. 0}d. 

Questions wherein fractional quantities occur in the 
terms may also be worked by the use of Decimals ; but 
this is not an adyantageous method of solving them, 
especially when some of the decimals are circulating. See 
Ex. VI. in (119). 

Ex8. 46. 

1. If 24 men earn £36, what sum will 42 men earn at the same rate ? 

2. In how many days will 5 guineas be spent, at the rate of 7 shillings 
in 3 days ? 

3. A wall containing 372 square feet is paid for at the rate of Is. 10} d. 
per square yard; find the cost of the whole. 

4. How many yards of paper, 27 inches wide, will hang a room 54 feet 
r«und and 10 feet high ? 

6, If an acre is 220 yards in length, and 22 in breadth, what must be 
the length when the breadth is 27^ feet ? 

6. If I can buy 15| yds. of cloth for 10 guineas, how much can I buy 
at the same rate for £283 17s. 6d. ? 

7. An income of £ 150 pays a tax of £4 7$. 6d. ; what will be the tax 
upon £586 Is.? 

8. If the carriage of 15| cwt. for 56 miles come to 10s. 6d., how mach 
can I have carried 72 miles for the same money ? 

9. The carriage of 4cwt. for 72 miles cost 15s. 9d., how many lbs. oaii 
be carried 13| miles for the same sum ? 
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10. A field of 16 acres produces 440 bushels of wheat: how much is 
that upon every 22 square yards ? 

11. A creditor agreeing to receive £51 for a debt, finds that he has 
been paid at Che rate of 12s. 9d. in the pound ; how much was the debt ? 

12. Three men who weave at the rate of 5^ yds. per day, finish 1 19 
yds. in a certain time : at what rate per day must they weave, who finish 
85 yds. in the same time ? 

13. If 15 men eat 35 shillings worth of bread in a certain time, when 
wheat is 12s. per bushel; how much may they eat at the same cost when 
wheat is 7s. per bushel ? 

14. A rate of 2s. 9d. in the pound produces £352; what is the rental 
of the parish ? 

15. If an income tax of lOd. in the pound amounts to 2^ millions : 
what must be the poundage in order to produce £3,375,000 ? 

16. A man bujrs 148 yds. at 2s. 7|d. per yd. ; at what price must he 
sell it to gain £12 128. lOd. by the whole ? 

17. The penny loaf weighs 10 oz. when wheat is 5s. a bushel; how 
much will it weigh when wheat is 68. 3d. ? 

18. The rental of a parish is £5626 10s. ; and the assessment for the 
poor-rates is £405 13s. 4d.; how much will be the rate on £45 128. 9d. ? 

19. If the net income of an estate after paying all taxes be £534 15s., 
and the gross income be £570 8s. ; how much in the pound did the taxes 
amount to ? 

20. The chain for measuring land is 4 perches in length, and is divided 
into 100 links; what is the length of a wall in feet, which measures 
1550 Unlcs ? 

21. If 1 lb. of gold, and loz. of alloy, can be coined into 44^ guineas; 
find the value of 5oz. of pure gold, considering the alloy of no value. 

22. I spend 12 guineas in 35 days, and save £100 a year: what must 
I earn in the year P 

23. A piece of gold at £3 17s. 10|d. per oz. is worth £150: what 
will be the worth of a piece of silver of equal weight, at 54s. 6d. per lb. ? 

24. Two floors are equal in size, one is 35 feet long, and 25 feet broad; 
the other is 40 feet long ; what is its breadth ? 

25. The weights of gold and of water are as 19 ^ and 1 ; find what 
number of solid inches of gold is equal in weight to 17^ cub. ft. of water? 

26. A dollar is to a crown as 1 II : 120 ; how many dollars are equal 
in value to £250? 

27. A clock which gains 7^ minutes in 24 hours, is 14 minutes fast at 
Monday midnight; what time will it indicate at 6 o'clock in the evening 
of the following Thursday ? 

28. A person owes £1537 3s. 4d. ; but can pay only £960 14.s. 7d. : 
what will be the dividend, and how much shall I rci;eive for a debt of 
£276 lls.6d.? 
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29. The shadow of a stick 3 ft. 6 in. long is 2 ft. 9 in. : what is the 
height of a tree which at the same time throws a shadow of. 154 feet — 
(See App. Art Proportion.) 

30. An income of £3827 12s. 6d. is taxed at the rate of 7d. in the 
pound ; how much clear income will remain ? 

31. Bought 236 gallons of oil for £111 68. 8d^ ; what profit will be 
made by selling it at the rate of 8s. 6d. for 3 qu&rts ? 

32. Paid £45 10s. for a hogshead of rum; how much water most be 
added, to be able to sell it without loss or gain at lit. 6d. per gallon ? 

33. Out of an income of £312 10s. a year, the expenses are £55 in 
146 days ; in what time will 1000 guineas be saved ? 

34 If 90 English degrees correspond to 100 French degrees, how 
many French degrees are there in 36*45 English ? 

35. What must be the breadth of a piece of ground which is 14| yds. 
long, so that it may be as large as a piece 40^ yds. long and 4| broad? 

36. The 6d. loaf weighs 3^ lbs., when wheat is 50s. a quarter ; what 
will it weigh, when wheat is 40s. 3d. a quarter? 

37. Given that the velocity of a falling body is proportional to the 
time during which it falls ; find the time of descent of a body having 
acquired a velocity of 1000 feet, supposing that the velocity obtained in 
2^ seconds is 80*5 feet 

38. The lengths of the arms of a lever are inversely proportional to 
the weights at the extremities of the arms ; if the lengths of the arms be 
3 feet and 2^ inches, what must be the weight at the longer arm to balance 
20 lbs. at the shorter end? 

39. A bankrupt payed £1520 to his creditors ; £205 of his debts were 
paid in full ; and his assets were to his debts as 3 : 8 ; find the amount 
that he owed. 

40. What can a man save per annum, who out of an income of £500 
gives away ^th, pays 7d. in the pound income tax, and spends £16} io 
3 weeks ? 



COMPOUND PROPORTION. 
140. It was observed in ( 133) that a question was classed 
under the head of Compound Proportion, when there were 
more than three quantities which required to appear in the 
statement. The following is an Example. 

Ex. 1. If 12 yards of cloth, 3 quarters wide, cost £19, what will be 
the cost of 8 yards, 5 quarters wide ? 

If the width of the two pieces of cloth were the same, we should take no 
account of this width, whatever it might be : and the question would tliea 
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become l^z. I. in (133),- or one of Simple Proportion. Referring to that 
Ex. we have the statement 

12 yards : 8 yards :: £19 (B) 

j*k -* ^#1. ^ -^ 8 yds. X £19 8xl9« 
and the cost of the new piece = . -"?. ^ . _ = — rrr— £. 

^ 12 yds. 12 

We will now take into account the two breadths, 3 qrs., and fiveqrs., 

8 X 10 
and put the foUowing question — ^Mf a piece of cloth cost — p-£» when 

3 quarters wide, wliait will it cost when the width is 5 quarters ? " 1*he 
statement would be 

3qr8. : 5qrs. :: ?.^£ (C) 

and the fourth term = i^£ X |i£!l- ll^^£. 

12 3 qrs. 12x3 

Now, if the whole of statement (B), and the first and second terms in 
(C), be converted into one statement, as follows — 

layds. ._ 8 yds. .. ^^g 
3 qrs. 5 qrs. ^ ' 

and we take the product of the two quantities which stand first, as our 
first term, and the product of the two in the middle, as our second term 
we shall have 

^u r -*i. A — ® yds. X 5 qrs. x 19£ 8 x 5 x 19 /» 

the fourth term = — i- ; — 3__ = — — =— «'» 

12 yds. X 3 qrs. 12 x 3 

which IS precisely the same as was obtained from the two successive state- 
ments : hence such a statement as (D) will produce a correct result. 
Also, in forming this statement, independently of (B) and (C), I select for 
the third term that which is similar to the required fourth term, as in 
Simple Proportion : and in placing the remaining terms, I take each pair 
separately, and ask the usual question with the third term, as to whether 
the answer will be more or less than this term ; and I arrange this pair 
precisely as though they were the only two terms which I had to consider. 
However many pairs of terms occur in the question, they must all be 
treated in like manner ; for tlie same proof that has shown how to com- 
bine the fir^t and second statem^fits, will show how to combine the third 
with the result of the first pair. 

I will work another Ex. and mention the mental 
operations which must be performed, in order to enable 
me to place each pair of terms correctly. 
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£x. 11. A field, 300 yards long and 280 broad, was ploughed by six 
horses in two days of eight hours each ; how many horses will plough a 
piece of ground 500 yards long, and 315 broad, in three days of ten 
hours each ? 

The fourth term will be horses : I therefore place the six horses in the 
third term. Also, the new field 

is longer than the one which 300 yards 500 yards 
required six horses ; hence, con- 280 yards . 315 yards . . g , 
sidering the efiect of this pair of 3 days 2 days 

terms alone, it will require more 10 hours 8 hours 

horses, and I place the larger 

term, 500, in the middle : so, also, the second field is broader than the first, 
and therefore will take more horses, and 1 place 315 in the middle. Again, 
the first field was ploughed in two days, but the new one in three days; 
hence, since the time is longer, we shall, so far as this pair of terms is 
concerned, require fewer horses; and the smaller term, two, is to be in the 
middle. Also, in ploughing the first field, the days were eight hours, but 
for the second field they are ten hours; hence, with this extra time» fewer 
horses will be required, and I place the eight in the second place. The 
whole statement is as annexed ; and 

§ 8(3 % 

the fourth term = ^.vxw \^v.w — v. >.w horses 

Wx55a«lxl^x\iE^ 

= 3x2 horses = 6 horses ; 

precisely the same number as before : t. e, the increased size of the field, 
and the increased length of time allowed for the work> are so balanced, 
that the same number of horses as before is sufficient. 

In arranging the several pairs of terms in the statement^ 
I seem to be trying at one time to obtain a smaller term, 
and at another time a larger term than the third ; and it is 
true that some conditions of the question tend to make the 
fourth term less than this third, and some to make it more. 
Each pair will produce its own effect in increasing or 
diminishing the required term ; and we shall therefore find 
the result more or less than the third, according as the 
conditions in the question which would make it more, 
predominate, or not, over those which would make it les&i 
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t. e, according as the product of all the terms iu the second 
place is more or less than the product of all in the first 
place. 

It must be carefully observed, that if any pair of corre- 
sponding terms be not expressed in the same denomination, 
they must be so reduced^ just as in Simple Proportion, 
before we commence forming the fraction which will give 
the fourth term. 

EZ8.47. 

1. If 10 men can dig 30 yds. of earth in 8 days, how many yards can 
be dug by 20 men in 4 days ? 

2. If £300 gain £]Oin a year, in what time wiU £900 gain £175 10s. ? 

3. Three boats take 6000 herrings in 8 days ; in how many days will 
450 boats take 20,000 barrels, each containing 700 herrings ? 

4. I borrow £ 175 10s. for 10 months, when money is worth 5 per cent. ; 
how much must I lend in return for 12 months, when money is worth 
3 1 per cent. ? 

5. If five men can reap a field whose length is 800 feet and breadth 
700, in 3| days of 14 hours each ; in how many days of 12 hours each can 
seven men reap a field whose length is 1800 feet, and breadth 960 feet ? 

6. The papering of a room 10^ feet high, and 20 yards round, cost 
£1 28. 6d. ; what will be the cost of papering another room 9 feet high, 
and 63 feet round ? 

7. If I pay Is. 3d. for 61b. 14oz. of bread, when wheat is 4s. 9d. per 
bushel, what must I pay for 231b. 12oz., when wheat is 5s. 5d. per bushel? 

8. A printing machine turns out 37,260 sheets in a day, mnning 12^ 
hours; if its speed be increased in the ratio of 4 to 3, how many sheets 
will be wrought in 7| hours ? 

9. A carriage wheel, the circumference of which is 16^ feet, and which 
makes 45 revolutions per minute, goes 275 miles in a certain time; how 
many revolutions per minute must a wheel make, to perform 385 miles in 
the same time, the circumference of the latter wheel being 19^ feet ? 

10. A field of 12 acres having 120 stalks to each square yard, and 70 
grains to each stalk, produces wheat to the value of £96 1 6s. : what will 
be the worth of the produce of 800 square yards, having 175 stalks to the 
square yard, and 45 grains to each stalk ? 

11. An iron beam 16 ft. long, 2^ ft. broad, and 8 in. thick, weighs 
1280 lbs.: what must be the length of a beam whose breadth is 3| ft., 
thickness 7^ in., and weight 2028 lbs. ? 

12. If a wheel which revolves at the rate of 470 times in 8 minutes » 
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bB interest, for any length of time^ id called the 
It. 

3Q interest is paid only upon the sum originally lent, 
illed Simple Interest ; but when at the end of any 
greed upon, as for instance a year, the interest is 
to the principal, so that this amount forms the 
)al for the next year ; and a similar addition is made 
md of every such period, then it is termed Compound 

St 

The questions which occur m this Rule are merely 
>les of Proportion. 

Find the Simple Interest of £882 IDs. for one year at 5 per 
Q other words — If the principal £100 give £5 interest, what 
win be derived from the principal £382 IDs. ? the statement will 

r be 

£100 : £382 lOs. :: £5. 

', it will bo found that every Ex. in Simple Interest 
idsh a similar statement, in which we observe that 
It term is £100, the second is the principal, and the 
3 the rate. 

now multiply the second term by the 5, and divide 
100 ; i. e, we multiply by the rate and diride by 100. 
I these Exs. we do not, as usual in the Rule of Three, 
the first and second terms to the lowest denominar 
[pressed in either of them, but multiply by 6 and 
by 100, as in Compound Multiplication and Division, 
m, when worked in the usual form, stands thus : 

£100 : £882 lOs. :: £5 
5 

1,00) 19,12 10 

20 

2y50 

12 



6,00 Answer, £19 2s. 6d. 



g5 
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make 50 revolations in a certain time; how many revolutiofis will another 
wheel make in the same period, at the rate of 360 revolutions in 7 minutes? 

13. If 15 men eat 13s. worth of hread in 7 days, when wheat is 12s. 
per bushel ; what should be the pnce so that 10 men should be furnished 
for 12^ days at the same cost ? 

14. A hay-field which has 2^ tons to the acre is mown by 20 men in 
6 days working 8 hours a day ; what number of hours per day must 13 
men work for 8 days upon a field which has 3| tons to an acre ? 

15. The circumferences of the smaller and larger wheels of a carriage 
are in the ratio of 5 to 6. Let the carriage move in a ring, so that the 
circumferences of the circles described by the inner and outer wheels shall 
be as 7 : 8. Given that the inner large wheel makes 800 revolutions in 
describing I of its path, find the number of revolutions made by the small 
outer wheel, while describing J of its path. 

16. If the price of 100 bricks, of which the length, breadth, and 
thickness are 16, 8, and 10 respectively, be 5s. 4d. ; what will be the price 
of 9760 bricks, which are one-fourth greater in every dimension ? 

17. If 5 steam engines of 9-horse power (when employed 3 days a 
week, and 10 hours a day) raise through a certain altitude 25 three-bushel 
sacks of wheat, weighing 60 lbs. a bushel ; in what time will 9 engines of 
8-horse power (when employed 5 days in the week, and 9 hours a day) 
raise through 15 times the former altitude, 75 two-bushel sacks of wheat, 
weighing 63 lbs. a bushel ? 

18. Three fire engines, each having 4 pipes, 3 square inches in section, 
are worked at the rate of 20 strokes in 3 minutes, and discharge 4680 
gallons of water in 16 minutes ; how many engines, each having 3 pipes, 
5 square inches in section, and worked at the rate of 17 strokes in 2^ 
minutes, will discharge 20000 gallons in half an hour ? 



INTEREST. 

141. Interest is the payment made for the use of 
money for any time« and is generally reckoned at so many 
pounds a-year for £100 lent; or, as it is commonly called, 
so many pounds per cent. For instance, if £6 be the 
interest of £100 lent for a year, we should say that the 
money is lent at the rate of 5 per cent, per annum. 

The sum lent is called the Principal; the interest of 
£100 for one year the Rate ; and the sum lent, together 
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with its intef^t, for any length of dme^ id oalled the 

When interest is paid dnly upon the sum originally lent, 
it id called Simple Interest ; but when at the end of any 
time agreed upon, as for instance a year, tlie interest is 
added to the principal, so that thid amount forms the 
pmcipal fot the tie^t year ; and a similar addition is made 
at the end of every such period, then it is termed Compound 
interest. 

142. The qaedtions which ocoor m this Role are merely 
Examples of Proportion. 

Ex. I. Find the Siihple Interest of £^S^ lOs. for one year at 5 per 
cent; in other words — If the principal £100 give £5 interest, what 
interest will be derived from the principal £382 10s. ? the statement will 
evidently be 

£100 : £382 TOs. :: £5. 

Also, it will be found that every Ex. in Simple Interest 
will famish a similar statement, in which we observe that 
the first term is £100, the second is the principal, and the 
third is the i^te. 

We now multiply the second term by the 5, and divide 
by the 100 ; L e, we multiply by the rate and divide by 100. 
And in these Exs. we do not, as usual in the Rule of Three, 
reduce the first and second terms to the lowest denomina- 
tion expressed in either of them, but multiply by 5 and 
divide by 100, as in Compound Multiplication and Division. 
The sum, when worked in the usual form, stands thus : 

£100 : £882 lOs. :: £5 
5 

1,00) 19,12 10 

20 

2y50 

12 



6,00 Answer, £19 2s. 6d. 
g5 
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Here the division by 100 is perfonned by cutting off two 
ciphers at the end of the divisor, and two figores at the 
end of the dividend : and the remainder after each division 
is reduced, as in Compound Long Division. I have written 
the 100 as a divisor, but in practice it is omitted. 

143. Since in (141) we multiplied by 6, and divided by 
100, therefore we might at once have multiplied by the 
fraction ^, or ^ : that is, the operation of finding the 
interest might have been performed mentally by dividing 
by 20 : and this is generally done when the rate is 5 per 
cent., but not otherwise. 

144. If the interest for any number of years is required, 
multiply the interest for one year by the number of years. 
If for any number of months or weeks, aliquot parts of the 
interest for one year may be taken, as in Practice : but if 
for any number of days, it should be found by Proportion. 

Ex. II. Find the interest of £175 for three years and 135 days, at fire 
percent. 

The interest of £175 for one year is £8 15s., and for three years is 
3 X (£8 15s.) = £26 58. Now, to find what is the proportionate amount 
of interest for 135 days, we have this statement; 

days. days. £ $. 

365 : 135 :: 8 15 

and the answer is £3 4s. 8^|d. : therefore the whole interests £26 5s. 
+ £3 48. 8nd.= £29 98. 8*|d. 

Exs. of this kind, involving Simple Interest for years and 
days, may also be worked as follows : 

Since we obtain Simple Interest for 1 year by multipljing by the rate 
per cent., and dividing by 100, 

.-. in this case, S. Int* for 1 year = 175 x A £ (E) 

and expressing the 135 days as a fractional part of a year, and multiplying 
the interest of 1 year by the number of years, viz. 3||2, or 3f| 
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whole interest 



175 X — r- X 3-:r = 176 X — — X -— - 

100 73 100 73 



215250 
7300 



= £29 98. 8f |d. 



Ob8. I did not reduce the fr* 7—- in (E) to lower terms, because the 

100 

den' is generally more simple, when the 100 is left uncancelled. 

Under the head of Sunple Interest may be mcladed all 
questions generally classed under the heads of Commission, 
Brokerage^ and Insurance ; for all such ' quantities are 
calculated at a fixed rate for every £100. 



Ezs. 48. 



Find the Interest of 



Find the Amount of 



£ 9. d, yr. £ 
1. 324 for 1 at 5 p. c. 



2. 475 10 6 „ 

3. 875 12 3 



i 



» 1 w 3| „ 



Interest of 

£ 9. d. y. m. £ 

7. 540 17 6 for 1 5at4p.c. 

8. 1845 guineas „ 3 10 „ 3 „ 

Interest of 

£ 9. d. y. IT. £ 
n. 755 6 8 for 1 15at2}p.c. 
12. 935 13 4 „ 339 „ 4^ „ 

Interest of 

£ 9, d. y. d. £ 

15. 1440 15 for 1 73 at 5 p. c. 

16. 2500 „ 390 „4 „ 



£ 9 d. yn, £ 

4. 1025 for 3 at 2f p. c. 

5. 1750 9 „ li„ 3i „ 

6. 1827 18 9 „ 6i„ 2^ „ 

Amount of 

£ 9. d. y. m. £ 
9. 237 10 for 4 11 at5i p.e. 
10. 11428 „ 9 7„ 1} „ 

Amount of 

£ «. d. y.to. £ 

13. 1875 5 0for345at4^p.c.* 

14. 2000 „1130„3i „ 

Amount of 

£ 9 d. y. d. £ 
17.1175 2 6 for 4 300 at 3^ p.c. 
18. 990 11 „ 7150,, 6 „ 



145. As an Ex. in Compound Interest we may take the 
following question : — 

Ex. III. What is the amount of £350 in three years at five per cent. 
Compound Interest ? 



* In this and the following Exs. the Araotional parts of a penny have been neglected 
when finding the interest for the weeks. 
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Putting down only the results of the three operations^ we have 

£ «. d. 

Principal of first year 350 

Interest of first year 17 10 

Amount of first year, and principal of second year. . 367 10 O 
Interest of second year 18 7 6 

Amount of second year, and principal of third year 385 17 6 
Interest of third year 19 5 10| 

Amount at the end of third year 405 3 4| 

EX8. 49. Find, at Compound Interest, 

The Interest of The Amount of 

£ s. d. yrs. £ £ s. d. £ 

1. 1500 0for4 at 5 p. c. 4. 750 for6y. at.... 5^p.c. 

2. 354 13 6 „ 2i „ 4^ „ 5. 2025 „ Sy. 150 <2. at 5 „ 

3. 1820 15 „ 3^ „2^ „ 6. 1825 II 6 „ 4y.7mo. „ 3 „ 

146. Qaestioiis may be found in Interest which involve 
some little difficulty, because there do not appear at once 
three terms out of which to form a statement. And most 
pupils will find that in any difficult question involving 
the application of Proportion, as in Profit and Loss, Stocks, 
&c., they cannot succeed in thoroughly comprehending it, 
without placing it in a plain Rule of Three form. Take 
for instance 

Ex. IV. In what time will £75 12s. 6d. amount to £99 16s. 6d. at 
four per cent, per annum ? 

Here the interest gained is found by subtracting the principal, 
£75 12s. 6d., from the amount, £99 16s. 6d., and it= £24 4s. Also, 
the interest of £75 12s. 6d. for one year at 4 per cent, is £3 Os. fid. 
Hence I have this question : 

If £75 12s. 6d. produce £3 Os. 6d. in one year, in what time will it 
produce £24 4s. ? The statement is 

£3 Os. 6d. : £24 4s. : : 1 year, 

and the fourth term will be found to be 8 veai'S. 
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Ex. V. What sum will amount to £104 2s. 6d. in four years at 4^ 
per cent, simple interest ? 

I must here inquire what £100 would amount to in four years at 4^ 
percent ; the answer is £118. The question is now, therefore, 

If £100 become £118, what sum will in the same time amount to 
£.104 2s. 6d. ? The statement is 

£118 : £104 28. 6d. :: £100 

and the required fourth term is £88 4s. 9f jd. 

Ex. VI. At what rate per cent, will £152 10s. amount to £191 7s. 9d. 
in six years ? 

I have in this Ex. to find the interest of £100 for one year. Now the 
interest gained by £152 lOs. in six years is (£191 7s. 9d. — £152 10s.), 
or £38 17s. 9d., or in one year £6 9s. T^d. : hence the question now is, 

If £152 10s. gain £6 9s. 7id., what will £100 obtain ? The statement 
will be 

£152 10s. : £100 :: £6 9s. 7id. 

and the fourth term will be found to be £4 5s., t, e, the rate per cent, is 4^. 

Ex8. 50. 

1 . In what time will £62 amount to £71 68. at 5 per cent per annum?* 

2. In what time will £1215 15s. amount to £1291 14s. 8^d. at the 
rate of 2j^ per cent. ? 

3. For how many years must I put out £987 128. to interest at 4^ 
per cent, in order that I may receive £1197 9s. Sfd. ? 

4. Wliat sum of money will in 1 year amount to £108 13s. 6d. at 
3| per cent ? 

5. Required the principal which will in 3 yrs. amount to £ 136 28. 1 ^d., 
at 2^ per cent 

6. Find what sum will produce interest amounting to £330 15s. in 
7 yrs. at 4| per cent 

7. At what rate of interest will £95 15s. amount to £112 10s. l^d. 
in 5 yrs ? 

8. What must be the per centage in order that £1175 may become 
£1637 13s.lld. in7iyrs.? 

9. Required the rate per cent at which 1000 guineas will gain 
£590 128. 6d. in 12^ yrs. 

10. Find the rate per cent, at which any sum of money will double 
itselfin8yr8. 

11. What sum lent at 5 per cent Compound Interest will in 3 years 
amount to £358 178. d^^d.? 

* Simp le Interest is always iinpUed, unless the contrary be expressed. 



134 APPLICATIOHS OF FBOPOBTIOK. 

12. Find the diffisrence between the Simple and Compound Interest of 
£416 13s. 4d. for 2 yrs. at 2^ per cent. 

13. What is the conunission on £20500 at 3} per cent. ? 

14. Find the premium on a policy of life insurance for £2500 at 
£5 178. 9d. per cent? 

15. What annual premium must a farmer pay on stock valued at 
£370 10s., at 2s. 3d. per cent ? 

16. In what time will £818 18s. 4d. amount to £1064 lis. lOd. at 
3| per cent ? 

17. At what rate of interest will £732 10s. amount to £1245 5s. in 
10 yrs.? 

18. If the interest on £130 15s. lOd. for 10 days be 3s. 7d., how much 
is that per cent, per annum 7 

147. Qaestions conceming Annuities^ Leases, and 
Reversions involve applications of Interest ; but they 
generally require for their solution either algebraical 
expressions or tables derived from these. The following is 
however a simple example of the kind. 

Ex. Yl. What is the amount of an annuity of £50 left unpaid for 
5 yrs., allowing Compound Interest at 4 per cent per annum ? 

I write down merely the outlines of the work, and neglect all sums 
below Id., as the fractions obtained after two or three divisions become 

exceedingly heavy. 

£ a. d. 

Amount due at the end of first year 50 

Interest due at the end of second year 2 

Add £50, due at the end of second year 50 

Principal of third year 102 

Interest at the end of third year 4 1 7 

Add £50 due at the end of third year 50 

Principal of fourth year . . • 156 I 7 

Interest at the end of fourth year 6 4 10 

Add£50, due at the end of fourth year 50 

Principal of fifth year 212 6 5 

Interest at the end of fifth year 8 9 10 

Add £50, due at the end of fifth year 50 

Amount due at the end of five years 270 16 3* 

If Simple Interest alone were allowed, I should write the interest for tlie 
successive years by itself, and add its amount to the final amount ; — bj 
this means no interest would be allowed upon interest, t. e, there would be 
DO Compound Interest 
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The sabjoined Examples are worth notice. 

£x. YII. What must I give for a freehold, let for £225 a year, so as 
to have 4) per cent, for my money ? Or in other words, 

If every £ 100 laid out bring £4|, what sum nill produce £225 ? The 

statement will be, 

£4i : £225 :: £100 

225 X 100 2ft 2 

and the fourth term = — ^ — £ = ^^^ x 100 x 5£ = £5000 

148. Sometiiues in speaking of the price of a piece of 
property, it is said that a certain number of years' purchase 
is given for it : this is the same as so many years' rental. 
Thus, if a field, the rent of which is £4, be sold for £100, 
we say that 25 years' purchase was given for it, because 
the price is 25 times the rental. 

Ex. YIII. How many years' pui'chase should be paid for freehold 
property to clear 4) per cent? 

I must here see bow many times a rent of £4j^ must be repeated to 
produce £ 100, the price of the laud which gives £4^. 

This number = ^2^ = 100 X |=:^ = 22f; the price paitl is there- 
£4i 9 9 »'*'*' 

fore said to be 22} years' purchase. 

Ex8. 5L 

1. What will an annuity of £60, payable yearly, amount ta in 6 yrs. 
at 5 per cent Compound Interest ? 

2. Find the amount due from a pension of £100, payable half-yearly, 
vhich has been unpaid for 3^ yrs., allowing 5 per cent Comp. Interest? 

3. What principal lent for 2| yrs. at 5 per cent Compound Interest 
wiU amount to £700 I2s. 9^d. ? 

4. What should be the purchase money of an estate, of which the rental 
is £5200, so that the buyer may receive 3^ per cent for his money ? 

5. A purchaser invests £7500 in land, and receives 2| per cent, upon 
his investment; what is the rent? 

6. What per centage is received upon the purchase money, when an 
estate whereof the rent is £367 10s., is bought for £10500 ? 

7. How many years' purchase should be paid for freehold property, to 
produce 3| per cent. ? 
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8. A freehold is sold at 33 years' purchase ; what rate of interest is 
received on the investment ? 

9. What is the value of a perpetual annuity of £120 at the rate of 4^ 
per cent. ? 

10. Property which brings 7 per cent lets for £85 15s. ; what was the 
purchase money ? 



DISCOUNT. 



149. Discount is an allowance made by a creditor to a 
debtor who pays a debt before it is due. When this 
allowance is subtracted from the debt, the remainder, t. e. 
the sum that is paid, is called the present worth. 

Discount is calculated at a certain rate per cent, and in 
common usage is treated just the same as Interest : we 
shall, however, show that this is not strictly correct, but 
that the person who pays the money has thereby more than 
the just allowance made to him. 

For instance ; if £50 were due to me at the end of one 
year, but I were willing to allow a discount of 6 per cent 
for ready money, then according to the common usage, I 
should throw off the interest of £50 for one year, viz. 
£2 10s., and receive only £47 10s. But if I make a 
creditor an allowance for paying ready money, t do so upon 
the supposition that I can place out to interest the ready 
money which I receive, and together with the interest can 
make up the £50 at the end of the year. Now, if I put olit 
to interest £47 10s. at 5 per cent, I shall obtain as interest 
£2 7s. 6d., and therefore I shaU in all receive £49 17s. 
6d. : hence I lose 2s. 6d. by this arrangement. The real 
question now is — ^Whait sum put out to interest for a year 
at 5 per cent, will amount to £50 ? Or— If £100 will 
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amount to £ 105, what sum will amonut to £50 ? The 
statement will be 

£105 : £50 :: £100 (F) 

and the fourth tenn will be found to be £47 12s. 4fd^ 

Also, the interest of £47 12s. 4fd, for one year is 
£2 7s. 7fd. ; and this, together with the principal, = £50 : 
and therefore I neither gain nor lose. 

By observing (F) we notice that the third term, £100, 
is the present worth of the first term, £105; and the 
jfourth term is the present worth of the second term, £50 : 
and in any question where the present worth of a sum is 
required, the third term is £100; the first term is the 
amount of £100 at interest for the given time; and the 
middle term is the sum due. 

150. If the discount, and not the present worth, be 
required, we must place in the third term the discount of 
£105, viz. £5. But since the discount in the third term 
would generally require to be reduced to the lowest denomi- 
nation expressed, and the work be thereby rendered heavy; 
it is therefore generally better to find the present worth, 
and then obtam the discount by subtracting the present 
worth from the bill due. 

151. The most common form in which discount occurs 
is in the use of what are called Bills, which are stamped 
papers, bearing a written engagement to pay a sum of 
money at a certain future time. If such a bill be 
presented to a banker before it is due, i, e. before the time 
fixed for payment, and the persons who are responsible 
for this bill are considered able to meet it at the proper 
time, the banker will give ready money for it, retaining. 
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however^ the discount upon the sum, as his remuneration 
for the accommodation. 

In practice, as was said, it is usual to charge interest, 
and not discount : therefore the hanker gains by the trans- 
action, and the amount of this gain will be found to be the 
interest upon the true discount. For if we refer to the Ex. 
in ( 149) we shall see that in discounting a bill of £50 due 
in twelve months, the banker would deduct £2 10s., t.^.tfae 
interest on £50 ; whereas he ought to have deducted only 
£2 78. 7fd., which is the interest upon £47 I2s. 4fd. ; 
therefore the extra sum which he takes is the interest upon 
£2 7s. 7f d., or the interest upon the true discount. 

Though discount is not in practice correctly used, yet 
a pupil in working Exs. should always employ the true 
method. 

The bills mentioned above are said to be drau^n upon 

the person or persons who agree to pay the money, and 

those who allow any such bill to be drawn on them are 

said to accept it : hence they are called acceptors, and the 

bill itself is called an acceptance. These acceptances are 

generally for any number of calendar months : but in this 

country three days, call Days of Grace y are allowed after 

the bill is nominally due, before it is legally due ; so that a 

bill drawn on March 30th, at three months, would not be 

legally due till July 3rd. 

Ex. II. What does a banker gain by discounting a bill of £403 ^ 

drawn Oct. 13, at four months, and discounted, Dec. 5, at 4 per cent? 

Here the bill is legally due on Feb. 16, and from Dec. 5 to Feb. 16 are 

73 days : 

£ 8. d. 

The interest for that time . . = 3 4 6j^ 

And the true discount . . . . = 3 4 



Therefore, the banker's gain = ^iV^d. 



c=c 
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Ex8. 62. 

Find the Discount on Find the present worth of 

£ $. d. months £ £ $ d. months £ 

1. 100 for 6 at 5 per ct. 5. 1000 due in 1 2 at 5 per ct. 

2. 128 18 6 „ 3„4 „ 6. 875 10 „ 8 „ 44 „ 

3. 157 10 „ 9„6 „ 7. 119 6 „ 5 „ 3i „ 

4. 1128 17 6 ,, 7 „ 34 „ 8. 425 15 6 ,,24y.at3 „ 

9. Find the difTerence between the interest and discount of £525 foi* 
1 4 yrs. at 5 per cent. 

What wonld a banker gain by discounting the following biUs ? — 

Drawn Discounted 

10. £325 8s. 4d. March 15 at 4 months, April 6th, at 4 per cent. 

11. £90 7s. 6d. Sept' 1 „ 9 „ Jan. 15th, „ 5 „ 

12. What is the present worth of £500, one half of which is due in 
4 months, and the remainder in 6 months, discount at 54 p. c. per ann. ? 

J 52. A very important application of Discount occurs in 
those branches of business, where it is the custom to take 
off 20, 30, &c., per cent, discount from the gross or invoice 
price of goods. And great]errors may sometimes be made 
by tradesmen who not know how much to add to the net 
value or an article, in order that they may, without loss, 
make the deduction agreed upon. 

For instance, suppose a tradesman has an article of 
which the net price should be 50s., and it is usual to 
allow 20 per cent, discount, or deduct one-fifth from the 
invoice price. If he, thinking to allow for this discount, 
puts on ^th of the 50s., and thus makes a gross price of 
608. ; then, when he takes off 20 per cent, or Jth, he will 
find his net price to be 48s., thereby losing 2s. But if, 
instead of putting on ^th he had put on ^th, he could then 
take off the required Jth, and be no loser. 

8. d. 

Thus, Net price required =50 

Addithof50s = 12 6 

Gross price =62 6 

Subtract ^th of 62s. 6d. . . = 12 6 

Net price, as before =50 6 
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The general rule will be found as follows : Let the 
discount agreed upon be represented as a fractional part 
of £100: Thus, for 5, 10, 20, 30, 35, &c. percent, the 
fractions would be 

5 10 20 30 35 . 

____ occ 

100* 100' 100' 100' ioo' 

or, in their lowest terms, 

1113 7- .^. 

20' 10' 5' To' 20' ^' ^^^ 

These are the fractional parts of the gross price to be 
deducted from it: and the corresponding frac^ parts that 
must be first added to the net price will be 

_J I L .^ Z_ &c 

20^1' 10-1' 5-1' 10-3' 20-7' 

1113 7 ,„. 

""' I9' 9' ? 7' 13' ^^^ 

where it is to be observed that the fractions in (H) have 
numerators the same as in (G) ; but the den" are the 
former den", minus the respective numerators.* 

* The following demonstration of the above role may be read by those f^c<riMnt*«» 
with the elements of Aljrebra. 

Let G = gross price; JV = net price; also let a? represent the frac> part of 2V to be 
added thereto to prodnoe &,sotfaatiV+«^ = ff; alsolet — represent the frao^ part 

of G' to be taken off as discount so as to leave N: so that G-~— 6 = 2f; itis 

n 

required to find x. 

N+xN=e, or N{l+x)=G, or N = ', — — (1) 

alaoG^- G = N orN =zfl — ^\ G (2) 

Equating these two values of N, we have 

g --/g/i_»?) or —L.= 1-!?=:5jZL?L 

1+a: ^ '*'' l+x ^ « 

inverting both sides, 1^ x = ** 

n — m 

and r — ** - I = » — ** + " =_5L_ 
n~-m n — m n — m 

i. e, if we wish to take off as discount — , we must put on ** . and these two ftt^ 

n n — m» 

dons represent the series of fiuotions in (G) and (H). • 
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For exiunple, if 30 per cent disoount is to be allowed 
upon on article of which the net price should be 218., we 
refer to the rows (G) and (H), and learn that if 30 per 
cent, or ^ is to be taken off, ^ must be put on : and we 
have as follows. 

Net price = 21 

AddfthsofSls = 9^ 

Gross price charged in inyoice. . . = 30 

Subtract i^ths of 308 = 9 

Net price, as before, = 21 



PBOPIT AND LOSS. 



153. Profit and Loss is another application of Propor- 
tion. It is calculated at so much per cent., or at a certain 
per centage, and the general object of all Exs. under this 
head is, to find — (1) What per centage of profit or loss 
will result from selling an article at a certain price : — (2 ) At 
what price must it be sold, that there may arise a certain 
per centage of profit and loss ; the prime cost of the article 
being in both cases known. 

154. It will not be attempted to exhibit an Ex. of every 
kind of question that may arise ; but a sufficient number 
will be given to show the principles upon which all the 
questions depend ; and the particular method of applying 
the principles of Proportion in each case must be left to 
the judgment of the pupil. 

Ex. I. If an article cost £2 7s. 3d., and be sold for £3 3s. Od., what 
is the gain per cent. ? — or, If £2 7s. 3d. become £3 3s. Od., what will 
£100 b<ecome ? The statement is 

£2 7s. 3d. : £100 :: £3 3s. 

and the fourth term is £133 6s. 8d. Hence the gain upon £100 is 
£33 6s. 8d. ; or the profit is at the rate of 33| per cent. 
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Ex. II. If, by selling tea at 68. 4d. per lb., a grocer lose 6 per cent, 
what was the prime cost per lb. ? 

Now, to lose 6 per cent, is to obtain only £94 for every £100 laid oot ; 
hence the question is really this — If £100 be laid out, and £94 be 
received for is, what is laid out when 6s. 4d. is received ? 

Here, since £100 is prime cost, or buying price, and we want buying 
price in the fourth term, we have this statement : 

£94 : 6s. 4d. : : £100 

and the fourth term, or prime cost of lib. is 6s. 8f ^. 

Ex. III. At what price must I sell a commodity purchased at the rate 
t>f £14 5s. per cwt so as to gain 21 per cent ? 

In this Ex. it is required to receive £121 for £100 laid out : therefore 
£121 is the selling price of that which cost £100; and since the fourth 
term is to be the selling price of Icwt, we have 

£100 : £14 5s. :: £121 

and the required price is £17 4s. 10 ^d. 

Questions of this kind, wherein we require the price at a certain profit 

per cent, may often be worked more briefly by the method of t^ractice. 

Thus to gain 20 per cent, on any sum of money invested is merely to add 

one-fifth of the sum to the previous amount; and Ex. III. may be worked 

as follows. 

£ $. d. 
14 5 

Add 20 per cent or ith 2 17 

Add 1 „ or ,Vthof20p.c.. 2 10 } 

.'. original sum +21 per cent profit = £17 4 10^ 



The following Ex. involves the principles of Exs. II. 
andm. 

Ex. IV. A person, by disposing of goods for £182, loses at the rate 
of 9 per cent. ; what should have been the selling price, so as to make a 
profit of 7 per cent. 

We may work this question by two operations : first, find the prime 
cost, and then from it find that selling price which would give a profit of 
7 per cent. Since to sell at 9 per cent loss is to receive but £91 for that 
which cost £100, n e have this statement : 

£01 : £182 :: £100 
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and the answer is the prime cost £200. Also, to obtain a profit of 7 per 
cent is to recdve £107 for that which cost £100; therefore, to find the 
selling price of that which cost £200, we have 

£100 : £200 :: £107 

and the answer is £214, the price at which the goods should be sold to 
make 7 per cent profit. 

In order to work the question bj one statement, we may put it under 
this form— If goods sold for £182 bring £91 for every £100 laid out, 
what ought they to be sold for, so as to bring £107 for every £100? 

Here we have the £100 laid out the same in both circumstances, and it 
will therefore not afiect the question: £107 and £91 may be considered 
as the gaining and losing rates; also, £182 is the sum received for 
goods, and therefore of the same nature with the fourth term : hence the 
statement is 

£91 : £107 :: £182; 

and the fourth term, or selling price, is £214, the same that was obtained 
from the former statements. 

ExB. 63. 

1. Paid £137 12s. 6d. for goods, and sold them for £151 7s. 9d.; 
what was the profit per cent. ? 

2. By selling goods at 3s. 6d. I gain 12 per cent.; what shall I gain 
or lose by selling them an 4s. 9d. ? 

3. 1 give 3s. 9d. for goods ; at what rate must they be sold to make 
a profit of 30 per cent. ? 

4. Bought cloth at 9s. 4id. per English ell ; it is required to find 
the selling price per yard so as to gain 17 ^ per cent. 

5. Goods were bought for 2s. 9d., being 17 i per cent, below their 
real value; what was that value ? 

6. Sold goods for £3 13s. 6d., being 22^ per cent, profit ; what was 
the prime cost ? 

7. I sell an article for £22 10s., and by so doing lose 15 per 
cent. ; what per centage would be lost or gained by selling it at £27 ? 

8. At a selling price of 15s. I lose 10 per cent ; what must be the 
price to gain 10 per cent. ? 

9. I buy tobacco at 10 guineas^ per cwt; at what price must I 
retail it per lb. so as to gain 12 per cent.? 

10. When the price of a certain article is 12s. 6d. there is a gain 
of 25 per cent. ; what would be the loss or gain if the price were 10s. ? 
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11. I bought 145 quarters of wheat at 508. per quarter, and in selling 
I make a profit of £36 58. ; how much per cent was the profit ? 

12. A merchant sold a pipe of wine for £50, and bj so doing lost 
5 per cent; at what price must he sell 3 other pipes so that he may 
gain 5 per cent, upon the prime cost of the 4 pipes ? 

13. A person having bought goods for £20, sells half of them so as 
to gain 10 per cent; for how much must he sell the remainder so as 
to gain 20 per cent, upon the whole? 

14. I bought 56 gallons of brandy at 22s. 6d. per gallon, but 7 
gallons were lost ; at what price per gallon must I sell the remainder, 
to obtain 15 per cent, profit on the whole outlay? 



PARTNERSHIP. 



155. Partnership, or as it is sometimes called Fellow- 
ship, is the Rule by which we deteimine how to divide 
profits, which arise from different sums of money put into 
a business by two or more persons, either for the same or 
different periods of time. 

Ex. I. Two persons enter into business as partners; one puts in 
£350, and the other £500; they gain £100. How is the profit to be 
divided? 

Here the profit, £100, is made from the whole capital, £850 ; and each 
partner's share of the profit wiU be in proportion to his share of the 
capital : therefore the question divides itself into these two parts : — (1) If 
£850 produce a profit of £100, how much will £350 produce? (2) If 
£850 produce £100, what will £500 produce? 



The statements for these two questions 


will plainly be 


£ 

(1) 850 : 

(2) 850 : 


£ 
350 

500 


£ 
:: 100 

:: 100 




and the fourth term of (1) = 
and these together = 


£ 8. 

41 3 
58 16 

100 


d. 
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£z. II. A field of grass is rented by two persons for £27 ; the one 
keeps in it 15 oxen for ten days, and the other 21 oxen for seven days : 
find the rent to be paid by each, supposing the pastorage to remain 
equally good throughout ? 

Here it is plain that the keep of 15 oxen for ten days is the same as of 
ten times 15, or 150, oxen for one day : so also, of 21 oxen for seven days 
is the same as of 7 times 21, or 147, for one day; therefore the question is 
plainly this : If one man turn into a field 150 oxen, and another 147, for 
one day, and they together pay £27, how is that payment to be divided ? 

The whole number turned in would be 297, and the two statements 
would be similar to those in Ex. I., viz. 

297 : 150 :: £27 (1) 
297 : 147 :: £27 (2) 

the fourth term of (1) = i^?^£ = £13 128. 8^\d. 

11 

,, „ » (2) = iH-l?I =£13 78. 3V^d. 

11 

and their sum =£27 



156. I will give one more Ex. which is the same in 
principle as Exs. I. and II., but is more complicated in its 
operations. 

Ex. III. On the Ist of January A brought into a business £350, and 
on the 1st of April £500 more : on the 1st of June he takes out £400 ; 
three months after this he brought in £600. B brought into the business 
£500: four months after this he takes out £150; and on the 1st of 
November he brought in £650. At the end of the year their clear gain 
is £1008. How much ought each to receive ? 

Here A put in £350 from January Ist to June 1st, or five months; 

also, £500 from April 1st to June 1st, or two months: he has now in the 

business £850, but he takes out £400, leaving £450. This £450 is in 

from June 1st to December 31st, or seven months. Also, he has £600 

in from September 1st to December 31st, or four months. Hence he has 

in all 

£ £ 

350 for 5 months, or 1750 for 1 month 

500 „ 2 „ or 1000 „ 1 

450 „ 7 „ or 3150 „ 1 



n 
600 „ 4 „ or 2400 „ I „ 



Therefore he has in all 8300 „ 1 



>» 
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Again, B brought in £500 from January 1st to May 1st, or four 
months: he now takes awaj £150, and has in £350 from May 1st ta 
December 31st, or eight months. Also, he brings in £650 from Norember 
1st to December Slst, or two months. Hence he has 

500 for 4 months, or 2000 for 1 month. 
350 „ 8 „ or 2800 „ 1 
650 „ 2 „ or 1300 „ 1 



» 



» 



Therefore B'5 capital is.... 6100 „ 1 „ 
and A*s capital was 8300 „ 1 „ 



>f 



therefore the joint capital = 14^90 „ 1 

Hence the two statements will be 

£ £ £ 

For A*s share 14400 : 8300 : : 1008 

For B'8 „ 14400 : 6100 :: 1008 
and the fourth terms are £581 for A, and £427 for B, 

157. In this place we may introduce an Ex. of the 
following kind. 

£z. IV. A wine merchant mixes together 20 gallons of wine at 12s. a 
gallon, 25 gallons at 14s., and 36 gallons at 16s. : what should be the 
price of a gallon of the mixture ? 

Here it is plain that 20 gallons at 12s. are worth 240s. 

also „ 25 „ 14s. „ 350s. 

and „ _36 „ 16s. „ 576s. 

and therefore that Sl^ of the mixture „ 1166s. 

hence the value of one gallon is plainly — -th of the value of the whole; 
or, price per gallon = -qt-s. = 14s. 4|?d. 

ol 

158. The following Ex. shows how to divide a given 
quantity into parts which shall have to each other given 
ratios. It is upon the same principle as the previous Exs., 
though not commonly recognized as such. 

£x. V. Divide 1065 into parts which shall be to each other in the 
ratio of 3, 5, 7; and also into parts which shall be in the ratio of l* h |. 

Taking the former part of the Ex., we observe that 3 + 5 + 7 = 15 is the 
smallest integer which can be divided in the ratio of 3, 5, 7 ; hence the 
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required portions of 1065 will bear the same ratio to 1065 that 3, 5, 7 do 
respectively to 15. The first portion is obtained by the statement 

15 : 3 :: 1065; 

and the fourth term = 213. Also, if 5 and 7 be successively placed in the 
second term of the aboye statement, we shall find the remaining portions 
to be 355, and 497. 

Similarly, in the latter part of the £x. we see that — + —+—, or 

3 5 7 

— -— ^TTTc ^ ^ firaction which can be readily broken up into 

fractions which shall be in the ratio of -, -, and -; hence the required 

3 5 7 

portions of 1065 will bear the same ratio to the entire number 1065 that 

-, -, and - , respectively bear to their sum — : we have, therefore as 
3 5 7 105 

the statement for obtaining the first portion 

'* ' : 1065J 



105 3 
S 

and the fourth term = ^-1^ x ;■ x - - = 525. So also the second and 

third statements will be 

71 i 



105 * 5 



1065; 



and— : i :: 1065; 
105 7 ' 

and the corresponding fourth terms will be found to be 315 and 225. 

Ex8. 54. 

1. Two persons invest in business £300 and £250 respectively ; they 
gain £ 150 : how is it to be divided ? 

,2. ^ and B as partners lost £600 ; if A's capital were £4000, and 
B*s £2100, how much of the loss must each bear? 

3. A, By and C were partners : A put in £1000 for 2 yrs., B £750 for 
15 months, and O £1500 for 9 months ; divide equitably a profit of £1000. 

4. Af B, and C rent a field for £10 ; il put in 20 horses, B 15 oxen, 
and C 10 sheep ; how should the expense be divided, if the eating of a 
horse, oz, and sheep be in the ratio of 3, 2, and 1 } 

5. A puts into a concern £500, and 6 months after puts in £300 
more; B puts in £1000, and 3 months after puts in £1000 more; they 
trade for 2 yrs., and gain £650 : what is the share of each ? 
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6. Dif ide £20 amongst 3 persons, so that their shares shall be in the 
ratio of 3, 4, and 5. 

7. Distribute £705 in the ratio of J^* \, and ^ 

8. A mixture is made of 51b8. of tea at 3s. 4d., 10 lbs. at 4s. 2d.) 
and 15 lbs. at 5s. : what should be the price per lb. of the mixture? 

9. A wine merchant mixes together 20 g^ons at 12s., 30 gallons at 
158., 40 gallons at 20s., and 10 gallons of water ; what must be the retail 
price so as to gain 10 per cent, profit ? 

10. A testator bequeaths £1000 to one person, £500 to a second, and 
£300 to a third; but his property is found to realise only £1250 : how 
much should each receive ? 

ExB. 65. I. 

1 . If 375 quarters are grown on 75 acres of land, how much land will 
be required to grow a peck ? 

2. Ten persons joined to buy 3 lottery tickets for £ 10, £25, and £40: 
the second gains a prize of £1000, how much does each man gain? 

3. How many times does a clock tick in the month of January, if it 
ticks 15 times in 2 minutes ? 

4. A large bin contains 15 cub. ft. 267 cub. in., and out of it 3 smaller 
bins are filled, each containing 4 cub. ft. and 375 cub. in.; how much will 
be left in the bin ? 

5. Out of a square plate of metal 15| feet long, how many circular 
pieces can be cut 2^ inches in diameter ? 

6. What is the smallest sum that a man must have in his pocket, that 
he may be able to pay it away entirely either in moidores, guineas, 
marks, or 7 shilling pieces ? 

7. Assuming the method of multiplying and dividing fractions by 
whole numbers, shew that r -f- A = ^' 

8. If 9 slabs, 12 in. long, and 12 m. broad, will cover a certain surface, 
how many slabs will be needed if they be 18 in. long, and 8 in. broad ? 

9. Find the cost of 8725 lbs. at Is. 1 0f d. 

10. What cost 25 oz. 3 dwts. 11 grs. at £3 17s. lO^d. per oz.? 

n . If a tradesman gain Is. 6d. on an article which he sells for 5s. 9d., 
what is the profit per cent, on the prime cost ? 

12. Of two pieces of cloth, one is 42 in. wide, and costs Is. 6d. per yd.; 
the other is 56 in. wide, and costs 2s. 4d. per yd.; what is the ratio of the 
qualities of the pieces, supposing the prices to be exactly proportionate to 
their real value ? 

13. Silver coinage has 37 parts pure silver, and 3 parts of copper; 
1 lb. Troy weight makes 66s.; what quantity of pure silver is there in 20s. ? 

14. Reduce 8 ewt. 3^ qrs. 1^ stones to the decimal of 15 tons. 

15. What decimal of a square furlong is 1 perch ? 
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16. If the net price of an article be found by taking off Xths of the 
gross price, what must be added to the net price to make the invoice price? 

17. If [ am required to throw off ^th, j^ths, ^ths, from the invoice 
price of three parcels of goods, what must be the fractional parts to be 
added to the required net prices ? 



1. How many strokes will a clock strike in the month of May ? 

2. Find the value of 4424 articles at 15s. lO^d. each. 

3. A block of stone 7 ft. long, 2| ft. broad, and 16 in. thick, weighs 
3^ tons ; what must be the length of a block of the same kind, whereof 
the breadth is 3^ ft., the thickness 10 inches, and weight 6500 lbs. ? 

4. What is the cost of 59 tons, 15 cwt, 3 qrs., 18 lbs., at £2S ISs. 9d. 
per ton? 

5. A person buys 68 yds. of cloth for £75, and retaila it at £1 18s. 
per English ell ; what does he gain by the transaction ? 

6. What may a person spend per day out of an income of £1000 a 
year, if he lay by 20 guineas every calendar month ? 

7. Explain the reason of stating a Rule of Three sum ; and shew why 
the answer results- in the same name as the third term. 

8. A tax of 3d. in the pound on a certain assessment produces £1080, 
how much will be produced by a tax of 7d. on an assessment of double 
the value ? 

9. What is the value of (g + §-^) of£360f 

10. Explain the nature and advantages of Decimal Fractions, com- 
pared with Vulgar Fractions. 

11 . What fraction of a square mile are 2| perches? 

12. I have to distribute 150 yds. to 10 men and 10 women, so that the 
men and women may have shares in the ratio of 2 : 3 ; how much will 
each have ? 

13. A boat is propelled by 8 oars, whicli take 10 strokes per minute ; 
and it goes 9 miles an hour ; find the rate of a boat propelled by 6 oars 
which take 8 strokes per minute, when 5 of its strokes are equal to 6 of 
the former. 

14. Find the exact value of 

•375 of 68. 8d. --941875 of 4s. + 1'98983 of 28. 

15. Simplify the following expression : — 

1. 1 .1.1 
2 ' 3x2* '5x2* '7x5^ 

16. If I throw off 17 per cent, from my invoice price, what fractional 
part of my net price must I put on ? 
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L. 



1. The quotient is 3276, the divisor £2 78. 6d., remainder 6d.; find 
the dividend. 

2. On the 1st of March I borrow £ 10, to be repaid in a calendar 
month, and in retnm lend £15 on the 1st of April; when should it be 
repaid ? 

3. The girth of a tree at the surface of the ground is 6 feet, find the 
girths at 10 feet and 20 feet, if the height of the tree be 50 feet, and it 
tapers regularly. 

4. Find the cost of \3j\ oz. at £3 7s. 6d. per oz. 

5. At what distance from the end of a slab of 17 in. breadth must I 
cut, so as to have a rectangular piece, containing half a square yard? 

6. An author pays 2s. 6d. for the printing, &c. of a book : out of the 
publishing price 10 per cent, is allowed for advertising, 10 per cent for 
publisher's commission, 25 p. c. to the retail trade, 4 p. c. for damaged 
copies, and 5 p, c. loss of interest ; what must be the publishing price, so 
that he may neither gain nor lose ? 

7. In the last question, what would he gain on 2000 copies, at a 
selling price of 5s. 6d. ? 

8. If 56 current shillings be worth £2-/^ in gold, how many current 
shillings are worth £65 in gold ? 

9. Two numbers are to one another as 8 : 11 ; and the greater one is 
77 ; find the less. 

10. Find the whole cost of a house, of which the rent is £27; the 
poor-rate 3s. 4d. in the pound; gas rate two-thirds of the poor-rate; and 
the paving rate three-fifths of the gas rate. 

11. Reduce to a vulgar fraction 

2*3 13-8^ 1-21 
1-7 102 ^4-9* 

12. Express the ratio of £3*7 to 4*1^ guineas in the smallest int^ers. 
13« A piece of work employs 15 men for 6 days, when the day is 12 

hours long, and costs £18|; what will be the cost of a piece employing 
25 men for 9 days of 10 hours each, the pay of the new workmen beiog 
1^ times that of the old ? 

14. A tank is filled by 3 pipes in 2, 8|, and 7 4 hours respectively; in 
what time would they all fill it ? 

15. A discount of ^ths is agreed upon : what must be the ratio 
between the net and gross prices, so that I may be able to make the 
deduction ? 

16. I add ^ths to the net price of an article ; what per centage of 
discount was agreed upon ? 
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STOCKS. 

159. The govenunent of a ooontry sometimes finds it 
necessary to borrow money ; and it gives to the lender a 
bond acknowledging the debt, and agreeing to pay a 
certain rate of interest for the money. The amount owing 
to those who hold these bonds is called the National Debt, 
or the Funds ; and the interest paid is derived firom the 
income of the country, arising principally firom taxation. 

The above-mentioned bonds are saleable, and are called 
Stock ; and they of course vary in value, principaUy 
according to the plentifiilness or scarcity of money. 

Thus, suppose a person lend £100 to government, and 
receive an acknowledgment for it, with an agreement to 
pay £3 a year interest for the loan ; then, if at any time he 
wishes to sell the bond, and money is scarcer than when 
he lent the £100, he will get less for it than he gave, 
perhaps £95 ; and if money be more plentiful, he will get 
more for it, perhaps £105. But still the bond represents 
an acknowledgment for £100, and £3 interest is paid to 
the holder of it, whatever may be the sum which he has 
paid for it. When, therefore, we say that 3 per cent, stock 
is selling at 80, we mean that the buyer of £100 bond, or 
as it is called, £100 stock, has to give only £80 sterling 
for it ; hence, as he gets £3 interest for it, it is not £3 per 
cent, to him, but £3 for £80. From this it is plain that 
the lower the stock is in price, the better interest the buyer 
obtains ; and the higher the stock is, the less interest he 
obtains for his money. 

When the market price of £100 stock is exactly £100, 
the stock is said to be at par ; if the price be more than 
£100, it is said to be at a premium ; if below £100, at a 
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discount. The smallest variation in the price of stock is 
one-eighth of £1, or 2s. 6d., for every £100 stock. 

160. Since persons who wish to seU stock may not know 
any who wish to buy, therefore all sales and purchases are 
transacted through agents, who aj*e called Stock-brokers. 
The broker of the buyer deals with the bn^er of the seller, 
and each charges his employer, or princtipal, as he is called, 
a commission of |th of £1 for the transfer of every £100 
stock; so that a buyer must always consider that he pays 
|th per cent, more, and the seller that he receives |th per 
cent, less than the selling price; but if in any Ex. the 
commission be not mentioned, no notice need be taken of it 

161. In working the various questions that occur in 
Stocks, a pupil must be careM not to confound stock and 
actual money. Also, in buying or selling stock, it is quite 
immaterial whether it be 3 per cent., 4 per cent., or any 
other kind of stock, unless we wish to know the income to 
be derived : for instance, if I have to sell out £100 stock, 
when the price is 95, it matters not whether it be in the 

3, 4, or 5 per cents. : I have to receive £95 for every £100. 

£x. I. What must be given for £5050 stock ia the Three per Cents., 
at 85| per cent ? 

Here the price of £100 stock is £85 1 ; and I hare to find the price of 

£5050 stock : hence the statement wiU be 

£100 : £5050 :: £85|. 

Ex. IV. Multiplying by 85§, after the method of (84, Ex. IV.), and then 

dividing by 100, we have the annexed operation, in which we find the cost 

of £5050 stock at 85| = £431 1 8s. 9d. 5050 

_85| 

25250 
'40400 
I, or i, of £5050 = 1262 10 
i of £5050 631 5 

1,00) 4311,43 15 
20 

8,75 
12 

9,00 
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Next, let us find what amount of stock any givei> sum 
win buy, when the price of £100 stock is known. 

Ex. II. How much stock can be bought for £1490, the price being 
88^, and oommisiion | per cent ? 

Adding the commif sion to the market price, we have the coit to the 

biiyer SSf, or 98^ The term sought is amount of stock ; and in the 

proposed question £100 is the stock to be bought by £88| : we have 

therefore 

£881 : £1490 :: £100 

and the fourth term, or amount of stock bought by £ 1490 is 
£1688 12s. Slid. 

Ex. in. If a person invest £2000 in the Three per Cents, when they 
are at 95|, what is his annual income therefrom ? 

In this case the buyer gives £94| for £ 100 stock, i. e, for the privilege 
of receiving £8 interest: hence the question is, — If £95^ produce £3 
mterest, what will £2000 produce? Our statement is 

£96| : £2000 :: £3 

and the fourth term, or interest of £2000, will be found to be 
£62 168. 6H!d. 

Ex. IV. Find what per centage will be obtained by investing in the 
Three and a-half per Cents, at 91 : or in other words, — If £91 give £3), 
what will £100 produce ? The statement is 

£91 : £100 :: £3^ 

60 

and the fourth term = ?t^^£ « | x ?^£ = £3i J. Also transferring 

13 
the 100 from the left-hand numerator to the right-hand denominator, I have 

3i^3U 
91 100* 

Observing this- equation, I notice that the right-hand nde gives the 
ratio of the interest of £100 to £J00; and the left-hand side gives the 
ratio of the interest on £100 stock to the price of that stock. Now, in 
finding the per centage which any interest produces, we wish to know what 
is the ratio of the interest on £100 to £100^ and since the right-hand 
fraction g^ves this ratio, therefore the former fraction also gives it : hence 
this fraction gives a standard, by which we can compare the value of the 
per centages derived from any two investments in different kinds of stock. 

h5 
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Thus, if I wish to know whether it will be more advantageous to invest in 
the Four per Cents, at 95, or in the Three per Cents, at 85, I must com- 
pare the fractions — and — . 

« />i^x .u A'iv . 4x85-3x95 340-285 „ • 

By (46), the difference is — -r- = --- — -— . Hence, smce 

95 X o5 95 X o5 

340 > 285, therefore zr=> Tr-i or an investment in the Four per Cents. 

95 85 

at 95 will produce better interest than in the Three per Cents, at 85. 

If we wish to know how much better interest is obtained in the one case 

4 3 

than in the other, we must observe that these fractions ^^ and ~ express 

95 Ho 

the respective portions of £ 100 which the two investments give as interest 

per cent : 

340 — 285 

hence, the difference of the per centages obtained = of £100 

95 x85 

II 20 

19 17 

162. We will now give an Ex. combining two or more 
of the operations exhibited in the previous Exs. 

Ex. y. A person transfers £1000 stock from the Four per Cents, at 
90 to the Three per Cents, at 72 ; find how much of the latter stock he 
will hold, and the alteration made in his annual income. 

The first part of the question may be thus expressed : '< If a certain 
sum of money will buy £1000 stock at 90, how much can be bought when 
the stock is at 72 ?" The statement will be 

£72 : £90 :: £1000 
125 10 
and the fourth term = i^x^^ ^ 1250£. 

"To find the income derived from the £1000 stock and from the £1250 
stock, two simple statements might be employed : but where, as in this 
case, the stock consists of £100 shares, we can work more briefly thus:— 
£1000 stock = 10 cents. ; and since each cent, produces £4, the whole 10 
produce £40. Also, £1250 stock = 12 J cents.; and since each cent, of 

this stock produces £3, the whole produce 12* x 3£ = ~ x 3£ = — £ 

2 2 

= £37 10s.; hence the difference of the incomes from the two investments 
= £40 - £37 10s. = £2 10s. 
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Ex8. 66. 

1. What must be given for £2000 Stock when the funds are at 85 ? 

2. When 3^ per cent. Stock is at 93^, what sum will buy £ 1250, 
allowing | per cent for brokerage ? 

3. How much Stock can be bought for £1176 lOs. when the funds 
are at £90|, and broker's charge 2s. 6d. per cent. ? 

4. What sum must be invested in 3 per cent. Stock at 94^, to yield an 
annual income of £500 ? 

5. If a person invest in the 3 per cents, at 93, at what rate per cent, 
will he receive interest for his money ? 

6. A person lays out £1000 in 3^ per cent Stock, when the funds are 
at 92 1; what income does he derive from it? 

7. A sum of £999 19s. IHd. in the 3^ per cents, produces £44 
Os. 6d.; what was the price of the Stock when the money was invested ? 

8. In what Stock must I purchase, so that I may derive an income of 
£75 from the investment of £1875 at par ? 

9. A capitalist invests for a short period £100,000 in 3 per cents, at 
87| : when he sells out, they have risen 2 per cent. ; what does he gain, 
reckoning J per cent, for brokerage, both in buying and selling ? 

10. What must be the price of a railway share, paying a 5 per cent, 
dividend, and of which the nominal value is £100, so that a purchaser 
may receive 7 per cent, for the money invested ? 

11. A railway share, originally costing £100, has paid a dividend of 
8 per cent. : what must I give for such a share, so as to receive 4^ per 
cent, for my money? 

12. Railway shares which were purchased at a discount of 10| per 
cent., and sold at a premium of £31^, realised a profit of £357 2s. lOf d.: 
how much was invested ? 

13. A person having an annual income which arises from £450 invested 
in the 3 per cents., exchanges it for an annual income arising from £315 

.in the 4 per cents. Stock : what is his annual gain or loss by the exchange ? 

14. What is the interest for 5| yrs. of £293 invested in the 3 per 
.cents., when they were at 87| ? 

15. A person sells out of the 3} per cents, at 93|, and realizes 
-£, 18700 : if he invest one-fifth of the produce in the 4 per cents, at 96, and 
the. remainder in the 3 per cents at 90, find the alteration in his income. 

16. Which is the better investment, to buy in the 3 per cents, at 85, 
or the 4 per cents, at 102 ; and by how much } 

17. Find the <tifference of income arising from two investments ef 
£5000 : (I) in shares at 131 i, paying a 6 per cent, dividend ; (2) in Bank 
Stock at 194^, paying an 8 per cent, dividend. 

18. A person wishes to bequeath an annuity of £100 a year; what 
sum must he devote to the purchase of 3| per cent. Stock at 97,. so that 
the annuitant may receive the £100 free of 3 per cent, income tax? 
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EQUATION OF PAYMENTS. 

163. If a person owe another several sums to be paid at 
different times^ and it is required to know at what tiine it 
would be just to pay the whole at one payment, this 
would be a question to be solved by a Rule called Equation 
of Payments. 

To ascertain the method of finding this time of payment, 
called the equated time, let us take a simple Example. 

Ex. I. If £, 100 be dae at the end of six months, and £200 at the end 
of twelve months ; find when it is just to pay the whole in one sum. 

It is quite clear that thQ time of payment will be at some period betweea 
the two fixed times, six months and twelve months; hence the former 
sum, £100, will be paid after it is due, and the latter sum, £200, before 
it is due. 

Now, a person keeping the £100 beyond the appointed time ought, of 
course, if that were the only money to be paid, to pay interest for it^ but, 
instead of paying interest, he is to make up for the privilege of keeping 
the £100 by paying the £200 before it is due; it is hence quite dear that 
he must pay this £200 such a time before it is due, that the interest of 
the £200 for that time shall just balance the interest he might obtain by 
keeping the £100 after it was due. The question then really is — ^How 
soon will the interest upon £200 produce the same as the interest upon 
£100 ? The answer evidently is, in half the time; i,e. the time of pi^ng 
the £200 must be earlier than its original time of twelve months, by half 
as much as the time of paying the £100 is UUer than its. original time of 
six months; therefore, if the payer keep the £100 /our months beyond 
the six months, and pay the £200 two months sooner than the twelve 
months, the interest gained in the one case and lost in the other will be 
just balanced ; and the whole sum will have to be paid in ten months. 

164. Putting the question in another form^ we may 
consider that when the sums were to be paid at different 
times, the payer had the £100 in his hands six months, 
t. e. he had the interest of £100 for six months, or of £600 
for one month : also, he had the interest of £200 for 
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twelve months, or of £2400 for one month ; therefore he 

had in all the interest of £2400 +£600, or of £3000 for 

one month. If, then, the debtor has to pay the £300 in 

one sum, how long onght he to keep it, so that its interest 

shall equal the interest of £3000 for one month P The 

answer to this question will be obtained from the following 

statement 

£300 : £3000 :: 1 month; 

and the fourth term will be ten months, the same result as 
before* 

165. The tnith of the above method has been disputed 
by arithmeticians upon this ground. Referring to the 
above Ex., it is said, that since the £ 100 is paid after it is 
due, the payer should pay the interest for the time that it 
is kept back ; but since the £200 is paid before it is due, 
discount only should be allowed thereon : and since the 
discount is less than the interest, it is said that the payer, 
by the above method, receives as much more than his due 
as the interest of £200 exceeds the discount ; hence, to 
make the payment perfectly correct according to this view, 
we ought to place the payment earlier than ten months. 
But since we have shown, by the working of the Ex. given 
above, that the interest gained in one case and lost in the 
other is equal, we shall, by placing the time for payment 
of the £300 earlier, rob the payer in two ways — 1st, by 
depriving him of the interest of the £100 during the latter 
part of the four months that he ought to be allowed to 
hold it: and 2ndly, by making. him put the £200 into the 
hands of his creditor for a longer time than two months. 

The fallacy of the reasoning which would place discoupt 
instead of interest in the question may be shown thus. It 
is here assumed that discount, not interest, is applicable to 
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all cases where money is to be paid before it is due. Now^ 
this is quite true where only one payment is to be made ; 
for in that case we have laid it down, that the debtor is to 
pay such a sum as put out to interest shall just amount to 
the sum due : therefore, in all cases of discount the debtor 
pays less than he owes. But this is not the case in Equation 
of Payments : for here the creditor receives the whole of 
the latter portion of the debt, say £200, thongh it be 
before it is due, and he can put the whole out to interest, 
which he cannot, in real questions of discount ; and the 
question now is, — ^not how much must be put out to interest 
to raise £200, — but how long must the whole £200 be put 
out, to raise an amount of interest equal to that which the 
creditor has lost, by allowing the first payment, say £100, 
to remain in the debtor's hands beyond its time. The 
question considered in this view has been satisfactorily 
answered in the Ex. worked above.* 

Ex. II. A person owes £800; £200 to be paid in three months, £100 
in four months, £300 in 5 months, and £200 in six months : if the whole 
were to be paid at once, what would the time of payment be ? 

Here, by the agreement, the debtor has the interest of 

£ £ 

200 for 3 months, or 600 for I month 
also of 100 „ 4 „ or 400 „ 1 „ 

alsoof 300 „ 5 „ or 1500 „ 1 „ 
lastly, of 200 „ 6 „ or 1200 „ 1 „ 

800 3700 



therefore he has altogether the interest of £3700 for one month ; and the 
whole sum to be paid is £800: hence, we have to find in how many 
months £800 will produce as much interest as £3700 in one month. The 
result is obtained from the following statement : 

£800 : £3700 :: 1 month; 

3700 
and the fourth term = x 1 month = 4§ months. 

oOO 
*See Art Rebate m the *' Penny Cycloptedia." 
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In the statements which are used in Exs. I. and II. we 
observe that the third term is one mouth ; hence, since 
this will in every Ex. be the third term, we shall merely 
have to divide the second term by the first, in order to 
obtain the fourth term : also, the first term is the whole 
amount due; and the second is the amount of all the 
several sums, when each one is multiplied by its time of 
payment. Hence the equated time is found by multiplying 
each sum into its specified time, and dividing the total of 
the products so found by the whole amount to be paid 

Exs. 07. 

1 . Find the equated time of payment of £ 160, whereof J£100 is doe in 
3 months, and £60 in 8 months. 

2. I owe £100 in 2 yrs., £230 in 2^ yrs., and £280 in 3 yrs. hence : 
wboi must I pay the whole in one sum, so as neither to gain nor lose ? 

3. Of a deht, j^ is due in 4 months, | in 6 months, 4 in 8 months, 
and the remainder in 12 months ; find the equated time of payment. 

4. Find the equated time of paying £200, which is due in monthly 
instalments of £20. 



EXCHANGE. 

166. Exchange, in its simplest meaning, is merely the 
conversion of any sum of money from the coinage of one 
country to that of another. To perform this conversion, 
we must of course know for how much a certain coin of 
one country can be exchanged in coins of another: for 
instance, if I wish to exchange a sum of English money for 
French, I must know how many of the current coins of 
France, viz. francs, will be given me for dB 1 of English 
money. This rate of Exchange between two countries 
is called the Course of Exchange, but it is not always the 
same; and we shall presently show the cause of the 
variation. 
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£z. I. Exchange £850 sterling for francs at 25 francs 15 centimes, 
or cents; or, in other words, — If £1 sterling can be exchanged for 25 
francs 15 cents, what number of francs can be obtained for £850 ? To 
obtain this number, I have the following statement : 

£1 : £850 :: 25 francs 15 cents. 

Also, since 100 cents, make one frunc, therefore cents may be expressed 
as decimal parts of a franc ; t. e. 25 francs 15 cents = 25*15 francs; 

t. *^. f ^u*^ £850x25-15- 
hence, the fourth term = — francs 

= (850 X 25*15) francs 

= 21377*5 francs 

or 21377 francs 50 centimes. 

Ex. II. How many pounds sterling can be obtained for 8457 marks 
15^ schillings, Hamburgh, at the rate of 13 marks 12 schillings for £1 
sterling ? The statement is 

13 mks. 12 sch. : 8457 mks. 15^ sch. : : £1. 

By Tables of Hamburgh Coinage, we find that 16 schillings = 1 mark: 
hence, reducing the first and second terms of the above statement to half 
schillings, we obtain by the usual process the fourth term = £615 2s. 6d. 

167. The method of these two Exs. will enable ns to 
convert any sums from the currency of one country to that 
of another, when the course of exchange between the two 
countries is known. But we must also be able to perform 
this conversion between two foreign countries. 

Ex. IIL Change 1932 florins at Amsterdam for ducats at Ni^es, the 
course of Exchange being 80| florins for 40 ducats. The statement is 

80^ florins *: 1932 florins :: 40 ducats. 

and the fourth term will be found to be 960 ducats. 

In the following Ex. the process is not so simple : 

Ex. IV. Exchange 1000 American dollars for sterling money when 
Eng. money bears a premium of 10 p. c. in America. 

Here, £110 worth of dollars in America would produce only £100 of 
English money — Whence 1000 dollars must be reduced in the ratio of 110 
to 100. Thus, 



no : 100 :: 1000 : ^-??? dols. 

or 909-iV dols. 
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We bate now to convert 909iS doU.» each 4t(. 6d^ into pounds ilcrling. 

The required iiitmber of poundi itcrling 

^1000 4l8h^9000^2^ 
II dUsb. 44 ^ 

or £204 lOs. KHH 

If I had wished to change Eng. money to American, I should have 
increased the number of English pounds in the ratio of 100 to 109. 

We now proceed to explain a farther and more com- 
prebensiYe meaning of the term Exchange. 

In eonunercial transactions between di£ferent countries 
it is not usaal to pay for goods imported^ in coin, or as it is 
sometimes called^ in specie or bullion : and for two reasons 
—first, the quantity of foreign goods imported by a country 
like England is so great, that if paid for in coin, the pay- 
ment would speedily drain all the coin out of the country, 
and business could not be carried on. Secondly, there 
would be the probable loss of the coin by wreck or other- 
wise in the transmission ; besides that there would arise a 
loss of interest on the money while it was being sent to its 
destination. 

We shall now show how these difficulties may be avoided, 
when we are dealing with countries which send goods as 
well as receive them, L e, which export as well as import. 

168. The following is a simple Ex. of the manner of 
conducting these transactions. 

Suppose A and B to represent two merchants in America, 
and C and D two others in England : let C buy of A a 

thousand pounds worth of goods, and 
therefore owe him £1000; so, also, let 
fi owe D £1000 by a similar purchase; 
then if these sums be paid in coin, 
£1000 must cross the Atlantic twice. 



A 


B 


AKBBICA 




BNOLAHD 


t 


c 


D 
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Butv since C has to pay £1000 to A, he would as readily 
pay it to D in England, if by such payment he could get 
rid of his liability to A : so also B would pay A, if he could 
be rid of his debt to D. This simple transaction might, 
therefore, be completed thus : 

Let C send to A a bill acknowledging the debt of £1000, 
and promising to pay £1000 to any one in England who 
may present the bill to him at the expiration of a certain 
time : A then sells to B this bill, and receiving £1000 for 
it, has no longer any claim upon C. B now sends this 
bill to D, and D uses it as a bill for £1000, until the 
expiration of the time named on the bill, when the money 
is paid by C. Thus these four merchants have been able 
to have commercial dealings to the amount of £ 1000 each, 
without any coin having left either country. 

Of course the value of this bill for £1000 depends 
entirely upon the ability of C to meet it, that is, to pay the 
money at the expiration of the time agreed upon in the 
bill : and we often find that C, who was considered able to 
pay at the time he gave the bill, has become a bankrupt 
before the time of payment; hence the loss falls on D. 
And this explains the reason why, in a commercial country 
like England, the failure of one merchant, or firm, causes 
others to fail : for, in the case above, D may also be liable 
for bills as well as C ; and if not able to obtain the money 
which he expected from C, may himself become a bank- 
rtipt ; and so in turn cause other merchants the same loss 
which he is himself suffering firom the failure of C. 

Now, there are thousands of merchants in the situation 
of A and B in America, and similarly of C and D in 
England. Hence there are, as a general rule, merchants 
wanting to buy bills, and others wanting to sell them, 
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in both coimtries : and what has been said concerning 
V^f^giimd and America is true with respect to any two 
coimtries which export to and import from one another. 

These pmishases and sales of bills are, for the reason 
mentioned in (160), oondacted throngh the medium of 
Bill-brokers. 

169. We have just now been supposing that the two 
countries have imported and exported goods to an equal 
amount from one another. But suppose that goods had 
been sent from America to England to a greater amount 
dian from England to America, for instance, to the extent 
of £1,000,000, then more bills to that amount would go 
from England to America than frt)m America to England. 
The merchants in America have in this case plenty of bills, 
and of course want money for them : but as there are more 
persons wishing to sell bills than to buy, therefore the bills 
fetch a lower price : on the contrary, as bills in England are 
not so plentifrd, there are more buyers than seUers, and the 
bills fetch a higher price than usuaL When this increased 
price exceeds the cost of insurance and loss of interest 
upon coin sent over to America, the Ekiglish merchant 
prefers sending coin instead of paying the increased rate 
for a bill : and by successive exportations of bullion, the 
balance of £1,000,000, which was against us, will be paid 
off: but this increased price of a bill, (which swallows up 
the profits of business,) or the altematiye of paying in coin, 
causes merchants to be slow in importing until our exports 
have increased and helped to restore the balance. Here, 
also, whatever has been said concerning England and 
America, is of course equally applicable to any two countries 
which have commercial transactions with each other. In 
those countries, as South America, where gold and silver 



164 APPLICATIONS OP PBOPORTIOK. 

are amongst their principal prodnctions, bullion is as mucli 
a regular article of export, as woollen or cotton goods 
would be from England. 

170. If the price of a bill in England^ entitling the 
holder to receive gold in a foreign country, be less than the 
usual course of exchange, the exchange is said to be in 
favour of England. 

Def. The standard rate of exchange between any two 
tk>untries is termed the Par of Exchange, or the Arbitration 
Price: but, as alluded to in (166), is not always the same 
as the Course of Exchange. Also, a Bill on London means 
a paper entitling the holder to obtain gold in London, to 
the value of the amount mentioned in the bill. 

Arbitration is called Simple, or Compound, according as 
there are three or more places concerned. 

Ex. v. Bills on Amsterdam, bought in London at 12 florins 15 cent8 
per £ sterling, are sold in Paris at S7\ florins for 120 francs : what is die 
rate of Exchange between London and Paris ? 

My object here is to express £1 in terms of francs. Working fraction- 
ally, I have 

£1 = 12 florins 15 cents 

also, 57| flor. = 120 francs 

• 120 

therefore 1 flor. = — — francs 

57i 

and therefore £1 = 12 flor. 15 ceDts 

ioi*:ii • 12-15x120- 
= 12*15 florms = francs 

574 

The process may also be represented as foUows : 

£1 = 12'J5 florins (E) 

and 57^ flor. = 120 francs (F) 

therefore, taking the product of the two quantities in the lAft-haad of (E) 
and (F), and the corresponding product of the two on the right-hand, we 
have 

£1 X 57^ flor. = 12-15 flor. x 120 francs; 



1 
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or, dividing both tides bj 57| 6or. 

^. _ 12' 15 flor. X 120 frapcs 
574 flor. 

12*15x120. , ,^.. 

= _ francs, by (67) 

= 25 francs 95^1 cents. 

Obsenring equations (E) and (F), I notice that I commence (E) by 
placing on the left-hand side the standard coin of one of the two countries 
the arbitrated price between which I wish to find : also the left-hand side 
of (F) is expressed in the same coin as the right-hand of (E) ; and in like 
manner we must proceed with any number of equations, till the rigbt-hand 
side of the last will be expressed in the coin of the second of the two 
countries which we wish to connect, as in the following question. 

Ex. VI. A bill upon Hamburgh is bought at 13 marks 10 1 schillings 
per £ sterling, then sold at Amsterdam at 35| florins per 40 marks : if the 
proceeds are then remitted to Paris in French bills at 57^ florins per 120 
francs, what rate of exchange is there between London and Paris ? 

£1 = 13 m. 10^ sch. = 13>^ marks = 13|i m. 

40 m. = 351 flor. 

57^ flor. = 120 francs 

therefore £1 x 40 marks x 57^ flor. = 13}^ m. x 35| flor. x 120 francs -, 
and dividing both sides of the equation by the product, 40 m. x 57^ flor., 
WG have 

£ 1 ^ ^^H ™' X ^1 flor* X *^ francs. 
40 m. x57i flor. 

= 13Ux35fxl20 

40x57i > Jv / 

= 25 francs 55||f | cents.* 

We will just give an Ex. of the form in which the state 

of the exchanges between England and other oountries is 

generally reported in the public prints. The foUowing is 

from the Times of March 22nd, 1848, under the head 

Money Market and City Intelligence." 



(( 



*The procefis by which a connection is established between the first and last terms, 
as for instance, between pounds sterling and francs, is sometimes termed the Chain 
Buley because these extremities are joined, as it were, by successive links. And the 
results which we have Just investigated, might have been written down at once, by 
taking as the left-hand side of the equation, the coin whose equivalent is desired,— and 
for the right-hand side, a fr", of which tlie num' consists of the product of all the 
successive denominations contained in the question,— and the den', of all the remaining 
coins of the same kind as the num', withi e exception of the last or required coin. 
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** The last qnotation of gold at Paris was about 30 per mille premiom, 
which would give an exchange of 25^1. The last quotation of short bills 
on London being 26*50, the price of gold would appear to be about 2^ per 
cent, higher in London than in Paris." 

Here a comparison is instituted between the nominal nte of exchange 

of £1 for francs, and the real rate at the particular time mentioned. 

Thus, if 1000 represent the price of gold in Paris when £1 sterling is 

worth about 25*15 francs, what will be the value of this £1 in francs 

when 1030 represents the price of gold in Paris ? We have, of conne, 

this statement : 

1000 : 1030 :: 2515 francs 

the fourth term = 25*90 francs 

that is, £1 will in Paris produce 25*90 francs. But a person in Paris 
wishing to buy a bill on London, entitling him to receive £1 in gold, 
must give 26*50 francs. The difference, *6 francs, is the amount bj 
which £1 sterling in London is dearer than in Paris. 

Also, since 26*50 francs = £1, 

therefore 1 franc = rr^ri^' » 

26*5 ' 

and this extra price of £1 = "6 fr. = "6 x ^^^£ ; 

and therefore the extra price of £ 100 = 100 x -6 x ;^£. 

'^ 26-5 

= J!^£ = ^£=2*26....£ 
26-5 5*3 

or 2^£ neariy. 

That is, the price of gold in London is 2^ per cent greater than in Paris; 
or a bill which would entitle a person to receive £100 in gold in London 
would cost £ 102^ in Paris. 

EzB. 68. 

FRANCE AND ENGLAND. 

The coane of Exdiange between France and England is 26 fir. 30 cento for £\ sterling. 

100 cento » I tnnc, 

J . Exchange £350 for francs, at 25 fr. 50 cts. per £ sterling. 

2. „ £75 10s. „ 2535J „ 

3. „ £425 15s. 6d. 26*5 „ 

4. „ 9349*90 francs for pounds, at 25*90 per £ sterling 

5. „ 21475*12 „ 25*75 „ 

6. „ 1875*5 „ 26*5 „ 
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HAMBVEOH AND ENGLAND. 
13 marks 8 sehilliogt « £1 English. 10 schillings - 1 mark. 

HI. MCh. 

Exchange £425 for marks, at 13 12 for £1. 

„ £375 108. „ 13 9i „ 

£87i „ 13 8 ., 

HI. $ek. 
1000 marks for pounds sterling, at 13 8 for £1. 

8754 mkfl. 15 sch. „ 13 10) „ 

3537-45 mks. „ 13 11 „ 






THE UNITED STATES AND BEITISH NORTH AMERICA. 

liar B 4s. 6d. ; also sterling money generally bears a premiom of 9 per cent.; 
f. £100 sterling can be exchanged for as many dollars as will amotmt to £1011. 

Exchange £100 for dollars when Eng. money has prem. of 8 p. c. 

„ £425 108. „ „ 10 „ 

£1256 58. „ „ 94 „ 

„ 1000 dollars for Eng. money, when the prem. is 8 „ 

„ 3225 „ „ 7\ „ 

EAST INDIES. 1 Bnpee s about 23Jd. 

„ £500 for rupees, at 2S^d. per rupee. 

„ 7500 rupees for sterling money, at 24^. 



). Exchange 2420 rupees for francs, the course of exchange being 
npees for 94 francs. 

I. Change 1750 marks of Hamburgh for florins at Amsterdam, at 
rate of 135 marks for 120 florins. 

I. Exchange 3700 francs for Hamburgh marks, at the rate of 187 i 
C8 for 100 marks. 

ARBITRATIONS OF EXCHANGE. 

I. If the Exchange between London and Amsterdam be 11| florins 

£ sterling, and between Amsterdam and Paris be at the rate of 55| 

is per 115 francs; find the rate of exchange between London and 

s. 

1. Bills on Paris, bought at the rate of 25 francs 35 cents per £ 

ing, are sold in Lisbon at 190 rees per franc ; what rate of exchange 

ere between London and Lisbon ? 

S. The exchange between London and Hamburg is 13 mrks. 10 sch. 

£ sterling ; between Hamburgh and Amsterdam is 150 marks for 275 

cs ; what exchange does that give between London and Paris ? 
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26. If the ejLchange between Amsterdam and Hamburgh be at llf flors. 
for 13^ marks, between Amsterdam and Genoa be at 120 Bors. for 25 lire, 
between Genoa and Portugal be 5 lire for 800 rees, between Lisbon and 
London be 1 milree or 1000 rees for 54d., what exchange does this give 
between London and Hamburgh ? and what difference will there be, 
between remitting £500 from London to Hamburgh by this circular route, 
and sending it direct, at an exchange of 13mrks. 11 schgs. per £ steiiing? 

27. The premium on gold at Paris is 5^ per mille, which gives an 
exchange of 25*29 ; if the quoted exchange at Paris on London be 25*221, 
shew that gold is 0*26 per cent dearer in Paris than in London. 

EzB. 59. * M. 

1. A debt of £144 Ts. 6d. was paid in an equal number of guineas, 
half-guineas, and seven shilling pieces : required the number. 

2. A peck of flour gives 201bs. of bread; how much land would ^grow 
com enough for 1^ millions of people for a week, at 4^ quarters to the 
acre, and 1 ^Ibs. of bread for each person per day ? 

3. The population of a town rises 1 per cent for 3 years successively; 
if, at the beginning of the 3 yrs. the population were one million, what 
would it be at the end ? 

4. Tea bought at Is. lO^d. per lb. pays a duty of 2s. 2^ per lb., 
what per centage of the whole cost is the taxation ? 

5. The 3^ per cents, are reduced to 3^ per cents. ; 150 millions of 
stock are so converted : but the holders of 6 millions dissent ; if they are 
paid off while the stock is at 97^, how much will the nation gain or lose 
in the first year ? 

6. An estate of 270 acres is bequeathed to three tenants, to be divided 
in proportion to their rents, which are £180, £120, and £60 ; how must 
the land be divided ? 

7. Find a fourth proportional to ^ ^9 f^; and to "05, "015, and -0075. 

8. Find the difference between the Simple and Compound Interest of 
£520 for 2 yrs., at 5 p. c, where the interest is paid half-yearly. 

9. A, B, 8c C enter into partnership; A puts in £100 for 6 months, 
B pute in £200 for 4 months, and C £ 100 for 15 months ; divide a profit 
of £150 equitably. 

10. At what rate must I sell an article which cost 50s., so as to gain 
15 per cent. ? 

11. Find the purchase money of £1500 stock in the 3 per cents., at 
88^, including ^ per cent commission. 

12. At what rate per cent, will £ 100 double itself in 8 years, S. Int ? 

13. Find the annual income from a legacy of £5000 Stock in the 
3| per cents., after paying the legacy duty of 10 per cent 

14. Prove that the sum of the fractions 2,', and -^is equal to 6 
times their difference. ^v 
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H. 

I. Sh^ by a simple Ex., that Mult* is nothing more than a shortened 
mode of Addition. 

8. What would be the length of an acre of ground, if its breadth were 
40 yards? 

3. Find the value of 4*05 x -000012; also of 4*05+00012 ; and prove 
both results by vulgar fractions. 

4. What does £25 158. amount to, when taken *125 times ? 

5. If the means of a proportion be 9 and 1 6, and one of the extremes 
be 56, what is the other extreme ? 

6. A person bequeathed £5000 to be divided amongst three persons, 
in the proportions of 3, 5, and 7 ; find their respective shares. 

7. Explain what fractions produce terminating, and what produce 
non-terminating decimals. Give Exs. of each. 

8. Find the exact difference between * 127s. and '127s. $ and express 
the result as the fi*ac1aon of a crown. 

9. What sum of money will in 5 years amount to £41 1 5s. at 3g p. c. 
Simple Interest ? 

10. Find the amount of insurance upon £12500, at 4s. 6d. per cent. 

II. What is the present value of £463 10s. due in 8 months, allowing 
4^ per cent ? 

12. How many yards at 6s. 7^d, per yd. must be given in exchange 
for 105 yds. at 3s. 4d. and 375 at 4s. lO^d. ? 

13. Explain the meaning of the terms directly and inversely pro- 
portional ; and give an Ex. of a question illustrating each expression. 

14. What decimal multiplied by | of J of 3*^ will become 17 ? 

15. How many years' purchase should be paid for property, so as to 
receive 6f per cent ? 

0. 

1. Find the Simple Interest of £500 for 5 years at 3} per cent. 

2. What is the number of cubic yds. in 1438790 cubic inches ? 

3. How often must the sum of 2s. 6^d., 3s. 9id. and 18s. 8^d. be 
repeated, to make £100 ? 

4. If 10 francs be worth 6 florins, and 75 florins be equivalent to 4 
moidores ; how many francs must be given for 16 moidores ? 

5. Find the frac" which being multiplied by ? of Z of 2^^^ gives a 
product = 1 . 

6. The interest on a railway share is 3f per cent. ; what is the market 
value of the entire line, if money be worth 5 per cent., and the amount 
paid in dividends be £ 150,000 ? 

7. A sum of money has doubled itself in 17 years at Simple Interest ; 
what is the rate per cent ? 
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8. I sell an article for 15s. 9d., and by so doing gain 17 per cent; 
what was its prime cost ? 

9. An estate which brings 3^ per cent, lets for £646, what was the 
purchase money ? 

10. Divide £70 amongst three persons, whose shares shall be in the 
ratio of the numbers h ^i i- 

11. Shew whether it is better to invest in the 3 per cents, at 89, or the 
3i per cents, at 94 : What difference would there be, if £10000 stock 
•were held ? 

12. Compare as vulgar fractions -025 x '07, 11*035 x '0008, and 
•19 X -003. 

13. A person mixes 25 bushels of wheat at 4s. 9d., 36 at 5s. 6d., and 
15 at 6s. 6d.; what must be the selling price per bushel of the mixture, 
t o gain 10 per cent, on the above prices ? 

14. Exchange £1050 for francs, at 25 fr. 50 cts. per £ sterling. 

15. Exchange 9062 fr. 62^ cts. for pounds sterling, at 25 fr. 35 cts. 
for £1. 

P. 

1. Find a fourth proportional to 1} J* |; also a third proportional to 
12 and 25. 

14' 

2. Express — ~ as a simple ratio. 

^ '026 ^ 

3. I lend £175 for 6 months when money is worth 7 per cent.; for 
what time ought I to be able to borrow £250, when money is worth but 4^ 
per cent? 

4. Explain the difference between Interest and Discount; and find the 
true discount of a bill of £65 13s. at 4 months, drawn Oct. 4th, and 
discounted Nov. 26th, at 5 per cent. 

5. At what rate of interest would £350 amount to £389 7s. 6d. la 
3 yrs., at Simple Interest ? 

6. Goods bought at £2 4s. 6d. are sold at £2 18s. 9d. ; required the 
profit per cent. 

7. A railway share, oHginally costing £50, has paid a half-yearly 
dividend ot £ 1 10s. ; what will be my rate of interest, if the share cost 
me £55| r 

8. What will be the first year's expense of an insurance on £ 1500 at 
a premium of £2 13s. lOd. per cent., and a stamp duty of £3 } Find 
the per centage, including the stamp. 

9. If the price of 500 bricks, of which the length, breadth and thick- 
ness are 12, 4.], and 3 inches respectively, be 12s. 6d. ; how many shall I 
obtain for the same money, if the dimensions be 15, 6, and 4 inches ? 

10. Find the prices of investment in the 3, 3 J, and 4p.c. Stocks, 
when tbey each pay 3^ per cent. 
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il. Diftribute tbe sum ofilOOO ;niin«iu» in the ratio of 1, J, i. 

12. The ratio of the invoice price to the net price is 11:8; what per 
centa^ has been thivwn off as discount from the invoice price ? 

19. Exchange £415 10s. for dollars at 4s. 6d., when English monej 
bears s premiom of 7| p. c. 

14. Eachange 3500 dollars for sterling money, when the premium on 
English money is 10^ per cent. 

16, Tbe exchange between London and Paris is 25*5 francs per £ 
sterling; between Paris and Amsterdam is IP francs for 55 florins; 
between Amsterdam and Hamburgh is 1 1 florins for 13 marks ; what is 
tbe exchange between London and Hamburgh ? 
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If any line be taken, as a b, and upon it a square, 
abedfhe described, this figure may be called 
the square of a b. And if we take a 6 as an 
unit of length, viz. 1 inch, 1 foot, &c., then 
abed is called 1 square inch, 1 square foot, 
&c. We have here, therefore, inches, feet, 
&c. of length, or linear inches ; and inches, 

surface, or superficial inches, or square inches. 

172. In like manner, if upon a b 
the annexed figure abe defhe de- 
scribed, ha\'ing six sides, or surfaces, 
each equal to abed, it is called a 
cube : and, as before, if a 6 be taken 
as representing 1 inch, 1 foot, &c., 
this figure will represent 1 cubic 
inch, 1 cubic foot, &c. 
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We bare now, therefore, three kinds of units of measure- 
ment, viz. linear, or common inches ; square, or superficial 
inches ; and cubic, or solid inches. Also, these three 
units are said to contain 1, 2, and 3, dimensions respec- 
tivelj. For example, the floor of a room, having the 
dimensions length and breadth, is of the same nature as a 
square, and any such surface is called an ^rea : but a 
cistern of water, having the three dimensions of length, 
breadth, and depth, is of the same nature with a cube. 
The quantity contained by such a cistern or similar figure 
is termed its Volume, or solid content. 

Def. a surface which is so enclosed with lines, that any 
two which meet in a point are perpendicular to one 
another, is called rectangular, 

Obs. Any surface bounded by straight lines may be 
denoted by two letters placed at its opposite comers ; and 
any solid contained by such surfaces may be so denoted : 
but the two letters employed should not be joined together 
by a line. Thus, in Fig. 1, I should say the area b d, not 
a c ; and in Fig. 2, 1 should say, the volume /^c, not a e, 

Def. The lines a c, a e, are called diagonaU, 

173. I have now to explain how to find the area of 
sur&ces and the volume of solids : but as I do not propose 
to enter upon mensuration generally, I shall merely treat 
of rectangular surfaces, as squares and oblongs ; and of 
solids, the surfaces of which are also rectangular. 

174. Quantities which can be accurately represented by 
numbers, whether whole or firactional, are called comwun- 
surabU ; and those which cannot be so represented, are 
called incommensurable. Thus it will be shown under the 
head of "Ratio," in the Appendix, that if in Fig. 1 the 
iength of a 6 be represented by 1, a c cannot be accunlelT 
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r^reoented by my nniuber whatever, whether whole or 

mixed. The qnaotitf Qsed for the vftlue of a c is 1-4142 

•od this being nearly the true valne, is termed its approxi- 
mate valae. 

175. We maj here state as a fact, that the area of any 
reetangolar sorfaoe is foand by multiplying the numbers 
irtiich represent its length and breadth ; also that the 
volume of a Bolid, bounded by rectangular surfaces, is 
found by multiplying together the numbers represendug 
the length, breadth, and depth or thickness. The above 
statements are true, whether the lines bounding the area 
or Tolmne be oommensorate or not ; but tbey cannot be 
proved to be tiniTersally true withoat the ud of geometry. 
We sball, however, give an Ex. illnstrating the correct- 
ness in each ease, choosing of course only commensurable 



Let .SBCDhe a rectangular figure whose sides, 
^ .jfi and ^i>, meeting in the point 

A, and called adjacent sides, con- 
tain an exact number of units, — 
_i viz. jJB = 4 inches, AD = 3 inches; 
let the opposite sides, AB, CD, be 
divided into four equal parts in 
a, 6, c, and the sides AB, CD, be 
divided into three equal parts, in d, 
e ; let tbe lines aa,bb,cc,dd, ee, be drawn : the figure 
will be divided into equal squares, each of which has for 
its side I linear inch, aa Aa, and is therefore a square 
inch. Also, counting vertically, there are three rows of 
squares, because AD = ^ inches, and each row contains 
four squares, because AB = 4, inches : and there are in 
all 12 squares, i.e. 3x4 squares : hence we see that the 
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number of square inches in the area A B C D = the 
product of the number of linear inches in the two adjacent 
sides, AB, AD, 

Def. The lines a a, b b, which are drawn so that they 
are at an equal distance from one another, are called 
parallel lines ; so also they are said to be parallel to AD 
or B C. 

Hence, if I wished to draw lines, as a a, 6 6, or c c, in the 
above ■ figure, I should say — through a, b, c, draw lines 
parallel to ^ P or B C. So also, d d, e e, are drawn 
parallel to A B, or C D, 

If AD had been = AB, then the figure would haye been 
a square, and the number of square inches in it would 
be 4 X 4, or 4^ = 16 ; Le, the number of square inches in 
any square figure whose side is expressed in linear inches, 
is found by multipl3dng the number contained in the side 
by itself. Hence the second power of a nilmber is called 
its square, because it represents the area of a square figure, 
the side of which is the number itself. 

We can now show how the numbers mentioned in what 
is called " Square Measure," are obtained. 

For if 12 linear inches = 1 linear foot, 

therefore 12 in. x 12 in. = 144 square inches = 1 square foot, 
So also, since 3 linear feet = 1 linear yard, 

3 ft. X 3 ft. = 9 square feet = 1 square yard. 

Again, 5^ linear yards = 1 linear pole, or perch ; 

therefore 5} yds. x 6\ yds. = 30^ sq. yds. = I sq. perch. 

and these square perches, yards, &c., are the quantities 
always made use of in measuring land ; for no amount of 
perches in length could make up an acre, which consists of 
surface. 
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177. In measuring surfaces, such as square feet of 
timber, many arithmetioians have called the twelfth part of 

alsquare foot, as ^d or Ah, an inch, 
Ac D *^d ^ twelfth part of A d, viz. A a, 

''' ■ ''' '''' » a part : but since a pupil is tafight 

in •' Square Meastire " that ^ a is 
an inch, and that 144 such inches 
make up a square foot ; it is clearly 
absurd to call Ad an inch, seeing 
that 12 such make up a square foot: 
we ^ shall, therefore, confine the 
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name inch to*^ Aa,' or any quantity equal to it." But the 
divisions of AC have been, and may be, called superficial 
primes, secofids, thirds, &c. ; where it is to be remembered, 
that a prime is^-^th of a square foot, and each succeeding 
denomination is ^th of the one preceding it. So also, 
linear inches are sometimes called primes, and twelfths of 
an inch, seconds. 

liie square inch, Aa, might also be divided, exactly as 
we have divided AC ; and its twelfth part would be called 
a third, and be similar in shape, though hot in size, ix) Ab 
or Ad ; and the twelfth part of this third would be called 
9k fourth, and be similar in shape to Aa, 

Also, observing Fig. 4, we learn that 

1 foot X 1 foot = 1 sq. foot,'as A C. 

1 foot X 1 inch = 1 sup. prime, as A b, 
' 1 incli X 'l inch = 1 sq. inch, or sup. second, as A a, 

i78. It must be distinctly noticed that we do not 
multiply together concrete quantities, as feet by feet, inches 
by inches, &c. ; we merely multiply the number of feet or 
inches in the length by the number in the breadth ; and 
then we observe that the number obtained in thejproduct 



17ti AREA AND TOLUHB. 

is equal to the nomber of saperficia] nnits, primes. Sec., in 
the area contained hj the above length and breadth. The 
same remark applies to the multiplication of three dimen- 
sions, in finding the voiume of a solid. 

Attention to this fact, that concrete quantities cannot be 
mnltiplied together, will save persons from the absurdly 
of attempting to multiply pounds, shillings, or pence, by 
ponnds, shillings, &o. I can multiply 5s. by the number 
3, and the product is 35s. ; but if I attempt to multiply 5b, 
by 3s., I know of no quantity which can correspond to 
such a product. And in considering (74) it must be 
noticed, that though in the practice of Rnle of Three T 
appear to be multiplying the third term by the second, 
each of which is generally a concrete qnanti^, and then 
dividing by the first term, which is also generally a concrete 
quantity; yet, since the concrete multiplier and divisor 
are of the same kind, the result is that I have merely mnl- 
tiplied by a fraction, i. e. by an abstract number, generally 
fractional; and the common process has been, that I have 
multiplied the third term by the numerator, and divided by 
the denominator of this fraction. 

179. We can now find the area of any rectangular figure 
conttuned by commensurable lines. 

Fia. a. _ IMADCB he ^rectaaguliTSgaie,i>t 

whii-Ji the idde J£ = 4 ft. 6 in., and Uw 
a^u:entsideJI> = 3ft3iii, l^xABle 
divided into feet iD the poinU a, b, c, E, 
imd AD BO divided in tbe p<nDti d, t, F, 
Draw af, bg, ch. Sit, parallel to AD, or 
BC: uid draw <^>, tl, Fo puallel UtAS 
or DC, according to (176). Let Elt, Fo, 
intersect in Q. Then the whole ana 
AC = Aa + BQ-^Ua + CQ. 
ajAlio, from (IT?) we have 
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•q. ft tup. pr. sq. in. 
AO = AExAF = 4(i,xS(t,= l2sq.(t =12 

BG = ^(?xJ5B = 6m.x3ft=18sup. pr.= 1 6 

DGf = J'Gf X J*!) = 4 ft. X 3 in. = 12 sup. pr.= 1 

.CGf=Go X G* = 6iii.x 3 in.= 18 sq. in. = 1 6 



Areata =14 7 6 
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180. Observing these four results, we may place the 
work in a condensed form, as annexed. 

Since our proposal was to find ^e product of 4 ft. 6 in. by 3 ft. 3 in., 

we place one number under the other nearly as in Compound 

III. II. I. Multiplication, and commence multiplying the upper line by 

ft. in. the lowest denomination in the lower line, and so on through 

4 6 the multiplier. I give the operations which are required to 

perform the work mentally, observing that each product as 

it is formed can be reduced to the next higher denomination 

by dividing it by 12. I commence at the right-hand and 

proceed thus : 3 x 6 = 18, which, divided by 12, gives 1 to 

carry to column (ii.), and 6 to put down : 3x4=12 for 

column (ii)., which, with the I carried, is 13, and divided by 12 gives 1 to 

carry to (iii.)> ^^^ ^ ^ ^^^ down in (ii.) Again, commencing with the 

multiplier 3 feet, 1 have 3x6= 18 in (ii.), which divided by 12 gives 1 

to carry to (mOi ^^^ & remainder 6 for (ii.): lastly, 3 x 4 = 12 for (iii.)) 

which, with the 1 to carry, becomes 13. Adding the two rows, I have the 

result 14 sq. ft. 7 sup. primes, 6 sq. in.; or, bringing the primes to square 

iuches, I have 14 sq. feet 90 sq. inches. 

Comparing the operations of this article with those of 
the last, I notice that the steps which produced the first 
product of the multiplication sum in (180) are the same as 
the third and fourth in ( 179) ; and those which produced 
the second product are the same as the first and second in 
that article. Hence in Exs. similar to the one now worked, 
we need not draw any figure to insure the correctness of 
the work obtained by the multiplication in (180). This 
mode of working is called Cro^s Multiplication, and 
sometimes Duodecimals, The latter name is given in 
consequence of the work of such an Ex. being precisely 
the same as in Simple Multiplication ; provided that, in 
working from right to left, we take every figure as having 
i5 
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twelve times the value which it would have one place to 
the rights instead of ten times that value^ as in common 
numbers. 

The above Ex. may be very briefly exhibited in a 
fractional form. 

Thus, the area = (4 ft. 6 in.) x (3 ft 3 in.) 

= (4i) ft X (3i) ft, 

9 13 f, 117 ^ 
= - X _sq. ft=_ sq.ft., 

== 14| sq. f^ =? 14 sq. ft 90 sq. inches, 
as before. 

181. Next, let one or both of the adjacent sides of any 
rectangular figure, whose area is required, consist of feet, 
inches, and twelfths of an inch ; we must then further 
divide a square inch as we divided a square foot in ( 177) : 
and we then learn that 

1 inch X Vs inch = Tf th of a sq. inch, or 1 soper. third ; . 
7^3 inch X 7^j iuph = -rix super, inch, or 1 superficial fourth. 

We can now, without further explanation, follow the 
work of the accompanying Ex. 

Find the area of a rectangular floor, whereof the length is 9 feet 4 inches 
7 seconds, and the breadth 5 feet 6 inches 4 seconds, 
ft pr. sec. 
9 4 7 The highest denomination, 51, in this product has 

^ ^ ^ principally been obtained from the multiplication of 
5 feet tod 9 feet, and is therefore square feet; and the 
remaining denominations are superficial primes, seconds, 
thirds, fourths : and the whole answer is written 51 sq. 
feet 10 sup. pr. 4 sec. (or sq. in.) thirds 4 fourths; or 
neglecting the fourths, 51 sq. feet, 124 sq. inches. 

Ez8. 60. 

Itiply 4 fl. 7 in. by 8 ft. 3 in. 
13 ft 5 in. by 27 ft. 9 in. 
2 ft 6 in. 4 sec. by 11 ft. 3 in. 
18 ft. 4 in. by 3 ft. 6in. 9 sec. 
7 ft. 2 in. 5 sec. by 11 ft. 3 in. 4 sec. 
15 ft. in. 7 sec. by 13 ft. in. 11 sec. 
7. What is the cost of paving a rectangular area, 20 ft. 6 in. by 4 ft. 
9 in^ at 30s. per square yard ? 
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8. .A-roani U B7 ft.8iD. in drcuit, ud 9 ft, 10 io. high; *liU will 
Iks pMBtiBg come to at T^d. per aquuv f ard ? 

S. Hew much.will atmain out of 393 squire feet o( c*rpetiiig, kflcr 
ea*eriiis> Boor 33.fL 6 ia. long, tod 16 ft 7 in. bnwd? 

10. find the whole taibiet of a boi, nbereof the height, length, and 
hreadth are rea|>e«tivelf 3 It 2 in., 7 ft. &j\ in., and 4 ft. 8 in. 3 sec. 

11. What is the whole surface of a cubical box, the edge of which is 
3ft.»ia.> 

13. A house has 63 winitows; 40 of them contain 12 panes, each 30 
in. hj 16 in.; the remainder contain 9 panes, 16 in. tquaie; find the cost 
of glaziiig the whole at 3s. 3d. per fiquare foot. 

13. A Torker carpet, measuring 11 ft. 6 in. b; 9 fL 8 in., is laid down 
on the Sopr of a room meuuiing 14 ft. b; 13 ft. 6 in. ( End the quaodt? 
ofnl doth neeessar; to complete the covering of the fliwr. 

182. We have stated that the length, breadth, and 
depth of' a Holid must be multiplied together to obtain its 
volume ; we now proceed to give eu Ex. of the truth of 
this, just as we have already worked one in a question of 
two dimensions. 

First,letall the dimensions consist of whole numbers, liz. 3, 4,5iochri; 
and let ABCBH be the soUd when AK == A, ^0 = 3, AB = 4. 

Fro. 8. _ Let IKLIU be a section of 

the whole solid b; a plane 
parallel (o A BCD: then, 
since JE = 5, the whole solid 
vP ma; be divided by similar 
phmea into solid blocks, the 
base of each of which is 
ABCD, and the thickness 1 
inch : hence there will be five 
times as many solid inches in 
the whole AO, as there are 
solid inches io AL. 

Now, by (176) the area 
J£Ci) = 4in..3in. = 12 
sq. in : and if upon eaoh of 
these square inches a solid inch be placed, there will he twelve solid incbei 
in AL. Hence, in the whole AG, i. e. in fire times AL, there will bo 
3 X 12 cubic inches; i.e. the volume of the EOlid = S x4 x3 solid inches. 
Uf course, if the three dimensions had been expressed in feet instead of 
inches, th(i result would ha\-« been 5x4x3 solid fceL 





t now tb« aolid bave all its dimoi- 

equal, and each = 1 foot, then the 

e ia a cubic foot, and its TDlume 

12 in. X 12 in. X 12 io. = 1738 cub. in.. 



QcDce we can obtain the numbers ex- 
hibited Id what is called " Solid Ueasore." 
Far ]2ia. x 13 in. x 13 in., or 1728 solid 



3ft.x3ftx3lt, or 37 solid feet = 1 
solid jaxd. 

By a clasBificatJon similar to that of (177), we term a, 
twelfth part of a solid foot, a eolid or onbic prime ; a 
twelfth of a prime, a second ; and so ou : but we moat 
alw&ys remember, that though we use bat one set of 
names, we have three kinds of primes, seconds, &o., viz. 
linear, superficial, and solid ; and the varioas sorts can 
never be added to or subtracted from each other — for it is 
evidently impossible to add an area either to a line or a 
volume. 

By observing Fig. 7 we learn that 

1 sq. foot X 1 linear inch = I solid prime, as DO. 

1 sup. prime x 1 linear inch = 1 solid second, as CL. 

1 sq. inch or 1 sup. sec. x L linear inch = I solid third, 
or solid inch, as CK. 



> js.,.-\,--V-s: 



^ 



\ W 



xx: 



Let ABCDEG or BE 
be a solid contained by 
^ rectangular surfaces ; let 
the three adjacent edges, 
CB,CD, CH, bo respec- 
tively equal to 4ft. 5in„ 
2ft 6in., and 3ft. 4in.; 
let the surfaces JlC, CE, 
E A, be intersected by 
purailel lines drawn flMo\],g\i tibo rateemities of the feet in 
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their respective sides, as in (179) ; let Af be the point in 
the surface AE in which the lines aMf, tMe, bounding 
the complete squares in AE, intersect; ml, Ih, the lines 
bounding the squares in the surfaces AC, CE, intersect 
in /, a point in the edge CH. 
Through aMfdx&vr a plane ac parallel to AC 
„ eMt „ ed „ EC 

„ mkl „ hm „ AE 

The planes ac and ed shall intersect in the line MTL 
„ ac „ hm „ gTh 

„ ed „ hm „ kTn 

These three lines all pass through the point T; and, 
measuring from T, the figure may be divided into the 
following solids : — 

(1) TO, TB, TCy TD, upon the bases LO, LB, LC, 
LD, and all having the same altitude LT, 

(2) TG, TA, TH, TE, upon the bases MG, MA, MH, 
ME, (which are precisely the same as the bases of the 
other four,) and having an altitude MT. 

We shall now find the volume of each of these solids 
according to ( 182) ; and show that a process of multiplica- 
tion, similar to that in (180) will produce a result corre- 
sponding to the value actually obtained from the figure. 

183. By (179) we may at once write, that 

The area oiGH^E G x 6? ^ = (4 ft. 5iii.) x (2ft. 6in.) 

= 1 1 sq. ft. pr. 6 sec. (i.) 
and hence we shall have the volume of (J C7 

= area GH x JfZ= (11 sq. ft. pr. 6 sec.) x (3 ft. 4 in.) (ii.) 

By observing the four products in the multiplication of 
(i.) we find that they are respectively 
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and this result migbt^^as in (180) have been obtained at 
once/ by expressing the three dimensions as fractional 
parts of feet> and finding their product : 

Thus; (4 ft 5 in.) X (2 ft 6 in.) x (3 ft 4 in.) = (4^« x 2| ^ 3^) solid feet, 

53 5 lOfl. 53x25^ 1325 -, «^,. ,. , - , 
^TS'^r 3^" ^_ftx=.^it = 36i*B0hdfeel. 

Kthe dimensions of the solid be expressed in feet, inches, 
and twelfths, the above method of Cross Multiplication 
may be employed, and we shall find the result expressed 
in a form similar to the last, but with terms descending 
lower than solid inches, which was the lowest denomina- 
tion in the last Example. 

184. Since length x breadth x depth = volume ( i. ) , there- 
fore length xbreadth = -| — r- ; and since length x breadth 

is of two dimensions, therefore, u mv . is of two dimen- 

3 dimensions ^„^^ ._^ a;^^^^^^^ 

sions^ ue. —--, ; — ^ves two dimensions. 

1 dimension 

So also, firom (i,) lenfirth := ^ : i. e, 

' ^^ ^ breadth X depth ' 

-~~ r-^ gives one dimension : and any fraction in 

2 dimensions 

which numerator and denominator are of the same dimen- 
sion, is an abstract number. (See Art. 67.) 

185. The following Exs., though not involving Cross 
Multiplication, are amongst the most useful of those in 
which the measurement of surfaces and solids occurs. 

Ex. I. Find the number of acres in a rectangular field, of which th« 
length is 35 chains 72 links, and the breath 24 chains 6 links. 

To understand this question, a pupil must know that large pieces of 
land are measured by means of a chain called Gunter'a Chain, which is 
four poles, or 22 yards, in lengthy and is divided into 100 equal parts, 
called Linki. 



1 
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Also, an acre is equal to a rectangular surfiice of which the length 

is 40 poles, or 10 chains, and breadth 4 poles, or 1 chain: hence, the area 

of an acre = 10 chains x 1 chain = 1000 links x 100 links = 100,000 

square links. Consequently, if the dimensions of a field be expressed in 

links, and its area thence be obtained in square links, this value, when 

divided by 100,000, will be expressed in acres ; t. «. if five places be 

pointed off as a decimal, the result will be acres and decimal parts of an 

acre, which can be reduced to roods and poles. Returning now to the Ex., 

we have 

Length = 35 chains 72 links = 3572 links 

Breadth = 24 chains 8 links = 2408 links 







28576 
}42880 
7144 


Area: 


= acres 


86K)1376 
4 




Roods 


•05504 
40 




Poles 


2*20160 



and therefore the field contains 86 a. r. 2^ poles, nearly. 

Ex. II. Find how many gallons are contained in a cistern of which 
the length is 40 inches, breadth 36 inches, and depth 16 inches. 

It must here be observed that an imperial gallon is equal to 277-274 
cubic inches : hence, when the numb^ of solid inches in any volume is 
known, the number of gallons which it will contain is found by dividing 
those solid inches by 277*274. In the above Ex. we therefore have 

the solid content = (40 x 36 x 16) solid inches ; 

23040 
and therefore number of gallons contained = '^^^ = 83, nearlv. 

277*274 * "«*«^'J^* 

Ex. III. A roof of 27 J feet by 18f is to be covered with lead weighing 
8 lbs. per square foot: what would it cost at the rate of jC5 4s. for 5 cwt ? 

The area of the roof = 27} ft. x 18| ft 

4125 



8 



sq. ft. 



•4125 
hence, weight of lead = ^^ x 8 lbs. = 4125 lbs. 

o 

To find the cost of the lead, we have the following statement : 

5x112 lbs. : 4125 lbs. :: £5 4s. 
The fourth term will be found to be £38 6s. Of d. 
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Ski. 6L Fonn the followmg products : — 

1. 3 ft. 3 in. X 4 ft. 9 in. X 6 ft 7 io. 

% 15 sq. ft. 73 iq. in. x2 ft. 6 in. 

3. 11 sq. ft. 9 sup. pr. 3 sec. x 9 ft 7 in. 

4. 2 ft. 4 in. X 3 in. X 11 in. 

5. Find the capacity of a rectangular cistern, 12 ft. 3 in. long, 5 ft. 7 in. 
broad, and 2 ft. 11 in. deep. 

6. How many bricks, of which the length, breadth, and thickness are 
12, 9, 6 inches respectively, will be required to build a waU, whereof the 
length, height, and thickness are 64, 9, and 1^ feet ? 

7. What is the price of a block of stone, of which the length, breadth, 
and thickness are 37 ft. 8 in. ; 8ft.; and 6 ft. 5 in., at 5s. 6d. per sol. foot? 

8. How many square feet of board would be required to make a 
rectang^ular box, of which the length, breadth, and depth are respectively 
3^ ft., 2^ ft., and 1 ft. 2^ in. respectively ? 

9. A cubic inch of water weighs 252*458 grains, required the weight 
^ lbs. Troy) of water in a full cistern 10} ft long, 5^ ft. wide, and 11 in. 
deep. 

10. The bottom of a cistern is rectang^ular, and contains 15 sq. feet, 
588q. in.; how deep must it be to hold 164 gaUons, if a gallon contain 
277^ cubic inches ? 

11. The length of a rectangular field is 25 chains 37 links, and the 
breadth 17 chains 35 links; find the number of acres contained. 

12. Find the number of chains and links in the breadth of a field, 
whereof the length is 35 chains 15 links, and the area is 45 a. 2 r. 3H p. 



EXTRACTION OF ROOTS. 

186. We have already seen (92) that a number, by 
being successiyely multiplied by itself, is said to be raised 
to a power ; and the order of the power, whether it be 
second, third, fourth, &c., depends upon the number of 
times the original number is to be repeated. This process 
is termed Involution ; and the reverse process of obtaining 
the original number from the power is called Evolution. 
The original number is called, with respect to its power, 
the Root ; and this evolution is also termed Extraction 
of Roots. 
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Thus, since 5 x «^, or 5', or 5 squared (176), as it is 
called, = 25 ; 5 is called the Square Root of 25. Similarlj, 
since 6x6x6, or 6*, or 6 cubed (181) = 216, then 216 
18 termed the cube or third power of 6, and 6 the cube root 
or third root of 216. 

The sign t/ is used to express the operation of ex^^t^ 
ing a root ; and a sjpiall figure, pfaced thus ^, shows wnat 
root [here the Ikird root] is to be extracted : but the figure 
is generally omitted when the sign' refers to the sqilare 
root; and the sign \/ itself indicates extraction of the 
Square Root. 

187. Any number or quantity which is thus formed by 

the squaring, cubing, &c. of any number, is called & c6m- 

plete OT perfect square, cube, &c.; and therefore the square, 

cube, &c. root, of such a power can be exactly extracted : 

but any number, as 20, which lies between two complete 

•I ' 
squares, 16 and 25, cannot tiave its |:oot obtained exactly. 

But since 16 has a root 4, and 25 has a root 6, therefore 
the root of 20 will be between 4 and 5, or its value will 
be approximately expressed by the mixed decimal 4*472. . ; 
and similarly of every number which lies between two 
complete squares. So also every number which lies 
between two complete cubes must have its cube root ex- 
pressed in a decimal form. 

188. If a number be raised to a power, and then the 
same root of that power be extracted, we shall obtain the 
original quantity ; therefore t/3" = 3 ; >^5* == 5. 

Also, since the square root of a given number may be 
defined to be that number which, when multiplied by itself, 
will produce the given number, therefore t/2xt/2 = 2: 
so also, ^2 X i^2 X >^2 = 2. Such quantities as \/2, 
j,y2, are called Snrds, or Irrational quantities. 
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Obs. Since fourth, fifth, &c. powers of numbers can be 
obtained, of course fourth, fifth, &c. roots must also exist; 
bi^t ^e shall here confine ourselves principally to the finding 
of square and cube roots. 

What has been said of the raising of whole numbers to 
powers is also true of fractional quantities, whether Tulgar,or 

2 2 /2\* 4 
CQi^ensurable decimals. Thus since -Xx, ^^ \^ ^^' 

/4 2 v^4 

thereforiBA/ -=* — which equals ^ ; t. e. the square root 

oiP a fir^ must be obtained by taking the square root of nu- 

o 2 2 
merator and denominator. In like maimer, since ^ x- x-, 

«5 <5 «5 

o' (-)' = ;^; therefore>v!/-|- = | which equals f-^; 
V3/ 27' y 27 3 ^ ^27 

t. e. the cube root of a fraction will be found by taking the cube 

root of both numerator and denominator. l£ the root of a 

mixed number be required, it must i>e reduced to an 

improper fraction or a decimaL T^us : 

7,9 /25 t/25 5 ,, 

V ll6-= V 16=^71^= 4 = *•• 

We shall presently show how to extract the square root of 

decimals as well as of whole numbers. 



SQUARE ROOT. 

189. Before proceeding to investigate a rule for the 
extraction of a Square Root, we must remember the 
following : 

Digits, 1, 2, 3, 4, 5, €, 7, 8, 9. 
Squares, 1, 4, 9, I^ 25, 36, 49, 64, 81. 

From what has been said, it is plain that the square of I, is I ; of ]0« 
is 100 ; of 100, is 10,000, &c. &c. 

Therefore the square root of 1 is 1 

„ „ 100 „ 10 

10/)00„ 100 
„ „ IfiOOfiOO „ 1000 km. ke. 
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Hence, if a number lie between 1 and 100, t. e. ba^e not more than two 
figures, its sqoare root is between 1 and 10, or has not more than one 
figure. 

If between 100 and 10,000, i. e, have not more than four figures, the 
root is between 10 and 100, or has not more than two figures. 

If between 10,000 and 1^000/)00, t. e, have not more than six figures, 
the square root is between 100 and 1,000, or has not more than three 
figures : and so on. 

So that if over every alternate figure of any number, beginning at the 
units' place, a point be placed, the number of points will show the number 
of figures in the square root For example, 3767 has more than two 
figures, and not more than four, or lies between 100 and lO/KN), and 
therefore its root lies between 10 and 100, t. «. has not more than two 
figures, and the number must therefore be thus pointed* 3757 ; so also 
i345d u correctly pointed, for there will be three figures in the square 
root. The divisions which are formed by these points are called periodt. 
The periods in 1345$ are 1, 34, and 59. 

Also, since the square of '1 is Ol, therefore 

the square root of *01 is '1 

So also, of '0001 is -01 
„ „ -000,001 is -001 kckc 

It hence appears that in the square of any decimal an even number of 
decimal places will always* be found; and that if there be an odd number 
in any proposed Ex., the number of places must be made even, by append- 
ing a cipher, which cannot alter the value of the decimaL We then pdmt 
every alternate figure of a decimal, from left to right, beginning with the 
second figure from the units' place, so that the last figure will always be 
pointed, in decimals as well as in whole numbers. 

190. The Rule for the Extraction of a Square Root is 
derived from an algebraical operation, wherein a complete 
square is taken, and a process is then contriyed by which 
the root, which is ahready known, can be deduced from the 
complete square. 

I shall therefore proceed, contrary to my usual method, 
to give a Rule for extracting the Square Root, without any 
more explanation than is necessary for the mere working 
of Exs. : and the arithmetical illustration of the above 
algebraical process, which I shall afterwards give, may be 
read or omitted at the reader's pleasure. 
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Rule. Divide the given number into periods. Find the 
greatest square number which is not greater than the first 
period ; subtract it from that period, and place the root of 
the number in the quotient. 

To the remainder, after subtraction, bring down two 
figures or one period, as in Long Division, and consider the 
whole as a dividend. 

For a divisor, double the quotient, and try how ofl^n it 
is contained in the dividend, except the last figure : the 
figure thus obtained by division place in the quotient, and 
annex it to the divisor. 

Multiply this whole divisor by the last figure in the 
quotient, and subtract this subtrahsnd from the dividend. 

Bring down another period; find a fresh divisor by 
adding the last figure of the former divisor to that divisor, 
and proceed exactly as before. 

Obs. It will be found that on dividing by the incomplete 
divisor — especially when the early figures in the quotient 
are smaU, and the latter ones large — there will result a 
quotient larger than the one which must be taken. The 
reason of this will be explained hereafter. 

I will work one Ex. which gives no remainder, i. e. where 
the given number is a perfect square, viz. 81796. ' 

§1796 (286 The greatest square number not greater than the 
^ first period, 8, is 4 j I therefore subtract 4 from the 8, 



48) 417 and place in the quotient, 2, the root of the 4: to the 

^°^ remainder, 4, 1 bring down the second period, J 7, and 

^^^ ?^«5 consider 417 as my dividend. For a divisor, I double 

3396 
.==• the 2 in the quotient : and on dividing 41 by this 

divisor 4, 1 obtain a quotient 10 ; but upon trial I find 

that 8 is the largest quotient that can be employed. I place the 8 in the 

quotient, and at the right of the 4 in the divisor, making a complete 

divisor 48 : multiplying this 48 by the 8, I have a subtrahend 384; the 

remainder, after subtraction, is 33, and with the third period 96 gives a 

new dividend 3396 : adding the last figure 8 in the divisor 48, to that 48, 
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I -have, as new partial divisor, 56, which goes six times in 339 : placing 
the 6 in the quotient and in the divisor, and multiplying the whole divisor 
566 by the 6, I have a subtrahend 3396, which, upon subtraction, leaves 
no remainder. The square root is therefore 286. 

Since most of the nnmbers we meet with are not perfect 
squares, we can obtain only approximate roots of such 
numbers ; and the operation is carried to about three places 
of decimals in the root, requiring of course, six places in 
the number. If the given number be an integer, or have 
not so many as six decimal places, the number must be 
made up by appending ciphers. 

£z. II. Find the square root of 876*535. 

§76'535d06 (29-606.. I append three ciphers, and point ac 
^ cording to (189). When the third divisor, 

592, is obtained, the quotient is 0; I 
therefore place the 0, as usual, in the 
quotient and in the divisor, then bring 
down another period, and proceed as 
before. Since there were two periods in 
the integral part of the given number, there 
will be two integers in the root, and the 
decimal point must be placed after the 29. 

191. I will now illustrate the algebraical process men- 
tioned in ( 190), as far as can be done in arithmetic. 

Let the square number 169 be taken, the root of which is 13. If this 
number and its root be expressed in the required algebraic form, they 
will be respectively written 100 + 60 + 9, and 10 + 3. 

100 + 60 + 9 (10 + 3 Placing in the quotient the 10 + 3, which is 

100 known to be the root, I observe that the first 

20 + 3) 60 + 9 part of the root, viz. 10, is the square root 

^ + ^ of 100, the first part of the number : I may 

therefore consider that the square root of 

the 100 gives the 10, and the remainder 60 + 9 is to fumbh the 3. 

Observing the former part of the remainder, viz. 60, I notice, that if it 

were divided by twice the 10 in the quotient, I should obtain the required 

number, 3 : I therefore make 20, i. e, twice the quotient, my divisor. Also, 

since there must be no remainder, I must have as subtrahend 60 + 9; and 

Ji'oce the 9 is the square of 3, therefore, if I append the 3 to the 20 in the 



49)" 
586f 


476 
44] 

3553 
3516 


69206) 


375000 
355236 

19764 
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divisor by the sign ( + ), and moltiplj the whole divisor 20 + 3 by S,/I 
■ball obtain a subtrahend equal to the dividend 60 + 9, and therefore shall 
have no remainder, as was required. 

An algebraical process similar to the above would prove 
that this method of procuring a divisor and subtrahend 
would always succeed in bringing no remainder, i, e. in 
obtaining the exact root of a complete square. But this 
Ex. of course only illustrates the method of proof, and 
shows how the Rule is algebraically deduced. The opera- 
tion, when condensed into an arithmetical form, stands 

thus : 

i6§ (13 
1 



23) 69 
69 



192. I will work one more Ex. which will show how an 
error in the quotient may arise in dividing by an incom- 
plete divisor. 

(37)» = 729, which, algebraically represented, is 400 + 280 + 49: and 
the quotient or root, is 20 + 7. 

And this, when condensed is 
400 + 280 + 49 (20 + 7 72§ (27 
400 _4 

40 + 7) 280 + 49 47)329 

280 + 49 329 



Obs. Since to divide 280 or 320 by 40 is the same as to 
divide 28 or 32 by 4 ; I may therefore call 4 the divisor, 
when 28 or 32 is the dividend, and consider 40 as the 
divisor, when 280 or 320 is the dividend. 

If this Ex. be worked in the usual manner, it will be 
found that the incomplete divisor 4 will go eight times 
in 32, whereas the real quotient is found to be only 7. By 
observing the algebraic method, I learn, that when the 
dividend 329 is separated into its parts 280 -f- 49, the true 
quotient is obtained by dividing only the former part, 280, 
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hy the 40, or 28 by 4 : but in the arithmetical operatioii I 
cannot see how much of 329 is the former part which will 
give me a correct quotient ; and therefore I have to divide 
the whole 329 by 40, or 32 by 4, and so mn the risk of an 
error. If the second part of the dividend 49 had been less 
than 40, the quotient would at once have appeared to be 7, 
and no error arisen. Hence, the larger the second part of 
divisor (as 40), the greater will be the error : and since the 
the dividend (as 49) is, when compared with the incomplete 
4 in the divisor was obtained from the former part of ihe 
quotient, viz. 2, and the 49 from the latter part, viz. 7, the 
error will be the greatest when the earlier figures of the 
quotient are small, and the latter are large. 

This method of proof is not limited to numbers, the roots 
of which consist but of two figures : but any attempt to 
extend the illustration would be very cumbrous without 
the use of algebra. 

Exs. 62. 

Extract the Square Root of each of the following numbers: — 



1. 


729 


4. 2832489 


7. 1241 iff 


10. 


197-4025 


2. 


11025 


6. 27A 


8. 12122x4,r 


11. 


36-343 


3. 


8264446281 


6. 371IS 


9. 10-5625 


12. 


•002401.. 



193. We have seen that the area of a square is obtained 
by squaring any one of its sides ; hence, the number in the 
side of a square is found by extracting the square root of 
the number which represents the area of the square. 

The number which represents the area of a square figure 
may not always be a complete square : for instance, if in 
Fig. 1, p. 171, a square be described with sides equal to a<; 
or t/2, then its area would be (V2)* =2, which is not a 
perfect square. When, therefore, the number representing 
the area of a square is not itself a perfect square, the 



SQUARE BOOT. 193 

number representing the side will be incommensurable or 
iirationaL 

Quantities which are not perfect squares, cubes, &c. may 
be made so by multiplying them by certain factors. For, 
in order that a number may be a complete square, each of 
its factors must be contained 2, 4, 6, &c. times, t. e, some 
multiple of two times; to be a complete cube, each must be 
contained 3, 6, 9, &c. times, t. e, some multiple of three 
times ; and so on for higher powers. For example, the 
number 144 will be found = 2* x 3*, where the indices 4, 
and 2, are multiples of 2, and therefore 144 is a perfect 
square. So also 1728 = 2' x 3', where the indices are 
multiples of 3, and therefore 1728 is a perfect cube. 

Hence, if I resolve any number into ita factors, I can tell 
by inspection whether it bo a perfect square, cube, &c. ; 
and if not, what additional factors must be introduced into 
it to make it so. Thus, 20 = 2^ x 5 ; and since the index 
of the 5 is not a multiple of 2, it must be made so, by 
introducing an additional 5; it then becomes 2* x 5*, or 
100, a perfect square. Again, to make 48 a perfect cube, 
I observe that 48 = 2* x 3 ; and in order that the indices 
may be multiples of 3, this must be changed into 2' x 3', 
and therefore be multiplied by 2' x 3*, t. e. by 36 ; and we 
then shall have 48 x 36 = 1728 a perfect cube. 

In obtaining the square root of a fractional quantity, we 
may extract the root of numerator and denominator, if the 
denominator be a complete square, as in (188) ; 



Thus, . /l^ = 27 
V 1235 35 

or taking the case of a mixed number, 

V 1T4-Vl44-I2-^^' 



K 
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Bat if the den' be not a perfect sqoare, it is better to 
reduce the fraction to a decimal^ and then extract the root. 
For example, if I have to extract the square root of 21^^, 
then since 27iVi =27'2109375, a single extraction will 
suffice to give the answer at once; whereas, trying the 
former method, I should have 



v^^w = ^y 



3483 59-01 



128 11-31 ' 

and to obtain the result, I must extract two roots, and 
perform an operation in Long Division. 

Again, we may make the den' a complete square, as 
described m the preceding paragraph ; and then, since the 
root of the den' will be known by the very process of 
completing the square, it will be necessary to extract only 
the root of the num'. Thus, taking the above example, 
and observing that a factor 2 will make the 128 become 
256... or 14*, we have 

"' K 128 V 256 16 

In finding the root of a circulating decimal, it will some- 
times happen that the equivalent vulgar fraction will have 
both numerator and denominator complete squares, and 
we can then readily extract the root Thus : 

v/r.t = t/l5=t/^ = J = U,orl-3. 

But as this is rarely the case, we must generally find the 
approximate root by the usual method, though it will not 
be a recurring decimal. 

194. Sometimes a fraction involving a surd may be in 
its lowest terms, but yet not in a form the most convenient 

for finding its value. Thus — - is in the lowest terms: but 

t/2 ' 
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multiplying numerator and denominator by V^, it becomes 
= "^» or -v^2. And we sball find that this 



•2xv^2 2 2 

firaction is more simple than the former one. For, since 

\/2 = 1-4142... therefore — = ! which will re- 

V^2 1-4142... 

quire a Long Division sum to bring out its value; but 
i v^2 =1(1-4142...) = -7071 by mere Short Divi- 

sion. Hence - \/2 is more simple than -— . 

And as a general rule, all quantities involving surds are 
in their simplest form, when the surds are in the numerator 
and not in the denominator. 

The following £xs. illustrate the operations of the last 
few pages. 

Ex. T. A square field contains 15 a. 2 r. 20 p. Find its side in chains. 

15 a. 2 r. 20 p. = 2500 sq. poles; therefore the side of a field contain- 

ing 2500 sq. poles = 50 linear poles 

50 
= -— linear chains (since 4 poles = 1 chain.) 
4 

= 12| linear chains. 

Ex, II. Two acres of land are to be cut from a rectangular field of 
which the breadth is 20 chains 50 links, bj a line parallel to it. Find the 
length of the plot. 

1 acre = 40 p. x 4 poles = 10 chains x 1 chain = 10 sq. chains ; and 
length X breadth = 2 acres ; or, since the breadth is 2^ chains, therefore 
length X 2^ chains = 2 acres = 2 x 10 sq. chains = 20 sq. chains. 

u 1 ^u 20 sq. chains 
Hence length = ^ --^— 

2| linear chains 

4 2 

= !!(^ X ^ linear chains (184) 

= 8 linear chains. 
Ex8. 63. Pi°<l ^c value (to 4 places of decimals) of 
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5. Find the side of a square fieU, whose area is equal to that of a 
rectangle 1800 yds. by 800 yds. 

6. The si 'es of 2 squares are 15 ft. and 25 ft. ; find the side of another 
which shall equal the sum of the two former. 

7. A rectangular field measures 64 ft. in length by 48 ft. in breadth ; 
what is the length of the diagonal ? * 

8. A square field contains 3 a. 3 r. 2^Vt P*; ^^^ the length of its side 
in yards. 

9. The painting of a square area, at T^d. per square yard, comes to 
£22 Ids. 7 id. ; find the length of the side of the square. 

10. Two sides of a triangle are respectively 236*25 and 243*75 ft., 
also the altitude is 2| ft. ; find the length of the base.* 
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195. The following nmnbers must be first remembered : 

Digits, 1, 2, 3, 4, 5, 6, 7, 8, 9. 
Cubes, 1, 8, 27, 61, 125, 216, 343, 512, 729: 

and it will be observed that no two of these cubes end with the same digit: 

hence, if a given number be a perfect cube, the last figure in its root may 

be known. For instance, if a cube number end in 3, its cube root ends in 

» 

7 : if the number end in 2, its root ends in 8. Recollection of this fact is 
often of service. 

According to the method of (181), we learn that the cube root 

of lis 1 

„ 1,000 „ 10 

„ 1,000,000 „ 100 &c &c. 

hence, if a number lie between 1 and 1000, i. e, have not more than three 
figures, its cube root is between 1 and 10, or has not more than one figure. 

If the number be between 1000 and 1,000,000, t. e, have not more than 
six figures, its root ha^ not more than two figures : and if the number have 
not more than nine figures, its root has uot more than three figures. 

So that if over every third figure, beginning at the units' place, a point 
be placed, the number of points will show the number of figures in the 
cube root. 

Similarly, since the cube of *1 is *00l 

therefore the cube root of '001 „ '1 

So also, -000,001 „ -01 

„ „ „ -000,000,001 „ -001 &c. &c. 



See Appendix, Note to Jj^. JSo/io. 
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It hence appears that the number of places in the cube of anj* decimal 
must always be some multiple of 3 : and if the number of places in aajr 
decimal, of which we have to find the cube root, be not a multiple of 3, it 
must be made so by appending ciphers : we therefore commence pointing 
at the units' place, and point every third figure to the left over the 
integers ; and to the right over the decimals, if there be any. 

I shall now give two Rules for the extraction of the 
Cube Root, since each has its merits. The former is com- 
paratively short, and can be rendered inteDigible to any 
one possessing a slight knowledge of Algebra ; and the 
proof of the Rule is therefore given in a note. But in 
Exs. where the Root contains several figures, the work 
becomes exceedingly heavy, and the Second Rule is then 
preferable. This Second Rule, called Homer's method, 
has the merit of exhibiting all the work in a very convenient 
form, especially when the given number is large. I, how- 
ever, consider it very difficult for a learner to remember ; 
and the proof of it would be out of place here, as it involves 
some knowledge of the Theory of Equations. 

First Rule. Divide the given number into periods. 
Find the greatest cube number which is not greater than 
the first period. Subtract it from that period ; place the 
root of the number in the quotient, and form a dividend, 
as in Square Root. For a divisor, multiply the square of 
the quotient by 3, and try how often it is contained in the 
dividend, except the last two figures; the figure thus 
obtained by division place in the quotient. 

To form the subtrahend : consider the quotient made up 
of two parts, whereof one is the last figure alone, and the 
other is the former figure or figures with a cipher annexed. 
Cube this last figure, and to it add three times the product 
of the two parts of the quotient by the whole quotient. 

Subtract this subtrahend from the dividend; to the 
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remainder, if any, bring down another period,— find a fresh 
divisor by again multiplying the square of the quotient by 
3, and proceed precisely as before.* 

Obs. As in Square Root, the divisor often gives upon 
trial too large a quotient. 

Ex. Find the cube root of 185193. 

18^193 (57 Haciog a point over the 3 and 

125 the 5, 1 find that 5», or 125, is the 

3 X 5* = 75) 60193 greatest cube number below 185. 

343 = 7 • I therefore subtract 1 25 from 1 85, 

59850 = 3x50x7x57 place 5 in the quotient, and bring- 

60193 ing down the next period, have 

60193 as dividend. The divisor 
= 3x5* = 75, which appears to go eight times, but the real quotient is 7. 
According to the Rule, I now consider the quotient 57 as composed of two 
parts, 50 and 7 : and for a subtrahend I take first 7>, or 343: next, I 
have 3x50x7x57 = 59850 ; and the sum of these results forms a 
subtrahend 60193, which, when subtracted from the dividend, leaves no 
remainder. Hence 57 is the exact cube root of 185193. 

* Let (a + b)*t or a* +9a* b + Sab* + 5' be a perfect eabe, from which I am to 
deduce a role for the Extraction of the Cube Boot. Of course the required root iaa + b, 

a»+Sa*b + 3ab* + b* (a + b 



3a«) Sa*b + 3ab*+b' 

6» = 6» 
Sa*b + Sab* = Sab (a + b) 

Here it is plain that the first portion of the root is foimd by taking the cube root of 
a', the first portion of the given quantity. Also b, the second part of the root, is 
obtained by dividing 3a*fr, the first portion of the dividend, by 3a*, or three times the 
square of the a already obtained in the root 

The subtrahend is formed of two parts, b* and3a*& + 3ad*: this latter portion 
= Sab {a + b): and these two algebraical expressions, when enunciated in words, give 
the process for forming the subtrahend mentioned in the Rule. 

Since in Arithmetical Examples the dividend is expressed as one quantity, but the 
true quotient b is found by dividing only a part of that dividend ; therefore if the latter 
portion of the dividend, viz. dab* +5'> be large in proportion to the former part, 
9a*bf then the quotient obtained by division will be too large ; and the error will be 
greatest when b is laige and a small. If there be more than two terms in the quotient, 
b must always represent the. last term alone, and a the whole of the other teims. 

Also, since in division in Algebra, the first term of the divisor is alone useftQ in 

finding the quotient, therefore (in the above method of working Algebraical Examples,) 

flince 3a' will always be the first term of the divisor, however many terms may be in 

the quotient, the first divisor, 3a', wiU serve for every dividend Unroughout the 

J?zample. 
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196. The following Ex. involves decimals, and gives 
only an approximate root. 

2i03^'806 (27-6 
8 



3x2* = 12) 13035 

343 = 7» 
11340 = 3x20x7x27 
11683 



3 X (27)« = 2187) 1352800 



216 = 6* 
1341360 = 3 X 270 X 6 X 276 

1341576 

11224 

I here observe that in forming the second subtrahend, 1 consider the 
quotient as made up of 270 and 6. By bringing down more periods of 
three ciphers, I might carry the root to several places of decimals ; but 
the work becomes exceedingly heavy when the quotient extends beyond 
three figures. Since one period consisted of decimals, the last figure in 
the quotient must be pointed off as a decimal. 

Second Rule. I. Divide the given number into periods. 
Find the greatest cube number which is not greater than 
the first period. Subtract it firom that period ; place the 
root of the number in the quotient, and form a dividend as 
in Square Root. 

II. To the left of the number, and at some distance 
from it, place two columns (A) and (B). Under (A) 
insert three times the root, and under (B) three times its 
square. Annex one cipher to (A), and two ciphers to (B), 
and with (B) as divisor, find the next figure in the quotient. 

III. Add this figure to ( A) ; also add to (B) the product 
of (A) by the last figure in (A) ; and multiply the sum by 
the last figure in the root, to form a subtrahend, which 
subtract from the dividend and bring down one period. 

IV. Under (A) place twice its units* figure, and under 
(B) the square of that figure. Find the sum of the last 
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two lines in (A)^ and of the last three in (B), and again 
annex one cipher to (A) and two to (B). With (B) as 
divisor^ find another figure in the root, and proceed to form 
another subtrahend^ as in (III.) of this Rule. 

The following Example will be found to exemplify this Rule; and tbe 
lines hafe been written widelj to indicate tbe successive steps from (A) to 
(B), and from (B) to the subtrahends. 



A 


B 




2i71763§ (279 


60 






8 


7 


1200= total 


dirisor) 


13717 


67x7 


469 






14 


1669x7 


= 


11683 


810 


49 






9 


218700 
7371 




)^034639 


819x9 






22607J x9 


= 


2034639 



Since tbe first figure in tbe root is 2, 1 place 3 x 2, or 6, under (A), and 
3 X 2*, or 12, under (B), annex one cipher to (A) and two ciphers to (B). 
Using this 1200 as a divisor^ I have 7 as quotient, which I add to (A), 
making 67, and to (B) I add 469, the product of this 67 by 7, makinjc 
1669 : I multiply this 1669 by the same 7, making a subtrahend 1 1683, 
and obtain a dividend 2034639. I now place under (A) twice its last 
figure 7, and under (B) I place 7* or 49 ; I now add the last two lines 
in (A), making 81, and the last three lines in (B), viz. 49, 1669, and 469, 
obtaining 2187, then annex one cipher to (A), two ciphers to (B), and 
making this 218700 in (B) as a divisor, I obtain a figure 9 in the root. 
I now add this 9 to the 810 in (A), and multiply the whole of it, or 819, 
by 9, making 7371, then add it to (B), making 226071 ; lastly multiply 
this by the same 9, placing the product as a subtrahend. If there had 
been any more periods, I should have commenced forming a fresh divisor 
as in (IV.) 

197. The observations which were made upon the ex< 
traction of the Square Root of Fractions in ( 193) apply also 
to a similar use of the Cube Root. Also, the probabilitj of 
error in obtaining the figures in the quotient from the use 
of the divisor may be noticed from the reasoning in ( 192). 
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Just as the number in the side of an area of square 
form is found by extracting the square root of the number 
representing the area : so the number in the edge of a 
volume of cubic form is found by extracting the cube root 
of the number which represents the volume. 

I will work one or two Exs. to illustrate the application 
of Cube Root. 

Ex. IV. A beam is 6 (t. 9 in. long, 2 ft. 3 in. broad, and 9 in. thick i 
required the side of a cube of equal capacity. 

Working fractionally we have 
Solid content of beam = 6|ftx2iftx|ft 



/27 9 3\ , ^ 729 , ^ 
= (-rXT^TJ 8ol.ft. = -— - sol. ft. 
V4 4 4/ 64 



9* 
or i= — sol. feet. 
4» 

3 /Q* 9 

therefore, edge of the c«be = A / — sol. ft. =: - lin. feet = 2^ linear feetr 

Y 4» 4 

£x. y. Find the area of any one of the six surfaces of a cube con- 
taining 1 1 cubic feet, 675 cubic inches. 

To find the area of this surface, I must find the edge of the cube, and 
square it Reducing the cubic feet to inches, I have 

volume of cube = 19683 cubic inches ; 

therefore, edge of the cube = /^ 19683 = 27 linear inches = 2 ft. 5 in.; 

and therefore area of the side = (2i)« = /^V = §i sq. ft. 

c= 6^ sq. ft. 

= 5 sq. ft. pr. 9 sq. in. 

£x. VI. If the volume of any cylinder equals its length x area of its 
base, find the value of this area in a cylindrical wire 50 feet long, and 
made out of a square inch plate of metal *05 inches in thickness. 

Here, since area x length = whole volume of metal 

= I sq. inch x thickness of the plate ;. 
or,, since Area x 50 ft. s 1 sq. inch x *05 inabes ;. 
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therefore Area = — -5l — * (I) 

50 X 12 in. ^ 



•05 

sq. inches 



50x12 



( 



Multiplying numerator \ 5 . , 

and denominator by 100 / 500x12 ^* ^'^^^ ^ 



sq. inches 



12000 



The right-hand side of (G) gives ? ^^^"^o"^ j which, according to 

1 dimension 

(184), is 2 dimensions, as an Area ought to be. 

Ob 8. An expression which is of the same dimensions 
throughout, as (I), is said to he homoffeneous. 

EXS. 64. Extract the Cube Root of each of the following cumbers: — 

1. 42875 5. 42 J 9. 77*854483 

2. 970299 6. 1367T»oVff 10. 284890-312 

3. 6539203 7. 2345,VV 11- 1334-633301 

4. 32798729601 8. -^e3987|fj -000405224 

*^' -064 

Find the value (to 2 places of decimals) of 

13. ^^15 14. 4^155 15. z^J^SS? 16. aV-^ 

17. Find the edge of a cubical box containing 13824 soUd inches. 

18. A cistern is 72 ft long, 24 ft. broad, and 27 ft. deep : find the 
edge of a cubical cistern of the same content. 

19. Find the length of the edge of a cube which contains 94 yds. 14 ft. 
1088 inches. 

20. Find the whole surface of a cube which contains 15 sc^d feet and 
1080 solid inches. 



TO EXTRACT ANY ROOT WHATEVER. 

198. Upon the same principle as the Second Rule given 
above, is the following Rule for the extraction of any root 
whatever. 

I. Divide the given number into periods, each containing 
08 many figures as the index of the root to be extracted. 
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Find the root of the first period, and place it in the 
quotient. 

n. Form, at equal distances from each other, columns, 
called A, B, C, &c., equal in number to the above index ; 
and consider the first period in the given number as the 
head of the last column. Under that to the left, place the 
figure in the root; under the next, the square of that 
figure ; under the next, the cube, and so on. The highest 
power of this figure will fall under the first period; subtract 
it from that period, and form a new dividend as usual. 

m. To find a trial divisor: — Under (A) again place the 
figure in the root, multiply (mentally) the sum by this 
root; but place the product under (B), not under (A) ; 
add the two lines in (B), multiply the sum by the root, 
and place the product under (C); proceed in like manner 
to the last column which stands before the proposed 
number. 

Commence at (A) precisely the same process, and con- 
tinue it to the last column but one; again continue the 
same process, dropping a column each time, till only the 
first one is employed. Now annex one cipher to (A), two 
to (B), three to (C), and so on; and make the result of 
the column, which precedes the proposed number, a trial 
divisor of the dividend, thus obtaining another figure in 
the root. The subtrahend will be obtained presently. 

IV. The next trial divisor is obtained by forming a 
series of products with the new figure, of precisely the 
same kind as those obtained from the former figure. Also> 
in forming the first row of these new products, the last one 
to the right will be the subtrahend from the lately formed 
dividend, and will after subtraction furnish a new dividend 
as usual. 
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Ex. To extract the fifth root of 60466176. 
ABC D 











60466176 (26 


3 


9 


27 


81 


243 


3 


18 


81 


324 




6 


27 


108 


4050000 


) 36166176 


3 


27 


162 


1977696 


36166176 


9 


54 


270000 


6027696 




3 


36 


59616 






12 


9000 


329616 






3 


936 








150 


9936 








6 











156 

In the aboTe E)(. it may be seen that the first figure in the root, viz. 3, 
must be found by trial, as in Cube Root. Under the five columns, A, B, 
C, D, E, there have been placed, 3, 3» or 9, 3» or 27, 3* or 81, 3* or 243, 
this last power being the subtrahend from the first period. Also, this 
figure 3 has been added to (A) four times; after three of these additions 
each successive amount has been multiplied by this figure, and the 
products added to (B). In like manner, of the three amounts thus formed 
in (B), the first two have been multiplied by the root figure, and the 
products carried to (C). The amount of the first addition alone in (C) 
has been multiplied and carried to (D). The results of the columns are 
now 15, 90, 270, 405, and with the ciphers added become 150, 9000, 
270000, 4050000, which last, taken as a trial divisor, gives 6 as the next 
figure in the root. 

Again, after finding the second figure 6 in the root, the subtrahend 
consists of the last product of the first row that would be formed, to find 
another trial divisor for a third period. 

Exs. 65. (L 

1. Explain the process of finding the area of an oblong, the sides 
whereof contain any^umber of feet and inches. 

2. Explain by figures the nature of the products, when feet are multi- 
plied by feet, feet by inches, inches by inches, &c. down to twelfths of an 
inch. 

3. Find how much money must be paid for £10600 stock at 84}, 
and 2s. 6d. per cent, brokerage. 

4. A mixture is made of 40 lbs. at 3$. 6d., 44 lbs. at 3s. IO|d., and 
55 lbs. at 4s. 6d. ; what will be the gain per cent if the mixture be sold 
for £39 4s. ? 
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6. What is the interest of money invested in the 3 1 per cents, at 89| ? 

6. An inclined plane 3 miles long has a total rise of 2 1 2' 15 feet; find 
the rise per yard in decimal parts of an inch. 

7. Reduce to a simple fraction the ratio between the sum and difference 
of these expressions : — 

(i+§)-(M)""J(e-§)x(5-«) 

8. Form the following product, (17 ft 4 in.) x (18 ft. 7 in.), by Duode 
cimals, and by Fractions. 

1 1 ,^ 

9. Shew that-T= ~ o V 3 ; which is the simpler of the two, and why? 

10. Find the square roots of 6424*0225, and of ^^ 

11. What is the solid content of a box, of which the height, length, 
and breadth arc respectively 3 ft. 2 in., 5 ft. 4 in., and 2 ft. 7 in. ? 

12. What is the true discount on a 4 months' bill for £151 7s., drawn 
on January 1st, and discounted on the 19th of February, at 4| per cent.? 

13. An article which sold for 50 guineas caused a loss of 5^ per cent, 
what should it have fetched, to produce 7^ per cent, profit? 

14. If the rate of exchange between Amsterdam and Paris be 21*1 
francs for 10 florins, and between London and Amsterdam be 12*15 florins 
for £ 1 sterling, what is the rate of exchange between London and Paris ? 

B. 

1. State two numbers between 1 and 100, such that the first has exact 
square and cube roots, and the second has exact square and fourth roots. 

2. If a cubic foot of air weighs 1^ oz., what is the weight of air 
contained in a room 25 ft. 6 in. long, 16 ft. broad, and 10 ft. 9 in. high ? 

3. A cubical block contains 24ft. 1403 in.; find its edge, and the area 
of its 6 sides. 

4. Find the value of V^23|J ; and of ^^163^^ to two places of 
decimals. 

5. What is the extent of surface of a covered box, of which the dimen- 
sions are 5 ft 10 in., 3 ft. 6 in., and 7 ft. 2 in. ? 

6. If the painting of a room 9 ft. 6 in. high, 15 ft. 3 in. long, and 
10 ft broad, come to £5 7s. 6d. ; what will be the expense of painting 
another of which the length, breadth, and height are 18 ft. 2 in., 11 ft. 
7 in., and 12ft. Sin.? 

7. If 500 rupees produce £505 4s. 2d., what is the rate of exchange 
between England and the East Indies ? 

8. If by selling goods at £2 5s. I lose 15 per cent, what would be the 
loss or gain per cent, if the price were £2 18s. 6d.? 

9. The sides of two square pieces of ground are 360 yds. and 160 yds.; 
find the value of the latter, if the former be worth £300. 
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10. Railway shares which were purchased at a premium of 50 per cent, 
and sold at a discount of 25^ per cent., produce a loss of £7550 ; how 
much money was invested ? 

11. The length of a rectangular field is 12 chains 35 links, and the 
breadth is 10 chains 75 links ; find the number of acres contained. 

12. A square field contains 9 a. r. 4 p. ; find the length of its side in 
chains. 

13. If 1 of a debt be due in 3 months, } in 4 months, r in 6 months, 
and the remainder in 10 months ; what is the equated time of payment } 

14. Explain the meaning of the term *^ Fractional Quotient." 

s. 

1. A person employs 6 men for 5 days at 8 hours each, and 5 women 
for 6 days at 10 hours, at the respectire wages of 4d., and 2^d. per hour : 
how much must he pay them ? 

2. Find the number of men in a side of a square, if when drawn up in 
rank and file they number 81 by 36. 

3. Reduce to the simplest form (§ of 7 of 1^) -^ (2I of ^)- 

4. The discount on £153 due half a year hence is £3, what is the rate 
of interest ? 

5. In what time will £750 amount to £918 15s. at 4^ per cent 
Simple Interest ? 

6. How many years' purchase should be paid for freehold property to 
produce 5^ per cent ? 

7. What is the value of a perpetual annuity of £60, reckoning money 
worth 4 per cent ? 

8. A testator bequeaths £500 to A, £300 to P, and £450 to C : but 
his estate only produces £600 ; find each man's share. 

9. A cubic foot of water weighs 1000 oz. ; what is the weight of water 
in a full cistern, the dimensions of which are 7 ft. 6 in., 5 ft. 2 in., 
and 3 ft. ? 

10. The mercury in a barometer rises unifoimly from 29*15 to 30*73 
in 12 days : find the ratio of the daily rise to the average height. 

11. A square field has a diagonal 160 yards long j find the ar«A of the 
field. • 

12. If a solid foot of gold weigh 1260 lb. 8 oz., and a solid foot of 
cork weigh 151b. Troy : how much cork will weigh as much as 1 inch of 
gold? 

13. A cubical mass of metal, of which the edge is 3*35 inches in 
length, is drawn out into a wire, of which the area of a section is '561125 
square inches, find the length of the wire. 

14. Shew how to make any number a complete 2nd, 3rd, 4tb, &c. 
power, Ex. Find a multiplier which shall make 75 a perfect cube. 

* S«e Apv^tid\x,^o\R\o At! BaUq. 
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] 99. It will often have been observed that each figure in 
any number has ten times the value that it would have had, 
if it had been one place to the right. The selection of this 
number ten has arisen from its being the number of figures 
on the hands ; and hence has arisen the use of the term 
digits for the Arabic figures, 0, 1,2, 3, 4, 5, 6, 7, 8, 9. 

Hence 10 is called the Radix of the common Scaled of 
Notation, and the scale itself is called the denary scale, 
from the Latin distributive numeral deni, in tens. 

If any other ;Qumber be chosen as the radix of a scale, 
the new scale derives its name from the corresponding 
Latin term. 

Thus, if the radix be 2, the scale is called the Binary, 



tt 


3 


» 


Ternary. 


n 


4 


» 


Quaternary. 


» 


5 


» 


Quinary. 


n 


6 


i> 


Senary. 


n 


7 


» 


Septenary. 


n 


8 


» 


Octenary, 


» 


9 


n 


Nonary. 


» 


10 


9i 


Denary. 


» 


11 


n 


Undenary. 


» 


12 


» 


Ihtodenary, 



In the two latter scales, since 1 1 and 12 digits are required, therefore 
the letters t and e are used to indicate ten and eleven. 

200. Now it will be easily seen that any number, as 
5372, in the common scale can be written in the following 
algebraical form, 

5000 + 300 + 70 + 2, or 5 x 10« +3 x 10» +7 x 10 + 2. (II.) 

* The term Scale has here the meaning of the word Scal4, a ladder, whereby we, a» 
it were, tucend from lower to higher numbers by steps af 10. 
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And if 8 were the radix of the scale in which this said 
number 5372 was arranged, the digits of which it is com- 
posed would be different; and if a, b, c, d, represented 
these new digits, which I do not yet know, I should have 

ax8«+6x8»+cx8 + d = 5372. (11.) 

Now, in series (I.), we may observe that if we divide by 

the radix 10, we shall have as quotient 6x 10* +3x 

2 2 

10 + 7 + --; i. e. --- is the frac^ part of the quot*, or as we 

commonly express it, 2 is the rem' ; i, e, the last digit of a 
number in scale 10 is found by dividing the entire number 
by the radix 10. Also, if we continue successively to divide 
this quot' 5x10* + 3x10 + 7 by 10, we shall get as 
remn 7, 3, and 5 ; t. e, the successive digits from right to 
left are obtained by dividing by the radix, until there be 
no dividend left. So also, if we divide the left-hand side 
of (II.) by the new radix 8, the quotient is a x 8' +6x8 

4- c+ -, or the remainder d is the last digit, as 2 was, 

just above. Now the two sides of equation (IL) have of 
course precisely the same value, and since when I divide 
the lef t'hB,nd side of (II.) by 8, 1 obtain the last digit in 
scale 8, therefore I shall obtain the same digit by dividing 
the right-hand side 5372 by 8. 

8) 5372 8) ax8» + 6x8*+cx8 + rf 



8) 671 - lor rem 


'4 


8) ax8» + ix8 +c 


4 


8) 83 .— 

8 


19 


7 


8) ax8 +b 


»l 


8)10 - » 


99 


3 


8) a 


4 


8)i_-| 


)9 
99 


2 

1 




a 

T 



99 



Placing the two quantities in equation (II.) in paraUd colnmns, and 
diving both by 8, 1 obtain ai cvuotientfy ^Ify and a x 8* -t-6 x S+c-f ^« 
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HeDce the quotients 671, and ax8*+bxS + c are equal, and the rem** 
4 and d are equal ; t. e, the first of the new digits to the right is 4. The 
second division by 8 gives equal quotients, viz. S3 = axS + b, and a 
rem' c = 7. The next gives quotients 10 and a respectively, and a 
rem' b = 3. Hence the values of a, b, c, (/, arc 10, 3, 7, 4; but since in 
the scale of 8 there can be no single number a= 10, I therefore divide 
the 10 still further, till I obtain two more digits, 2 and 1, in place of the 
10, and the entire number of digits will be 1,2, 3, 7, 4, &c. ; and it now 
appears that th'ere will be 6 figures in the number 5372 when expressed in 
the scale of 8, and the number will be represented by 12374, 

orlx8*+2x8»+3x8»+7x8+4 (III.) 
The number in (III.) is also = 4096 + 1024 + 192 + 56 + 4 

= 5372, as before. 

Hence we learn that if we have to transfer a number 
from the denary scale to any other scale of notation, we 
have only to divide the proposed number by the new 
radix, till there is no integral quotient. The successive 
remainders will be the new digits, the first one filling the 
units* place. 

The process of reconverting from any of these new 
scales to the denary is shown in (III.)> where the number 
12374 in -the octenary scale is restored to the denary, 
giving 5372. 

The fact that 5372 in the scale of 10 is equal to 12374 
in the scale of 8 is thus briefly exhibited ; 

(5372)io = (12374)a. 

201. We have now seen how to convert from the denary 
scale into any other scale, and from any scale into the 
denary. But if we wish to change from any one of the 
new scales into any other one, as for example, from the 
scale of 5 to that of 7, we must first change from the 
quinary to the denary, and then from the denary to the 
septenary. 
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Ex. Change 34201 from the quinary scale to the septenarj. 

First, converting (34201)^ into the denary scale, I have 
(34201), =3x5*+4x5»+2x5»+0x5 + l 
= 3x625 + 4x125+2x35+1 
= 1875 + 500+50 + 1 
= (2426),, (IV.) 

7 ) 2426 Now, converting 2426 into the septenary scale, according 

7) 346 - 4 to (200), as in the margin, we have as the new digits, 

7749 - 3 1, 0, 0, 3, 4, or (2426)i , = (10034)^. And this equaUty 

7) 7 . may be proved by the reconversion of(10034)y into the 

i)T'- denary scale; thus 

Jo]. 1 (10034)y = lx7*+0x7»+0x7«+3x7 + 4 

= 2401+21+4 
= (2426),,. 
Hence, we have (34201), = (2426) i, = (10034)^. 

Exs. 66. 

1. Change 345 from the common or denary scale to the binary. 

2. „ 10101 from the binary to the denary. 

3. „ 1375 „ denary „ temar}\ 

4. „ 89t4 „ undenary „ quinary. 

5. „ 14328 „ nonary „ septenary. 

6. „ 7854 „ denary „ duodenary. 

7. „ 3^45 „ undenary „ binary. 

8. „ mil „ binary „ denary. 

9. „ 4444 „ duodenary,, quinary. 

10. „ 21021 „ ternary „ senary. 

11. Add together in the senary scale, 25341, 5423, 4021 , 13450. 

12. Find in the duodenary scale the value of 89^36e — 4567^. 

13. Express the result of 187^56 x t4789 in the undenary scale. 

14. Find the quotient of 18763+456 in the nonary scale. 

15. Find the area of a floor 15 ft. 11 in. by 7 ft. 9 in., by multiplying 
in the duodenary scale. 



202. It is a very good exercise for pupils to be able, 
without using any specific rules, to work examples which 
are generally wrought by rules ; or, as it is sometimes 
expressed, to work them according to the principles of 
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common sense, of course employing the four Simple and 
Compound Rules, and Reduction. 

The most favourable examples for this exercise are those 
generally wrought by the Rules given in Simple and 
Compound Proportion, Fractions, and Practice. 

I will work one or two of each, to illustrate the method 
intended. 

Ex. I. If 9 men earn £15 IDs. in 3 months, or 13 weeks, what does 
each man earn per week ' 

If in 13 weeks 9 men earn 310s. 
then, in 13 weeks 1 man earns -^s* 

or m I week -— :th of — s. 
13 9 

310 o -T»1J 

or ?-r-s. or 28. 7|ld. 
117 " 

Ex. II. If £240 be paid for bread sufficient to serve 49 persons for 
18 months, when wheat is 488. per quarter ; how long will £235 find 
bread for 92 persons, when wheat is 56s. per quarter ? 

If £240 will serve 49 persons for 18 months, 

18 
£ 1 „ 49 persons for — — - months, 

18 
or ,, 1 person for 49 times -~- months. 

*' *^ 240 

and since 48s. = ■^£> 

48 /.Ml 1 <. 48 - 49 X 18 ,. 

.*. 48s., or — £ will serve 1 person for — of —_ — months. 

Again, wheat, at the new price, 56s., will find as much as 48s. did before. 

.'. 56s. will now find 1 person for — - of — -— — months. 

20 24 

and since £ 1 = -rrr ^^ ^s* 

£1 will find 1 person for |l of || of ^^F ™**"^^''* 
or „ 92 persons for— th of — x — ___. months. 
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btactf £235 will ibid 92 perfont for 

23.3 48 49x18 ^. 
92 .06 210 

Tbif qncmtion worked u a Compoond Proportion Example, according 
to (140), would famifh the following ftatemeDt 
£240 £2^6 

92 men 49 men 18 months. 

(f&», 4fh. 

.,, r -*t * ij 18x235x49x48 ^, 
and the fourth term would = — months, 

the same as before. 

Ex. III. Find the present worth of £169 18s. 4d., due 15 montbs 

bi-nce, at 5 per cent 

Here £100 in 15 months at 5 per cent, produces £6 5s., or amounts to 

£106 5s. 

t. e. the present worth nf £106| is £100, 

and .'. of £1 is £ -rr-r" 

lOfii 

and .-. of £169 18s. 4d., or of £169] J, is i5?iill??£. 

106 J 

the result which would be obtained bj a statement, such as in (149). 

Ex. IV. If 7 men can do a piece of work in 11 1 days, in what time 
will 8 men and 7 boys do the same, reckoning a boy's labour worth 



K 

'■■ that of a man ? 



7 boys =s -. of 7 men 

^ 8 



8 men and 7 boys — {^'^t:^^'^) ^^9 

(35\ 
8 + - -jmcn = (8 + 4j) mens 11| men. 

now if 7 men duo the work in 11} days, 

1 man will do it in 1 1 i x 7 days, 

.'.III men „ in lI|JiI days, 

"2x7 



8 

4 

or 7^ days. 
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1. What will be the net value of a legacy of £333 6s. 8d., after 
pajring duty at the rate of 3 per cent ? 

2. Two clocks point to 2 at the same instant ; one loses 7 seconds, 
and the other gains 8 seconds in 24 hours ; when will one be half an hour 
before the other; and what time will each clock then shew? 

3. A bankrupt owes 3 creditors £10,000, 10,000 guineas, and 10,000 
shillings respectively ; but his property is worth only £7000 : find how 
much in the pound he will pay, and how much each creditor will receive ? 

4. If 100 articles are bought at 3 a penny, and 100 more at 2 a 
penny : at what price must they be retailed so as to gain 25 per cent ? 

5. A vessel containing 384 gallons is emptied by 3 taps ; the first and 
second together empty it in 32 minutes ; the first and third in 24 minutes ^ 
and the second and third in 16 minutes; how many gallons will each tap 
discharge in a minute ? 

6. How many square feet of board will be required to make a rectan- 
gular box, of which the length, breadth, and depth are 3^ ft., 2^ ft., and 
1 ft. 2^ in. respectively ? 

7. If a room be 32 ft. long, 26 ft. wide, and 14 ft. high, what will be 
the expense of papering it at 33. per square yard, allowance being made 
for three windows, each 10 ft. by 6^ ft., and two fire-places, each 6 ft. by 
Q^ft.? 

8. What sum of money must be paid down, in order to receive 
£360 1 Os. 2 yrs. hence, allowing 3^ per cent. Compound Interest ? 

9. Find the simple fraction which expresses the value of 7+,^^Bi^ 
when divided by 6^ times (3 + ^3j). 

10. How many cubes, whose edges are | in. long, can be contained in 
a box, of which the base is 18 sq. inches, and height 7^ inches? 

11. The volumes of spheres are in proportion to the cubes of their 
radii : the radii of two spheres are in the ratio of 4 to 5 ; and the weights 
of equal portions of the smaller and larger spheres are as 12 : 7 ; given 
that the weight of the smaller sphere is 256 lbs., find the weight of the 
larger one. 

' 12. At what time between one and two o'clock will the hour and 
minute hands of a watch make an angle of 60 degrees with each other? 

13. If a pound Troy of English standard gold |^ fine be worth 
£46 12s. 6d., what is the value of a coin weighing 7 dwts. J 1 gi-s., in 
which 924 parts in 1000 are pure gold ? 
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14. The wheels of a cart are 2^ yards asunder, and the inner wheel 
describes the circumference of a circle of radius 20 yds. : find the difference 
of the paths of the wheels, having it given that the circumference of a 
circle = 3*1416 times its diameter. 

15. Two men are walking in the same direction, the distance between 
them at starting being 100 yds. ; the first walks 45, and the second 49 yds. 
in 50 steps ; how many steps will have been taken when they are together? 

1 6. How much paper, | yd. wide, will be sufficient to paper a room 
22 feet 5 inches long, 12 feet 1 inch broad, and 11 feet 3 inches high? 
and how much will it cost at 4|d. per yard ? 

17. A river 30 feet deep, and 200 yds. wide, is flowing at the rate of 
4 miles an hour ; find how many cubic feet of water run into the sea per 
minute ; also the number of tons, supposing a cubic foot of water to weigh 
1000 ounces. 

18. A clock gains 3^ minutes per day ; how should its hands be placed 
at noon, that it may point out the true time at 7 ^ in the evening? 

19. A person performs ^ths of a piece of work in 13 days; he then 
receives the assistance of another person, and the two together finish it in 
6 days ; in what time could each do the whole work by himself? 

20. A tradesman buys goods for £189 15s. 6d., and sells them in 
6 months for £253 Os. 8d. ready money : how much is that per cent, per 
annum profit ? 

21 . If the value of £ 1 sterling varies from 25* 15 francs to 26*75 francs, 
what is the variation in value of 100 guineas ^ 

22. A person receives his rent, and after paying an income tax of 7d. 
in the pound has £553 7 s. 6d. left ; what did he receive ? 

23. A field of 7^ acres is planted with potatoes in rows; the distance 
between each row is 15 inches ; how many yards of potatoes are there 
in the field ? 

24. Three masons. A, B, C, are to build a wall; d and B coul<f 
together build it in 12 days, B and C in 20, and A and (7 in 15 ; in wha 
time will they build it when they all work together ? 

25. If 3 miles, 4 furlongs, 93 yards be run in 6 minutes 4 second 
how much is that short of the rate of a mile per minute ? 

26. Multiply |I by ^il, and divide v/2j by ^/Sj. 

4* 13,^ 

27. The comparative weights of coal and water are as 1*12 and 
also a cubic foot of water weighs 1000 oz. ; find the edge of a cul 
block of coal which weighs 2000 tons. 

28. The discount on £500 due 4 years hence is 250 marks ? fin 
rate of interest. 

29. Shew what factor is wanting in the number 32 to make it a j 
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30. Required the least number which multiplied by 64, will make it 
a perfect 5th power. 

31. A sets out from Cambridge to London (51 i miles) at the rate of 
8 miles an hour, and B sets out at the same time from London to Cam- 
bridge at the rate of 9^ miles an hour, at what distance from each place 
will thej meet ? 

32. A tradesman marks his goods with two prices; one for ready 
money and the other for credit of 6 months; what fixed proportion ought 
the two prices to bear to each other, allowing 5 per cent. Simple Interest? 

33 What must be the least multiplier of the number 225, so that the 
product may be a perfect cube ? 

34. If the ratio of the diameter of a circle to its circumference be 
1 13 : 355 ; and if the length of ij^th part of the earth's circumference be 
69g^ miles, what is the earth's diameter ? 

35. How much per cent, is I4s. 6d. of £3 IDs. ? 

36. A and B together can do a piece of work in 30 days ; B by 
himself can perform the same in 70 days : in what time could A finish it 
by himself; and how much more of the work does A do than B ? 

37. The sun's longitude is increased by 360 degrees in 365 d. 5 h. 48 m.: 
what is his average daily motion ? 

38. Simplify the following expression, leaving one surd in the numer- 
ator of the resulting fraction : — 

v/6» -5» X ■ +V6» + 5» X y- 

i/6» + 5* ^ v/6» -5» 

39. A and B can do a piece of work tokether in 30 days; A does 
1 more than B ; in what time can they do it separately ? 

40. Find the square root of the sum of the squares of *2, *4, -6, *86. 

41. If an acre of land be bought for 6d. per foot, at what price per 
yard must it be sold to gain £136 2s. 6d. ? 

42. From a rectangular plank 1 foot broad and 2 inches thick, what 
length must be cut ofi" to be worth 25s., the value of the timber being 58. 
per cubic foot ? 

43. Simplify the following expressions : — 



'^:-rT A/■-J^^A4 




'V/'+5'<-/^ 



44. Find the value of 3 -*- VTO to four places of decimals. 

45. If the volume of a cylinder be obtained from this product, 
height X area of the base ; find the area of the base of a cylinder whereof 
the volume is 1 cubic foot, and the height 7| inches. 
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46. Compare the volumes of two cylinders whose bases are in the ratio 
of 3 : 4, and altitudes as 5 : 6. 

47. A person rents a piece of land for £120 a year. He lays out £625 
in buying 50 bullocks. At the end of the year he sells them, having ex- 
pended £12 lOs. in labour. How much per head must he gain by them, 
in order to realize his rent and expenses, and 10 per cent, on his original 
outlay ? 

48. A cubical box contains 37 solid feet and 64 solid inches :]["find (1) 
the number of lineai' inches in the edge ; (2) in the diagonal of each face; 
and (3) in the diagonal of the box. — (See Appendix, Note to Art, Ratio,) 

49. A person finds that his net income, afler deducting the income tax 
of 7d. in the pound, is £233 : find the amount of income. 

50. A pile of cannon shot has a rectangular base, the sides of which 
contain 7 and 6 shot respectively ; find the number of shot in the whole 
pile. 

51. What is the unit of measurement when a mile is 160 unitsj? 
Determine that common unit which will express 12960 minutes and 20160 
minutes in the smallest possible integral numbers. 

52. The areas of circles are proportional to the squares of their radii ; 
find the ratio of the areas of two circles which have 2 feet and X an inch 
as the values of their respective radii. 

53. Find the ratio of the diameters of two circles, such that the area 
of one may = 5^ times that of the other. 

54. Two cubical boxes have edges respectively 3 inch, and 2 ft. 3 in.; 
find the ratio (1) of their surfaces, and (2) of their volumes. 

55. A clock has its face marked so as to shew 24 hours in a day ; and 
on a certain evening half an hour after sunset it was set at 2'i o'clock. 
The morning following it was 8 min. past 4 by a common clock when it 
was 4 minutes past 8 by this clock. Find the time of sunset the previous 
evening. 

56. Given that the ratio of the circumference of a circle to the diameter 
= 3*1416 : 1 ; also that the length of an arc of a circle opposite to any 
angle at the centre is proportional to the degrees, &c. in that angle : find 
the length of the radius of that circle, in which an arc of 4000 miles is 
opposite to an angle containing 8*58 seconds. 

57. The space through which a body falls in vacuo near the surface 
of the earth is proportional to the square of the number of seconds in the 
time of falling; if a body fall through 16-1 feet in the first second, find 
how far it will fall in 8 seconds, and in the ninth. 

58 T he time of oscillation of the pendulum of a clock = 3* 1416 

X V ^^ seconds, where 39*2 inches is the length of the seconds pedulum; 
find the alteration in the time of oscillation when the pendulum is length- 
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«ned 4c of an inch. Find also how many seconds the clock will gain or 
lose in 24 hours. 

59. Taking the same value as in the last question for the time of 
oscillation, where 32*2 is the measure of the force of the earth's attraction, 
find the alteration of that measure, if the length of the pendulum be 
increased by jn^th part, and the time of oscillation be the same. 

60. The di^erence between the year in the Julian calendar and the 
true year is '007736 days; the Gregorian calendar corrects by omitting 

3 days in 400 years : find how much error would have accumulated under 
that calendar, from a.d. 325 to a.d. 1848, and how soon the error will 
amount to a day. 

61. In a block of wood, a hole is made 12 in. long and 1 sq. inch in 
section : the largest possible cylinder is placed in the hole ; how much is 
unoccupied ? — (See question 46.) 

62. A cubical box, 1 inch high, is filled with water ; 8 equal spheres 
of X in. diam. are placed in it ; what yolume of water will remain,— 

having it given that the volume of a sphere = 4 x 3*1416 x the cube of the 
radius. 

63. Will ^ produce a circulating decimal ? 

64. A cube has an edge 2 ft. 6 in. long ; find the ratio between the 
sum of the areas of the semicircles described on its edges, and the whole 
surface of the cube, having it given that the area of a circle = 3*1416 x 
the square of the radius. 

65. A wall is 15 ft. 8 in. long, and 1 1 ft 6 in. broad, and has in it a 
doorway 6 it. 3 in. by 2 ft. 4 in. ; find the number of bricks of 165/y 
solid inches contained in it, when the thickness is 1 1 inches. 

66. If a sovereign weigh 5 dwts. 3^ grs., 1 part out of 12 being copper, 
and the rest pure gold ; find what fraction of a cubic inch the gold con- 
stitutes, having given that a cubic inch of water weighs 252*458 grains, 
and that gold is 19*362 times as heavy as water. 

67. Reduce the following Arithmetical expression to its simplest form : 

68. A cistern has 3 pipes. A, B, and (7; A and B can fill it in 3 and 

4 hours respectively ; and C can empty it in 1 hour ; if these pipes be 
opened in order at 1, 2, and 3 o'clock, find when the cistern will be empty. 

69. A person sells out of the 3^ per cents at 93^, as much stock as 
produces £9350 ; at what price must the 4 per cents be, so that the above 
sum when invested in them shall produce an increase of £10 income ? 

70. If J of a sheep be worth |£, and ^ of a sbeq> be worth JL of an 
ox, what sum must be given for 50 oxen ? 

71. A garden walk, 4 ft. wide, is carried round a circular plot 3 yds. 
in diameter ; find the price of gravelling the walk per foot, if the whole 
cost be 6s. ^ 
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FRACTIONAL QUOTIENT. 

203. It was mentioned in (22) that the word quotient 
is not inapplicable, where one number is to be divided by 
another, and yet the division cannot be performed ; thus 
in the division of 2 by 5, we said that the quotient was §• 

This may be seen more clearly, if we remember that the 
word quotient means how often the divisor is contained in 
the dividend, — and if we observe the following illustration. 
Suppose that I have a rod live inches long, and with it 
I am to measure the depth of water in several fiill vessels, 

of which the depth is known to be 1, 2, 3, 4, inches. 

If now I ask how many times the length of this rod is 
contained in the depth of the water ; the reply is, that in 
the first, one inch or one-fiMi of the rod was immersed, i.e. 
the rod went into the depth one-fifUi times ; and therefore 
the genuine quotient of 1 when divided by 5 is one-fifth or 
1. Similarly, the quotient in the case of the second, third, 
&c. vessels, would be |, 3, &c. And when I come to 
measure the depth of the five-inch vessel, the quotient 
ought to be §, or 1, i. e. the rod is just once immersed. 
And when I measure the seven inch depth, I. find the 
quotient to be | or 1^ ; i, e. it takes one immersion of the 
rod^ and | of another, to measure the seven inches. 



(6) ; 
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COMPOSITE DIVISOR, 

204. In the operations of Reduction we frequently have 
to divide by composite divisors, which consist of the pro- 
duct of two factors, each not exceeding 12; and by dividing 
by these component parts, we can employ Short, instead of 
Long Division. For instance, in reducing grs. to dwts., I 
have to divide by 24 : but since 24 = 6 x 4, it will be seen 
that if I divide by 6 and 4 successively, I obtain a correct 
result; but the main difficulty is to obtain the true 
remainder. 

Ex. Convert 3887 grains into dwts. 

3887 Dividing by 6, we have a quotient 647 and 

647 5 ) OQ J-- remainder 5. Now, dividing the grs. by 6, is 
161 3 J * equivalent to separating them into parcels, 

each containing 6 grs., and the remainder is of 
the same kind as the 3887, viz. grs.; i,e, 3887 grs. = 547 parcels of 6 
grs, +5 grs. 

Again, since four parcels of 6 grs. each will make one parcel of 24 grs., 
or 1 dwt.; therefore, upon dividing the 647 by 4, the quotient will 
become dwts. ; and the remainder, if any, will be parcels of 6 grs. each : 
the quotient is 161, and remainders. Hence the whole remainder = 3 
parcels of 6 grs. + 5 grs., or = 3 x 6 grs. + 5 grs. = 18 grs. + 5 grs. = 23 grs. 
And if the former divisor had been any other number than 6— as 5, 8, or 10, 
the second remainder 3 would have represented 3 parcels of 5, 8, or 10 
grs. each : hence the true remainder is found by multiplying the second 
remainder by the first divisor, and adding in the second remainder ; of 
course, if the former remainder be wanting, the second remainder multi- 
plied by the first divisor will be the whole remainder : and if the second 
remainder be wanting, the former remainder is the true one. 

Again, working fractionally, we find that the first division gives as a 

fractional remainder - - dwt. ; because the required quotient is to be in 

dwts., and the remaining 5 grs. are — - of 1 dwt. The second remainder 

24 

3 
is — dwt, because the 161 consists of dwts.; hence the whole remainder is 

4 

5 3 5 + 18 23 

- dwts, + — dwts. = — — — dwts. = -- dwts. ; and it will be observed that 
24 4 24 24 ' 
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the second numerator 3, which is the second remainder in the former 
method, was multiplied bj 6 before it could be adied to 6, the former 
numerator, i. e. the former remainder : hence bj both processes the second 
remainder 3 has been multiplied by 6, so that the two methods of obtain- 
ing the remainder coincide in their operation as wc^ as in their result. 

205. We may also explain the correctness of the nsual 

method of dividing by 20, 30, &c or any number 

formed by the maltiplication of 10 and any number not 
exceeding twelve. 

Ex. To divide 3275 by 20. 



Performing the division by the factors 10 and 2, aq f 10) 3275 
as in the last article, we observe that the division I 2) 327 5 ) . . 
by 10 gives the same result as merely cutting off 163 1 ) 

the last figure as a remainder, and considering all 
the other numbers as the quotient; and that if there be a remainder after 
the second division, a figure 1 of such remainder represents not 1 but 10 : 
hence the whole remainder is 10 + 5 = 15. 

And the work may be written thus, ^ ■ ^^J' ,^ ,^^^^ ,^« 

^ ' 163 „ 15 , or 1632Q ^ ^^' 



RATIO. 

206. It was observed in (174) that quantities which 
cannot be accurately represented by numbers, are said to 
be incommensurable. And since the Exs. in Ratio and 
Proportion, which we have considered, have always involved 
only commensurable quantities, it might be thought that 
the application of the principles of Ratio and Proportion 
was limited to such quantities. 

But by observing (66), from whence our definition of 
Ratio was taken, we learn that a Ratio can exist between 
any two quantities whose magnitude can be represented, 
as A and B are, i. e, geometrically : and since it can be 
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shown^ that magnitudes which cannot be represented 
accurately in numbers, can yet be correctly represented 
geometrically; therefore a ratio can exist between two 
or more quantities^ even if one or all of them be incom- 
mensurable, though the value of that ratio cannot be 
accurately represented in numbers. Thus, in Fig. 1, page 
171, the ratio of the diagonal of a square inch to its side is 

represented by the fraction l . ; or arithmetically, 

1-4142.... 



1 



or 1-4142. 



CIRCULATING DECIMALS. 

207. Sometimes a decimal of very long period may be 
easily carried out to many places, without performing the 
division throughout, as in the following Ex. 

To reduce — to a decimal. 

19) 1-00 (05263 By division we have 

?^ _L = 052634 (H) 

50 19 19 ^ ' 

38 therefore, multiplying both sides by 3, 

^ ^--15789^ 

n4 19 - ^^^^ 19 

Rj and substituting for -— in (H), we have 



19 
^.= •05263157891; 




— 19 19 

therefore ^ = -4736842101 ?1= -4736842105^; 

* Some knowledge of Geometry ia necessary to enable us to find 
the length of the line a c. 

Since a 6 e is one angle ot & rectangular figure, or a right angle, 
we learn firom Euclid, I. 47, that the square of which a c is the 
side = the sum of the squares of which a h and b c are the sides. 
Now, in Fig. 1, p. 171, we took a 6 = 1, and a c = 1 ; therefore the 
sum of the squares of a 6 and ac = i»+i» =2; therefore the 
square of a c = 2, or « c itself = |/27 



12 
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ad hence :^ = -05263157894736842105^; and by continuing this 

rocesg, it is plain that we double at ererj step the number of figures 
ireviouslj obtained. This decimal, it will be seen, circulates after the 

eighteenth figure; so that — = -65263 r578947d642i. 



PROPORTION. 

208. The pupil who is acquainted with Book VI. of 
Euclid's Elements of Geometry, will know that if two 



FXQ. 9. 



D 



Fio. 10. 



B "0 F G 

rectangular figures, AC, EG, be equal, the four sides whic^ 
contain a pair of the equal angles, ^BC, EFG, are propo 
tional in the following order, — AB, EF, FG, BC ; so th 

jiB : EF :: FG : BC (J). 

We can show that this proportion is such as would 

obtained from the statement of a question in Rule 

Three, in which two surfaces jIC, EG, are required tc 

equal. 

Ex. How wide a piece of clotii, 15 feet long, will cover a floor J 
6 inches long and JO feet wide ? 

Let AB be the length = 15 feet ; BC the breadth, which is ye 
found ; EF = 13 ft. 6 in. ; F0= 10 ft; then by the usual stateme 
writing BC as the fourth term, we have 

15 ft. ; 13ft. 6 in. :: 10 ft. : flC; 

and this will be found to be the same as (J). 
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!■ the language of Geometry, we say that the sides about the equal 
angles ABC, EFO, are reciprocally proportioaal. 

209. The solution of such a question as the following b 
worth notice. 

The shadow of a steeple is 105 yards long, aud that of a 
stick ii feet long is 15 yards : find the height of the 
steeple. 

FlO. 11. A 

Fxo. IS. 
D 





44 fret 
F 15 yards. ^S 

Let AB, BC, represent the steeple and its shadow ; and 
let DE, EF, represent the stick and its shadow : I have to 
find the length of AB, 

Now, most pupils, seeing this question imder the head 
of Rule of Three, would immediately take it for granted 
that the three terms given would form a statement ; t. e. 
that the ratio between the lengths of the two shadows is 
equal to that of the steeple and stick by which those 
shadows are cast. This is quite true ; and my object in 
explaining this sum is merely to show what authority we 
have for believing that these two ratios are equal. Join 
AC, DF, — these lines AC, DF, will represent the direction 
of rays of light from the sun, and being from the same 
distant body are considered parallel: hence, since AB, DE, 
are parallel, as are also FE, CB ; the triangles, ABC, DEF, 
are said to be similar : and from a geometrical property of 
such triangles, we have the following : 

EF : BC :: DE : AB; 

or, substituting the value of EF, BC, DE, which are given 
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by the question^ we have 

15 yards : 105 yards :: 4i^feet : AB; 

and therefore AB = ^^J^^-xfi^- = 31 j feet 

15 yards 

The following Ex. will show that it is not always safe to 

assume that a question which is apparently a Rule ol 

Three Ex. will at once furnish a statement ; i. e. that two 

quantities which appear to be connected, as in ordinary 

Exs., are really proportional to one another, as in (75] 

and (76). 

Ex. If a ball faUing from rest drop through a space of 64| feet in twc 
seconds, through what distance wiU it hare faXiem in three seeonds ? 

Now, if it were true that the distance fallen in anj time were directly 
proportional to the time, the statement would be 

2 seconds : 3 seconds : : 64} feet, 

and the fourth tesm would be 96| feet. But a knowledge of the laws o 
mechanics corrects this supposition, and teaches us that the distance falle 
in any time is not directly proportional to the number of seconds, but ^ 
the square of that number; and that in the above statement I ought 
have put 2* and 3*, or 4 and 9, instead of 2 and 3 : hence the statement 

4:9:: 64| feet; 
and the distance fallen in three seconds = 144-/^ feet» 
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ON FRACTIONS AND THE PRINCIPLES OF PROPORTION. 

i. Explain the terras '' Common Measure," and '* Common Multiple.'' 

2. Shew how to find the Least Common Maltiple of any set of whole 
numbers. Take any numbers as an Example. 

3. When are numbers said to be prime to one another? Give an 
example of three numbers which are prime to one another, but none of 
them primes. 

4. What do you mean by prime factors f Resolve 1512 into its 
prime factors. 

5. Shew what is the o. c. M. of 27, 144, 96, by breaking them into 
their prime factors. 

6. Explain the terms proper and improper fractions. Give an Ex. of 
each. 

7. State the two modes of multiplying fractions by whole numbers. 
Take an Ex., and shew that the modes are true. 

8. State also the two modes of dividing fractions by whole numbers, 
and prove their correctness in any example. 

9. What do you mean by reducing a fraction to lowest terms ? Shew 
the correctness of the process employed. 

10. Taking any Ex. of the above reduction, draw a figure which shall 
enable us to see by inspection that the fraction when so reduced remains 
unaltered in value, 

11. For what purpose do we require the l. c. m. of any numbers? 

12. Shew how to reduce improper fractions to mixed numbers, and the 
contrary ; giving an example of each kind of fractions. 

13. What must be done with fractions, before they can be added or 
subtracted ? Take as Exs. | + 1 ; | - 1. 

14. How do you compare two proper fractions, at sight, so as to 
ascertain which is the larger ? Ex. Compare ^ and ^. 

15. Shew that | x § = |J; and that § of | = ^. 

16. Hence shew that q^and the sign ( x ) placed between two fractions 
have the same meaning. 
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17. Shew that the common rule for division of fractions, viz. '^ Invert 
the divisor, and proceed as in multiplication,'' is correct. Ex. Shew that 

18. What do you understand by the brackets in the following Ex. 

19. Explain the process of exhibiting any fractional quantity in 
positive terms. Ex. Express | of 27s. in shillings, pence, and fructional 
parts of a penny. 

20. What is the meaning of the term Ratio ? How do you express 
the ratio of 4 to 5, and of 5 to 4 ? 

21. Give distinctive names to the ratios 2:5; 3:3; 5:2. 

22. Exhibit the ratio of 3s. to 7 |d. as an abstract number. 

23. What is proportion ? The test of proportionality among 4 quan- 
tities is whether or no the product of the extremes equals the product of 
the means. Prove this. 

24. Explain the reason of the following operations iu Rule of Three; 
1st The reduction of the Ist and 2nd terms to the same name: 2nd. The 
multiplying of the 2nd and 3rd terms together and dividing by the 1st. 

25. Explain how the term proportianai is used to embrace two kinds 
of proportion. Give an Ex. of each. 

26. Give a description of the mode of working the following questions: 

(1) Reduce 3s. 6d. to the fraction of £1. 

(2) What fraction of a half guinea is equivalent to a moidore ? 

27. Work the following Ex., and be particular in forming a correct 
fractional quotient in the pence. Ex. (£8 178. 9^d.) -*■ O^d. 

28. Shew how to compare fractional quantities: Ex. Compare J, li> ^ 

29. Compare also |£, § of a gn^oea, and | of 16s. 8d. 

30. If Xths of a piece of work were done in 1 hour, how soon would 
all the work be done ? What relation is there between the work done in 
1 hour, and the time of doing all the work ? 



ON DECIMALS. 

1. Explain the term "Decimal Fractions;" and shew the princi 
upon which we write tenths, hundredths, thousandths, &o. decimally. 

2. Shew how to convert a vulgar fraction into a decimal fracf 
written as a vulgar fraction. 

3. Explain what is meant by a power of any number ; and write 
divided by the 4th power of 10, (1) as a vulgar frac" ; (2) as a decin 

4. State the method of converting into a decimal, a fraction i 
eontaiwi a power of 10 as a denominator. 
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5. How do you multiplj a decimal by a power of 10? £x. 3*75 x\0*, 

6. How do you divide a decimal by a power of 10? Ex. 18*76+10*. 

7. State wkat fractions produce temUnating decimals, and what pro- 
duce nonierminating. Explain the reason. 

8. If the den' of a fr", in its lowest terms, which produces a circulating 
decimal be known, what may be known concerning the length of the period 
of the decimal ? Illustrate by the Ex. ^ 

9. Shew how to convert terminating decimals into vulg^ fractions. 
Ex. -0605. 

10. Explain fully the mode of converting non-terminating decimals 
into vulgar fractions. Take as Ezs. '^43, *3672^. 

11. State the mode of adding together decimals— (1) terminating, 
(2) non-terminating. 

12. State the mode for subtraction. 

13. Shew the truth of the common rule for the multiplication of 
decimals. Ex. Find the value of 1*75 x "037. 

14. Explain the mode of performing Long Division in Decimals; and 
shew what varieties may occur in fixing the decimal point in the quotient. 
Give Exs. in illustration. 

15. Shew how to perform the operations of multiplication and division 
of circulating decimals. 

16. Find the value of 3*756 x 21*9875, correct to 2 places of decimals : 
and explain the principle and mode of working by the contracted form of 
multiplication in decimals. 

17. Find the product of 13*0586 by 12*758, without either assuming 
the rule for multiplication of decimals, or converting them to vulgar 
fractions. 

18. Give Exs. of reduction of decimals, 

(1) From a decimal of £1 into positive terms, as shillings, 

pence, &c. 

(2) From a quantity involving pounds, shillings, and pence, to 

the decimal of a moidore. Work both your Ezs. 



ON PRACTICE. 

1. What do you mean by the term '' aliquot parts*' ? Give Exs. 

2. What is the highest aliquot part of £ 1 ? What of 1 s. ? 

3. Write out tables of aliquot parts. (1 ) Of 1 s. (2) Of £ 1 . 

4. Find by Practice the cost of 7108 lbs. at 9|d. Explain all the 
work. 

5. Write down one of every variety of Examples in Practice. 

6. Explain the mode of finding the cost of 5605f articles at any prioe. 



MUCKUUISKOCS aUXSTIOSS. 



7. SlievalsojK9vtoiBdthevslK«ri]05jdLal7s.6Vvd. 

8. Give «■ Ex. ia Pnctite in wkiek tke asBsl mode of tmkia^ alifoot 
puts of the higfaert denoniiiMtmi in moaqr n— nr be capiojed. Sbew 
how the Ex. is to be worked. 



ON PROPORTION. 

1. How many terns aie geoenlly Ibwid in a proportion? 

3. What is the general object of a ^wstion in Rule of Three? 

3. In stating a Role of Three som, which term do you write down 
first, and how do yon select it ? 

4. When the statement is completed, describe the remaining steps of 
the work. 

5. Write down the fractional form of the fourth term, in terms of the 
other three ; and henoe derive the roles for complrting a sum after it is 
stated. 

6. From the fractional form mentioned in the last question, shew that 
the fourth term will be of the same nature as the third term* 

7. Give an example in Rule of Three involving four terms, of which 
one wiU not appear in the statement. 

8. Shew how three terms are to be obtained from the following Ex. 
What is the length of a floor which is 16 feet broad, and equal in area to 
a floor 24 feet square ^ 

9. What b the di&rence between Simple and Compound Proportion? 

10. Shew that one statement may be made to produce the same result 
as two or more separate statements by Single Role of Three. Construct 
an Example, and thereby prove the above. 



ON THE APPLICATIONS OF PROPORTION. 

1. Explain the terms Principal, Bate, Interest, Amount, 

2. Distinguish between Simple and Compound Interest 

3. What other questions come properly under the head of Simpl* 
Interest ? 

4. Shew that the following Rule for finding Simple Interest is tru 
^ Multiply the sum given by the rate per cent., and divide by 100." 

6, Shew how to find the amount of any sum of money when out 
interest for any number of ye«^ and days. 



MISCELLANEOUS QUESTIONS. 229 

6. Write in a plain Rule of Three form the questions involved in the 
following Examples. 

(1) At what rate per cent will £175 4b. 2d. amount to £196 4a. 8d. 

in 3 years ? 

(2) In what time will £ 175 amount to £204 158., at 4^ p. c. per an. ? 

(3) What sum will amount to £ 155 58. in 3 years at 5 p. c. Simple 

Interest ? 

7. What do you mean by so many years' purchase being given for a 
piece of property ? Construct and work an Ex. involving the above term. 

8. Shew the difference between Interest and Discount 

9. Explain whether the debtor or creditor is benefited by counting 
discount as interest. 

10. What is meant by discounting a bill ? 

1 1 . State and explain the technical terms connected with such bills. 

12. If a tradesman wishes to throw off any required discount off 
the invoice price of any article, as 20, 30, &c. per cent, shew what 
proportion of the net value must be added, so as to give a proper gross 
price. 

Ex. I. Find the invoice price of an article worth 21s., so as to allow 

of a discount of 15 per cent. 
Ex. II. If ^ of a net price be put on, to make the gross price, what 

discount is it intended to throw off? 

13. Explain the objects proposed in questions under the head of 
" Profit and Loss.'' 

14. How do you in all examples introduce the condition of losing 
10 per cent., or of gaining 10 per cent ? 

15. Write down a rule for working examples in Fellowship or 

Partnership. 

(1) When the time is the same. 

(2) When the time is different 

16. Shew how to divide any sum of money into parts proportional to 
any given numbers. Ex. Divide £325 into shares proportional to the 
numbers 2, 1, i. 

17. Construct an Ex. concerning the mixing together of articles of the 
same species, but of different values ; and find the value of any quantity 
of the mixture. 

18. State and explain the terms used in the buying and selling of 
Stocks. 

19. Place in a Rule of Three form the following questions. 

(1) What must be given for £2520 stock at 87|, and 2s. 6d. per 
cent, commission ? 

(2) What per centage will be obtained by investing in the 3 per cents 

at 96g, allowing I per cent, for commission ? 

(3) How much stock can be bought for £1450, when the price 

104^, and commission 2s. 6d. per cent? 



230 MISCBLLANEOUS QUESTIONS. 

20. What are the principal questions that arise under the head of 
Exchange ? 

21 . Explain the terms Par of E^cchange^ Coune of Exchange, and 
Simple and Compound Arbitration. 

22. Explain the mode of pajrment for imports and exports between 
America and England, by means of Bills of Exchange. 

23. What is meant by the Chain Rule ? Construct an Ex. which 
will exemplify its use, and work it both with and without that rule. 

24. What is the object of the Rule termed Equation of Payments? 
Explain the opposite ^iews adopted in solving questions under this head. 

25. Work the following question without using any statement: 

If 12 yards of cloth, 3 qrs. wide, cost £19, what will be the cost of 
8 yds. 5 qrs. wide ? 



AREA AND VOLUME. 



1 . Describe the several meanings of the term inch, foot, or yard, when 
used in 1,2, and 3 dimensions. 

2. Define the term rectangular, 

3. Give the shapes and names of the areas formed by the following 
products : 

(1) 1 foot X 1 foot. (4) 1 inch x X inch. 

(2) 1 inch X 1 foot. (5) JU inch x JU inch. 

(3) 1 inch X 1 inch. 

4. State the mode of finding the number of square feet, &c. in a 
rectangular area. 

5. Shew how the Tables called <* Square Measure," and '' Solid 
Measure," have been formed. 

6. Shew by actual computation of the area of a slab, 3 ft. 7 in. by 
2 ft. 9 in., that the process given by Cross Multiplication is correct. 

7. Give the shapes and names of the solids formed by the following 

products : 

1 sq. foot X 1 linear inch. 

1 sup.pr. X 1 linear inch. 

1 sq. inch x 1 linear inch. 

8. Shew by actual computation of the volume of a block, 4 ft. 6 in. 
long, 2 ft. 4 in. wide, and 1 ft. 9 in. thick, that the process given by Cross 
Multiplication is correct. 

9. Find the value of the above volume by multiplying together the 
above dimensions, as fractional parts of a foot. 

10. Explain the Gunter's Chain ; and shew how to convert an area 
expressed in links into acres, &c. 

11, What is meant by an incommensurable quantity? Give an 
example of such a qoantiiy. 
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EXTRACTION OF ROOTS. 

1. Explain the terms Involution and Evolution. 

2. What is meant by the following expression {/ 18 ? 

3. Explain the term perfect square, cube, &c. 

4. What will be the form of a square root of a number which is not a 
perfect square ? 

5. Give a name to such quantities as 1/2, i^6, 

6. Explain the mode of pointing^ previous to the extraction of the 
square root, both of whole numbers and decimals. 

7. Shew how to find a multiplier which shall make any proposed 
number a perfect square, or a perfect cube : 

Ex. Find the multiplier which shall make 45, (1) a perfect square, 
(2) a perfect cube. 

8. Write down the squares of all the digits. 

9. Give a rule for the extraction of the square root 

10. Shew why the incomplete divisor does not always give a correct 
figure in the quotient. 

1 1. How do you find any power of a fraction ? How do you extract 
the root of a fractional quantity ? 

12. Give two methods of extracting the square root of a fractional 
quantity, of which the denominator is not a perfect square. 

13. Give a rule for the extraction of the Cube Root. 

14. Give a rule for the extraction of any root whatever. 

15. Extract the square root of 576, and the cube root of 1728, in an 
algebraical form. 
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